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PREFACE 



FOR the past nine years I have been lecturing in this subject to 
students taking courses in Mechanical and Electrical Engineering 
at the Woolwich Polytechnic, and this book is based on the >/ork 
done by the senior students there. So as not to make the book 
too cumbersome for a text-book, a preliminary knowledge of the 
fundamental principles of Algebra, Trigonometry, and Mensuration, 
and the use of Logarithms and squared paper, has been assumed, 
this being well within the scope of the elementary student. The 
book is meant to cover a two- or three-years' course, and it is 
roughly divided into three sections : 

(1) Algebra and Trigonometry. 

(2) The Differential and Integral Calculus. 

(3) The application of the subject-matter of the two previous 

sections to concrete examples. 

The work in Section I has been carefully selected in such a 
way as to help the student with the later work in the Calculus. 
There is no doubt that after the idea of the Calculus lias been 
thoroughly grasped, a great many of the so-called difficulties 
which arise out of the work are entirely due to a weakness in the 
knowledge of the fundamental principles of Algebra and Trigono- 
metry. For instance, many students fail in the integration of 
sin 2 M> not because they do not know how to integrate, but because 
they fail to see or fail to remember that 

sin 2 x - (1 cos 2x) 



Again, many fail to integrate algebraic functions because they 
have such weak notions of partial fractions and simple substitu- 
tions. Section I has been written with the idea of removing this 
weakness. 

The Calculus has been treated as thoroughly as the size of the 
book allows. It might be said that this part of the work has 
been elaborated too much for the practical side of Mathematics ; 
but it must be remembered that the Calculus cannot be success- 
fully applied to the problems which occur in actual practice 
until the student has become thoroughly familiar with its under- 
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lying principles and methods, and this familiarity Can only be 
obtained by steady practice. It is unfair to a student to give 

him as a standard form 

f 

x n dx 



and then expect him to use it as a formula to integrate any func- 
tion which might resemble it, or by some means reduce to it. 
This might be working along the line of least resistance, but it 
is not educational : neither is it to the best interests of the student, 
to whom sound work in Differentiation and Integration is an 
absolute necessity. 

Tne work in Section III consists of the Mathematics involved 
in those problems more or less familiar to the technical student, 
and before this work should be attempted it is essential that the 
work in the two previous sections should be fully grasped. 

I have devoted a chapter to the study of Interpolation and the 
best way of dealing with tabular values, and I have endeavoured 
to put this part of the subject in a reasonable form. The method 
of Harmonic Analysis given in Chapter XXII is the one I have 
found from experience to be best adapted to class work. 

The examples are numerous, and have been chosen in accor- 
dance with the text. The answers are given, and these have been 
carefully checked ; but it is possible, as may be expected when 
dealing with such a number, that errors might occur, and I should 
be grateful to any teacher or student drawing my attention to 
them if such is the case. 

H. LESLIE MANN. 
June 1915. 
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CHAPTER I 

1. The resolution of a quadratic expression into factors. 
Taking the most general form for an expression of the second 
degree 

/ b c 
ax 2 + bx + c = a( x* + ~& + 

\ a Cv 

c b a - 



and the expression can be written as 

(f b\* 

a{ ( x + ) 
lA ^ 2a/ 

in terms of the difference of two squares. 
Hence the factors will be 



The nature of the factors depends upon the form taken by the 
expression 6 2 4oc. 

If 6 2 4>ac is a perfect square, the factors are exact. 

If ft 2 4<ac is positive and not a perfect square, the expression 
can be split up into factors, but the numerical parts of each 
factor can only be given correct to as many significant figures as 
desired. 

If 6 2 - 4>ac is negative, then the factors can only b given in 
terms of complex quantities. 

If 6 2 4oc = 0, then the actual expression is itself a perfect 
square. 

To find the factors of 8x* + I3x - 22 

- 22 - 8(# 2 + l-625o? - 2-75) 

= 8{x* + 1-6250? + (-8125) 2 - 2-75 - (-8125) 2 } 
~8{(0 +0-8125) 2 - 3-410} 
- 8{(x + 0-8125) 2 - (1-847) 2 } 
-8(0 + 2-659) (x -1-035) 
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2. The previous method can be replaced by the solution of 
a quadratic equation ; for if x a L makes the expression 

b c 
x 2 + -x + - disappear, then x a x is a factor. Also if x = oc 2 

makes the expression disappear, then # oc 2 is a factor. Con- 
sequently a(x &^(x oc 2 ) will be the factors of ax 2 + bx + c 
where 04 and a 2 are the roots of the quadratic equation 

a* + ^ + - - 0. 
a a 

To find the factors of 5x* - 7x - 22 

5# 2 - 7a? - 22 ~ 5(# 2 - 1-40 - 4-4) 

Solving the equation # 2 l-4# 4-4 =0 

#2 _ j.^ + ( . 7 )2 & 4 . 89 

X -0-7 = 2-211 

a? - ^-911 or - 1-511 

The factors are 5(x - 2*911)(0 + l-5ir 

3. Partial Fractions. For the integration of algebraic fractions 
it is necessary that the fraction must be expressea in its simplest 
and most convenient form for integration. For such purposes a 
fraction is much better dealt with when it is expressed as the 
sum or difference of simpler fractions. These simpler fractions 
are spoken of as " Partial Fractions/' and the number of partial 
fractions which can represent a given fraction depends upon the 
number of factors, linear or otherwise, in the denominator of 
that fraction. 

If, for example, the denominator contains three factors, 
then there will be three partial fractions, the respective de- 
nominators of which are the three factors taken in order. Thus, 

Sx + 2 , A B C 

can be written as H + 



(x - 2)(x + 3) (20 - 5) ...... x - 2 x + 3 r 2x - 5 

providing the necessary values of A, B, and C are found. Also 

or can be written as 




+ 1 

Care must be taken that the numerator of any partial fraction 
shall always be of one degree less than that of its denominator. 

4. Our work in partial fractions can be divided up into four 
different cases. 

Case /. When the denominator of the fraction is the product 
of a certain number of different linear factors. 

3x + 2 A B C 

(x 2)(0 



PARTIAL FRACTIONS 



(x + 3)(2a? - 5) + B(# - 2) (to - 5) + C(o; - 2)(,t + 3) 
=3* + 2 for all values of a;, 

3 -5A 

- 3 + 55B 





= 8 


A 


8 








5 








7 


3 


= _ 7 


B 










** "55 


T c 

4 


19 

~ 2 


C 


38 

~ IT 


8 


7 


4- 


38 ' 



The partial fractions are , < - , , . ,. ^ 

1 o(ff - 2) 55(o? + 3) 11(2$ 5) 

In this type o example, and in the other types when possible, 
it is much better to choose the values, ot *; so that they make the 
factors disappear in turn. 

Case II. When the denominator of the fraction consists of 
out factor Braised <to an integral power. 

~**~" ^ >-- ~ 2ft + 3 

Taking - - 5 as an example, 

yOi# Jt) 

pul a = Sx 2, then a; - ~(a -( 2) 

o 
Then 4a; 2 - to + 3 = J(a + 2) 2 - |(a +2) 4-3 

f y o 

4 10 31 

-o a "*--o- a + o" 

_ , , . u 4a a -f lOa + 31 9 

The fraction becomes - = - c 

9o 3 

TU- u -^ 4 10 , 31 

This may be written as -f- -5 + 
J 9a 9a 2 



Replacing a by 3# 2^ we get as the partial fractions 
4 10 31 



9(3x -2) 9(3# - 2) 2 9(Sx - 2) 3 

This result shows us how the partial fractions should be 
arranged when a certain factor in the denominator of a fraction 
is raised to a power. 
a? 3 



1X30-2)3 

A 



mUSt be Written 



X + I Sx -2 (3iC - 2) 2 (3x - 2) 3 

Case III. When the denominator of the fraction is the pro- 
duct of a certain number of linear factors, but one of these factors 
is raised to a power. 

4a? + 3 A B C 

(x - 2) a (2# +1) " x - 2 + (x - 2)\ 2* + 1 
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Then A(o? - 2)(2x +1) + B(2a? + 1) + C(r - 2) 2 - 4# +3 for 
values of x, 

when #=2 5B = 11 B = 

5 

, 1 25 4 

whenor- -- y C - 1 C = - 

2 

when a? - - 2 A + B + 4C =3 /v^ - 57 

<~id 

The partial fractions are - i + U +. 



25(x - 2) ' S(x - 2) 2 ' 25(20 + 1) 

Case IV. When the denominator of the fraction contains a 
quadratic factor which cannot be resolved into linear factors. 

x z x z A Kx + C 



# 3 - 1 (x - l)(o; 2 + x + 1) a? - 1 x" + x -\- 1 
Then A(# 2 -I x + 1) + (Ba; + C)(a: - 1) - x z for all values of x, 

when #=13A =1 A = - 

o 

when a;=0 A-C =0 C = i 

3 

when a? - 2 7A + 2B + C =4 B = 

3 



_ t A . t - A . 

The partial fractions arc -r - -r + 
F - 



5. If the numerator is of higher degree than the denominator, 
then the denominator must be divided into the numerator, and 
the fraction whose numerator is the remainder must be split up 
into partial fractions. 

Thus by division -y^ = x + -5 

8a? 8x A_ Ba? + C 

a? 3 8 "~ (a? 2)(a? 2 + 2x + 4) "~ x 2 a; 2 + 2a? + 4 
A(a? 2 + 2x + 4) + (Ba? + C)(# 2) = 8a? for all values of a?, 



when a; = 2 12A = 16 A = 

O 

when x = 4A-2C =0 C=- 

when a;=l 7A-B-C ==8 B = -| 

8 

a? 4 4 8 4# 

+ 



a; 3 - 8 ^ 3(a? - 2) ^ 3(a? 2 + 2x + 4) 
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In general the best method of dealing with the work on partial 
fractions is to begin by selecting values of x which will make 
particular factors disappear ; this can be done for all linear 
factors: then, if necessary, make x zero and use the results 
already found. After this, if the solution to the question is still 
incomplete, a further step must be taken, and this is best done 
by 'equating coefficients of like powers of x. 

Sometimes we have to deal with an example which can only be 
done by equating coefficients of like powers of x and solving the 
resulting simultaneous equations for the quantities A, B, C, &c. 

Taking -j = as an example of this type, 

x -f- x -{- 1 

X 2 X 2 



x* + x* + I (a; 2 + x + l)(cc a - at + 1) 
Ax + B Cx + D 



x* + x + 1 a: 2 - x + 1 

Then (Ax + B)(re 2 - x + 1) + (Can + D)(x* + x + 1) -a: 2 for all 
values of x. 

Equating coefficients of a; 3 A + C=0 . . . (1) 

Equating coefficients of a; 2 -A + B + C + D-1 . . . (2) 

Equating coefficients of a? A - B + C + D -0 . . . (8) 

When x =0 B + D-0 . . . (4) 

Adding (1) and (4) A+B + C + D=0 ... (5) 

Subtracting (2) from (5) 2A = -1 A -- 

from(l) C=-A=4 



Subtracting (3) from (5) 2B =0 B =0 

from (4) D = -B =0 

The partial fractions are - ^ + * g + 1} + ^ _* + 1} 

6. The Binomial Theorem. 

If (x + a)" = x n + Aax*- 1 + Ea 2 x n ~ z + Ca 3 x n ~ 3 + . . . 

where A, B, C . . . are independent of x and a, 
Then (x + )" +1 = # n+1 + v.ax n + $a*x n - 1 + fa?x n - 2 + . . . 

where a, (3, y . . . are independent of x and a. 
For (x + a) n + l = (x + a)(x + a) n 
= (x + a}(x n 



+ ax n 

+ (A + l)ax n + (B + 
+ (C + B)a 3 ic- 2 + . 
+ y.ax n + a 2 ^"- 1 + 
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and since a, (3, y ... are derived only from A, B, C . . . they 
must be independent of x and a. 

Thus (x + a) n can be written as a series of terms containing 
descending powers of x and ascending powers of a, such that in 
any one term the sum of the powers of x and a is always n. 

If we can find how the coefficients A, B, C . . . depend upon 
n, then we can establish a general way of expanding (x + a) n . 

By multiplication 

A B C D E 

(x + a) 1 x + a 
(x ^ a) 2 - a? 3 + 2ax + a 2 
(x + a) 3 or 1 + Sax 2 + 3a*x + a 3 
(x + a) 4 - a: 4 -h 4aa? 3 + Ga 2 # 2 + 4a 3 a? + a 4 
(# + a) 6 = x 5 + 5a# 4 + 10a 2 a? 3 + 10a 3 # 2 + 5a*x + a 5 
(x + a) 6 a? 6 + 6a# 5 + 15# 2 (# 4 + 20a 3 # 3 + 15# 4 # 2 + 6a 5 x + fl 6 

The coefficients in the second vertical column give the different 
values of A for corresponding values of n y and obviously A = n. 

As A depends upon the first power of n, let B depend upon the 
second power of n, and the most general form that B can take 
is 6 + en + dn 2 where b, c, and d are constants. 

Let B - b + en + dri* 

when n- 2 B-l b + 2c + 4d=l . . . (1) 

when n - 3 B - 3 b + 3c + Qd 3 . . . (2) 

whenn=4 B-6 6 + 4c' + 16d-=G . . . (8) 

Subtracting (1) from (2) c+ 5d - 2 . . . (4.) 

Subtracting (2) from (8) c+ 7d - 3 ... (5) 

Subtracting (4) from (5) 2d = 1 d = - 

from (4) c =- 2 5d c = - 

JH 

from (1) 6=1 2c 4rf 6-0 

#r^i t-fc ^ - ^ W'i'Yl JL ) 

Thus B = - - = ^ - 

T - A n 1T> nn 1 

If A = - and B - ~ x - 

X JL J! 

Then B = 

That is, to obtain B from A, multiply A by the fraction whose 
numerator is " one less " and whose denominator is " one more " 
than that of A. 

If this rule for obtaining a coefficient from the preceding 
coefficient is general, then to get C from B, C would be 

^ n2 . (n l)(n 2) n(nl)(n2) 
B x ~ or A x ^ ^ '- or -~ ' 



THE BINOMIAL THEOREM 7 

As B is of the second degree in n, C will be of the third degree 
in n, and its most general form will be b + en + dn z + hn 3 , where 
b, c, d, and h are constants. 

Let C = b + en + dn z + hn 3 

when n = 3 C = 1 b + 3c + Qd + 27/i - 1 . . (1) 

when n = 4 C = 4 b + 4e -f- Wd + 04/j = 4 . . (2) 

when n = 5 C - 10 6 + 5c -f 25d + 125/t - 10 . . (3) 

when n = 6 C = 20 b + Gc + S6d + 21 G// - 20 . . (4) 

subtracting (1) from (2) c -I- Id -I- 37/ --= 3 . . (5) 

subtracting (2) from (3) c + 9d + (51/i - . . (G) 

. subtracting (3) from (4) c + lid + 91 fe - 10 . . (7) 

subtracting (5) from (6) 2d + 24/i = 3 . . (8) 

subtracting (6) from (7) 2d + 30h - 4 . . (9) 

subtracting (8) from (9) 6/a - 1 h = - 

from (8) 2d = 3 - 24/i (/=--- 

A 

from (5) c = 3 - 7d - 37/t c - \ 

O 

from (1) b = 1 - 3c - Qd - 27h 6=0 

,, ^ w 3 w 2 w 

Thus c---- +5 

== ^(w2 - 3rc + 2) 

- l)(n - 2) 



6 

This result agrees with the anticipated result for C. Hence 
(x + a) n = x n + kax n - 1 + Ba 2 o? n ~ 2 + Ca 3 # n ~ 3 + Da*x n ~*+ . . . 

where A = ~ 

B=A x !LiJL -"(-*) 

2 1-2 

P w v n ~ 2 n(n - l)(n - 2) 
C =B x -3= 1>2 . 3 

__ ~ 3) 

4 1-2-3-4 

The expansion can also be written as 
(x 
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Expand fa - \ . Here n = 7. 



Then 



B A x 7x3= 21 



D - C x - A - 35 

4 

E = D x | - 35 x | = 21 
5 5 

F = E x | - 21 x \ - 7 
u o 



- F x 



_Jl _ 
128.r 7 



Expand (1 2#) ~ 3 to 5 terms. Here n = 3. 



B = A x -^- - - 3 x-2=6 
2t 

C - B x ^- = 6 x -f = -10 

O O 

D - C x ^- = - 10 x - 2 = 15 

4 ^ 



APPROXIMATIONS 

Then (1 - 2x)-* - {l+(-2x)}~ 3 

= l + (_3) (-2m) + 6(-2x)* + (-10) 



+240.r 4 

3 

Expand (1 x) 3 to five terms. Here n= - 

\) 



A = III - -.2 



rx 


1 




B 
C 


Av 


8 


X- 

- B x 


2 


3 


D 


=- C x 


1 8 

~ fi 

4 


Then (1 - tcf"* 


'-{1+1 


[-ff)}"' 3 



_3 _4 = 12 
5 X 5 "" 25 

12 13 52_ 

25 X ~15~ ~125 
J>2_ _9_ _ 234 
T25 ~10 " G25 



3 12 52 234 



7. Approximations. 



- 



(x 

becomes (1 +a) = < 

!. !_ 

when a? = 1. 

If a is small compared with 1 and the value of n is kept reason- 
ably small, between the limits + 2 and 2, the terms of the 
expansion for (1 + a) n rapidly become smaller and smaller. 
By taking the first two terms of this expansion, we obtain a first 
approximation for (1 + a) n . 

The first approximations are : 

(1 + d) n -z 1 + na 

(1 - a) n x \ na 

(1 + a)~ n ^ 1 na 

(1 a)~ n & I + na 

If a better result is required, the first three terms of the 
expansion must be taken, and this gives rise to the second 
approximations. 
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The second approximations are : 

(1 + a) n x 1 + na + ~n(n l)a 2 

JL 

(1 - a) n x I ~ na + -n(n - l)a 2 
(1 + a)- n -Z, 1 - na + -n(n + l)a 2 

JL 
(1 - a)~ n z, 1 + na + -n(n + l)a 2 

A 

To find the first and second approximations of 

(125 + 5)* = 
Since n-i A-f-J 



Then 

The first approximation is 5\1 + ) = 5*0667 given to four 

places of decimals. 

The term to be subtracted from the first approximation to give 

5 1 

the second approximation is - x - = 0*0009 given to four 

places of decimals. 

The second approximation is 5*0658. 

Also 5*066 is the result correct to four significant figures. 

To find the first and second approximations of \/1000. 



(1024 - 24) ^ = 4(1 - 

N 



Since n == - 



Then 



The first approximation is 4( 1 -- ) = 3*98125 given to five 

\ 640/ 

places of decimals. 
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11 



The term to be subtracted from the first approximation to give 

the second approximation is x (- ) - 0*00018 given to five 

AD \oj 

places of decimals. 

The second approximation is 3 981 07. 

Also 3*981 is the result correct to four significant figures. 

8. Applications of the approximate use of Binomial Theorem. 

(1) To find the position of the crosshead corresponding to a 
given angular position of the crank. 

Let OA, Fig. 1, represent the crank, of length r, rotating about 
the fixed centre O, and let AB represent the connecting rod, of 
length /. 

In the extreme position C of the crosshead, the crank and 



^_i . 






FIG. i. 



connecting rod are in the same straight line and the distance 
OC = I + r. 

Let represent the angular position of the crank and x the 
distance of the crosshead from C. 

Then x + I cos (3 + r cos = / + r where (3 is the angle the 
connecting rod makes with the line of centres. 

Also I sin B = r sin 



but 



cos 



- V 1 - sin2 



- ~ sin* 



= 1 012 s * n2 O approximately, 
since -^ sin 2 is small compared with 1. 



Then 



x = r r cos + I I cos 
= r(l - cos 0) + ~ sin 2 



r(l - cos 0) + Tj (1 - cos 20) 
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If the crank is making n revolutions per second, the angle 
turned through per second is 2irn radians, and if 6 is the angle 
turned through in t seconds 

Then = 27rnt radians 

r 2 

and x = r(l cos 27rnt) + 77 (1 cos 4?rnf) 

4( 

(2) The effect of heat on the pendulum. 



The time of swing of a pendulum is given by Tr^ where 

o 

I is the length of the pendulum in feet. 

Let /! be the length of a pendulum making n beats per second 
at a temperature of Tj C. 

Then t v =7TA/- 1 and n l t l = 1 

o 

Let Z 2 be the length of the same pendulum at a temperature of 
T 2 C. and at this temperature it makes n 2 beats per second. 

Then 2 = TTA/- and n 2 2 2 = 1 

o 

but l z = ^{1 + a(T a Tj)} where a is the coefficient of ex- 
pansion of the pendulum rod. 



XT 1 

Now .- = . 

t z Vl +*(T s -Tj 

and ^={1 +a(T 2 -T 1 )f i 

<V\ *j 

Then - = 1 ~(T 2 T x ) to the first approximation and 

/! & 



^2 = 1 _ |(T 2 - Tj) + (T 2 - Ti) 2 to the second approxi- 

Tlj t O 

mation, since a(T 2 T x ) is small compared with 1. 
Working to the first approximation 



Then n v n% ^ n i^(^2 ~~ ^i) giving the loss of the pendulum 

per second due to the temperature increasing from T a to T 2 . 

If the range of temperature is great, it might be necessary to 
take the second approximation. 

Then | (T 2 T t ) - 
and n x n 2 = ? 
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If the pendulum actually beats seconds at the lower tempera- 
ture, then we can put n x = 1 in the relation which gives the loss 
per second. 

9. The Exponential and Logarithmic Series. 
Putting a =- in the expansion 






we get 



Making n infinitely great, all of the fractions having n for their 
denominators become infinitely small and can therefore be 
neglected. Thus in the limit the right hand side becomes 

111 



a quantity having a definite value, calling this quantity e 
then 0^1+1 +_ + _.+ ... 

LL L 

By evaluating the series the value of e can be found correct to 
as many significant figures as required. 

To find e correct to six significant figures. 

1-000000 
21-000000 



-500000 
-166667 
-041667 
-008333 
-001389 
-000198 
-000025 
-000003 



2-718282 
e *= 2-71828 correct to six significant figures. 

/ \\ nx (f \\ n \* 
Now (l + -J = {i 1 + ~.)j =e88 wnen n i s made infinitely 
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/ l\ naj 

great, but ( 1 + - } can be expanded by means of the Binomial 
\ n/ 

nx(nx 1)/1\ 2 nx(nx V)(nx 2)/l\ 3 
' 



n 
Theorem. 



n/ \n/ 2 \n/ \n 



X\X -- 

n 

* + - 



( *Y *\ 

X\ X -- )l X. -- ) 

\ n/\ n/ 



Making n infinitely great, we get 



By giving x different values we can use this series to calculate 
the corresponding values of e x . Thus when x = - 

JLn 1 , 1 , l , 

2 2 2 1 2 2** 1 3 * * " 

1-000000 
500000 



6 
8 

10 
12 
14 



125000 
020833 
002604 
000260 
000022 
000002 



1-648721 

Then e^ = 1-64872 correct to six significant figures. 
If e* = 1-64872, then log,. 1-64872 = -, and therefore we can 

use the series for e* as a means of calculating numbers if we are 
given their logarithms to the base e. We can thus consider " e " 
to be the base of a system of logarithms, and such a logarithm is 
called the Napierian or hyperbolic logarithm. 
To change the base of a system of logarithms we may put x = cy. 

Then e* = = a v 

where tf a or c = log c a 



and a - 1 + y log e a + -- (log e o) 2 + (log e a) 3 + . . . 
Replacing a by 1 +2 

(1 + zY - 1 + y lpg.(l + z) + -{Iog.(l +2) > 2 + . . . (1) 
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But (1 + z) v can be expanded by means of the Binomial 
Theorem. 



Equating coefficients of y in (1) and (2) 



This series can be conveniently used for values of z less than 1, 
and it can therefore be employed as a means of calculating the 
logarithms of numbers between 1 and 2. * 

Replacing z by z we have 

<v<2 <v3 *v4 

log^s)--*-^- ... (4) 

a series which can be used for the calculation of the logarithms 
of numbers and 1. 

Subtracting (4) from (3) gives 

log e (l + z) - log e (l - z) or log, ]^j - 2 [z + ~ + y + . . .} 

1 + z n + I 1 , f . , 

putting - - = - or z - - r the series becomes 
r b 1 - z n 2n + 1 

n+ 1 f 1 1 1 

Se ~~ ~ 



+ I 8(2n + I) 3 5(2n + I) 5 

a series in which the terms rapidly become smaller and smaller 
as n is made larger, and it can be used for the calculation of the 
logarithms of numbers greater than 2. 

For log e (n + I) - lo ge n - 2(5^ + ^^Tl? + } 

when n - 1 Iog e 2 - 2(1+^.+ -ij + . . .} 

= 0-6931 
when n = 2 Iog e 3 - Iog e 2 = 2 {g + 3^3 + 5^5 } 

= 0-4055 

Then Iog e 3 = 1-0986 

Now Iog e 4 = 2 Iog e 2 = 1-3862 

when n - 4 Iog e 5 - log,4 = 2J1 + gl- 3 + JL . . 

- 0-2231 
Then log.3 - 1-6093 
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10. In working with logarithms to the base 10, and logarithms 
to the base e, many students find difficulty in changing from one 
system to the other. 

Let y be the common logarithm and x the Napierian logarithm 
of a certain number N. 

Then log 10 N ~ y and N = 10" 

Also log^N = x and N = e* 

Hence 10 V - e*. 

Taking common logarithms of both sides 
y x Iog 10 = 0*43430 

Nap. log 



Thus common log = 0-4343 Nap. log or 



2-3026 



j XT i common log . 

and Nap. log = or 2-3026 common log. 

0*4o4o 



EXAMPLES I 

(1) Working correct to four significant figures, find the 
factors of 

(a) x* + 3-94c - 5-62 

(b) x* - 5-720 + 4-77 

(c) x* - 8-92c - 4-86 

Find the partial fractions of 



,,v x - 8 v I 5^-6 

' / /o/>i i QWQ o\ V^ 



- 2) v ; , (5x - 3)(3 - 

a; 2 - 3a; + 1 /M . / 




(a?- !)(*+ 2)(a?- 3) 

- 2 



(a; 2 - 9) ( + 2) / (3 - 2) (as + 8) (5 

lte-12 (11) 

(as +4)3 * llj 





a; 2 



8) (x +2) 
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<" 



(x - 8)(* + 1) v ' (jo - 2)*(<K + I) 



a; 2 + 8-94c - 5-62 



(22) <J _"' t . w (23) 



x 2 5-72o? + 4-77 x ' (x +8)(<z 3 -3-5# +4-94) 

(24) Using the Binomial Theorem, find the first five/terms in 

/ ' f \ 

the ^expansions fpr (a) *\I + 2^) 7 , (b)^(l a;)- 5 , (c)^(l + 2#)^, 

1 




(25) /Give to five places the first and second approximations 

of for A/138, (6V V627, (c)J^784. (dr-tySOO, feVvioOO. ff) A^GSO. 

\/ *\/ * \ / * \ / * * \ / * \,F / r 

x(26) Using the Binomial Theorem, find the first five terms in 
^the expansion for (1 #)~i. Use your result to calculate the 

value of /- ; correct to four places of decimals. 

(27) If I is the length of connecting rod, r the length of 
crank, and x is the distance of the crosshead from the extreme 

r 2 
dead point ; then approximately x = r(l cos 0) -( -y (1 cos 26) 

where is the angular position of the crank. Taking r = 1 and 
I = 5, calculate the approximate value of x when = 45. What 
is the true value, and what is the percentage error ? 

Taking r = 1, I = 3, and -- 45, calculate the approximate 
and true values of x and find the percentage error. 

(28) If a pendulum beats seconds at 15 C. and the rod is 
brass, find the number of seconds lost per day when the tem- 
perature increases to 35 C., and find the number of seconds 
gained per day when the temperature falls to C. Linear 
coefficient of expansion of brass =? 1*9 x 10~ 5 . 

iT 3 # 3 

(29) Using the series log^l + x) = x ~r+ . . . , calculate 

2 o 

log e l-2 correct to four places of decimals. 

/v>2 >r>3 

(30) Using the series & == 1 + x + -r + -r + . . . , find the 

1 \ o 
I L-. 



, and 

v 

(31) Using the series 



values of Ve> e , and ^= correct to five significant figures. 

ve 




.} 



calculate correct to five places of decimals Iog e 2, Iog e 3, Iog e 4, and 
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(32) Find the Napierian logarithms of 1-492, 0-01964, and 
826-1. 

(33) Find the numbers whose Napierian logarithms are 0-1624, 
2-9214, and -2-0732. 

T 

(34) If <f = log c 5 where T = 273 + t , find < when t has the 

273 

values 50, 100, 150, 200, 250, and 300. 

(35) If I = 3-11 x 10~ 4 w log e and u = 300, I = 0-04. Find r 

r i 
when r l has the values 0-0115, 0-0120, 0-0125, and 0-0130. 



CHAPTER II 



11. The Solution of Triangles. It is possible to perform the 
solution of triangles without the aid of formula?, and the work 
can easily be done from first principles ; a knowledge of the 
definitions of the trigonometrical ratios and of the properties 
of the right-angled triangle is all that is necessary. The metlyxl 
affords an excellent example of the application of the trigono- 
metrical ratios to practical work. 

We have three cases to consider, viz. : 

Case I. When the three sides are given. 

Case II. When two sides and one angle are given. 

Case III. When one side and two angles are given. 

Case I. Here it is best to take the longest side as the base 
and find the angles at the base, for since the base is the longest 
side the angles at the base must be acute. Let the three sides 
be 18, 14, and 9. 

Let h be the length of the perpendicular drawn from the vertex 
to the base, and let x and (18 x) be the segments into which 
the foot of the perpendicular divides the base. 




-18-x 



Then 



A 2 - 14 2 - # 2 
and h 2 = 9 2 - (18 - #) 2 
196 - x* - 81 - 324 + 36x - 

- 439 
x = 12-19 



Then cos A = 
Also cos B 



14 14 

18 - x 5-81 



9 9 

C = 180 - (A + B) 
19 



0-8709 
= 0-6456 



B - 49 48' 
C = 100 45' 



20 
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Case II. This case gives rise to three distinct examples accord- 
ing to the position the given angle occupies with respect to the 
two given sides. This angle may be : 

(a) Contained by the two sides. 

(b) Opposite the smaller side. 

(c) Opposite the larger side. 

(a) Let the two sides be 31 and 22 and the included angle 62. 
Take the longest side as the base. 




FIG. 3. 

- sin 62 - 0-8829 
22 

h - 0-8829 x 22 - 19-42 
^- - cos 62 - 0-4695 
x - 0-4695 x 22 = 10-33 



CB - VA + (31 - a?) 2 



Also tan B =-- 



- A/19'42 2 + 20-67 2 - 28-36 
h 19-42 



- 0.9393 



B - 43 12' 



31 - x 20-67 

C - 180 - (A + B) C 74 48' 

(b) Let the two sides be 9 and 8, and the angle opposite to ,the 
smaller side be 56. 

To draw the triangle, let AD be a line of indefinite length, 

make AB = 9 md BAD = 56. With B as centre and radius 
equal to 8 dra\\ an arc of a circle cutting AD in the points C x 
and C. The Wangles ABC and ABC X satisfy the given 
conditions. 

Since the triangle BCCj is isosceles, the perpendicular BE 
bisects the base. 



Let Cj 
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= CE - y, and AE = x. 

| = sin 56 - 0-8290 

h = 0-8290 x 9 - 7-461 

x 
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- == cos 56 



0-5592 
x = 0-5592 x 9 =- 5-033 



V8 2 - A 3 -- v'8 2 - 7-461 3 
VlS-46 x 0-539 = 2-887 
h 7-461 



0-9326 



6 - 68 51' 




FIG. 4. 



For the triangle ABC 



AC - x + ij = 7-920 
C - - 68 51' 
B= 180- (A+ C) - 55 9' 
For the triangle ABC^ AC X - a? - y = 2-146 

C r = 180- 0= 111 9' 
B - 180 - (A + Cj) - 12 51' 

It must be noticed that the nature of the triangle drawn to 
fulfil these conditions depends upon the relation which the smaller 
side bears to the height of the triangle. For if BC > /* the arc 
of the circle cuts the line AD in two points, thus giving rise to 
two triangles. 

If BC,= h the arc touches the line AD, and a right-angled 
triangle results. 
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If BC< h the arc does not cut the line at all, and it is im- 
possible to draw the triangle. 

Working the question in the above manner enables us to decide 
upon the particular form the question takes, for as we begin by 
finding the value of h, it is a simple matter to compare that value 
with the length of the smaller side. 

(c) Let the two sides be 17 and 20 and the angle opposite to 
the larger side be 38. /\ 

Make AB = 17 and BAD - 38. With B as centre and radius 
equal to 20 draw an arc of a circle cutting AD in the points C l 




D 



FIG. 5. 



The triangle BACj does not satisfy the given conditions, since 
the angle BAC X is the supplement of 38. 



= sin 38 - 0-6157 
17 

h = 0-6157 x 17 - 10-47 

0-7880 
x = 0-7880 x 17 = 13-40 



^- - cos 38 
17 



y = A/20 2 - li* ~ A/20 2 - 10-47 2 
= \/30-47 x 9-53 = 17-04 

c - - - 



C = 31 34' 

JJ = 180 - (A -\- C) = 110 26' 
AC - x + y = 30-44 

Case 111. Let the base be 17 and the angles at the base 34 
and 61. 

Then - = tan 34 = 0-6745 

x 

h = 0-6745a; 

= tan 61 = 1-804, 
17 x 

h = 30-67 - l-804ar 
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Then 



0-67450 - 30-67 - 1-8040 
2-4790 - 30-67 
a? - 12-37 
as 
AB 

12-37 
0-8290 
17 -x 
BC 

4-63 



= cos 34 = 0-8290 
AB = ^~ = 14-92 
= cos 61 = 0-4848 



BC 



0-4848 



9-550 




A 



c 



oc 

7- 

Flc. 6. 



12. Angles greater than 90. In order to find the trigono- 
metrical ratios of a given acute angle, we make that angle the 
base angle of a right-angled triangle ; but when we have to deal 
with an angle greater than 90, we cannot treat it in the same 
way, since the base angle of a right-angled triangle must be acute. 

If we look upon an angle as being measured by the amount of 
rotation of a line with reference to a fixed line, then we can con- 
sider one arm of an angle to occupy a fixed position, while the 
other arm can be taken as a movable arm rotating with reference 
to the fixed arm. If we take a point on the movable arm and 
from that point draw a perpendicular to the fixed arm, we shall 
obtain a right-angled triangle which in some way will enable us 
to determine the trigonometrical ratios of the angle between the 
two arms. 

For angles between and 360 there are four cases to be 
considered, depending upon the position of the moving arm. 

Case L When the angle lies between and 90. 
Case II. When the angle lies between 90 and 180. 
Case III. When the angle lies between 180 and 270. 
Case IV. When the angle lies between 270 and 360. 
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Let P (Fig. 7) be a point taken on the moving arm such that 
OP is the same length in each case. From P draw a perpendicular 
to the fixed arm. In Cases II and III this perpendicular meets 
the fixed arm produced. The triangle OPR will give us the 
trigonometrical ratios of the angle in each case. 

If in each case the angle POR is made equal to a, then the 





CASE. 2. 



CASE.l 



R 



CASE.3 



CASE.A. 





FIG. 7. 

right-angled triangle OPR is equal in all respects, for four distinct 
positions of the moving arm OP. Thus the angles a, 180 a, 
180 + a, and 360 a have the common property that their 
trigonometrical ratios are all derived from the same right-angled 
triangle, and therefore the sines of these angles will all be numeri- 
cally equal. This also holds for the other trigonometrical ratios. 
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25 



If we take a = 50, then sin a = 0-7660 ; but the sines of the 
angles 130, 230, and 310 will all have this same numerical value. 

It must be noticed, however, that in each case the position 
of the right-angled triangle is different, and therefore we have 
to make allowance for that difference in position. 

If we take a reference circle and draw two diameters inclined 
at an angle a to the horizontal diameter, then we can show the 
triangle FOR .placed in its different positions with reference to 
the circle ; obviously there is one triangle in each quadrant. 
Let the radius of the circle always be positive. Taking the 

90* 



I8O 




50- 



centre of the circle as origin and using the rule for positive and 
negative quantities, as is usual in ordinary cases of plotting, then : 

Horizontal lines drawn to right of perpendicular diameter are +. 

Horizontal lines drawn to left of perpendicular diameter are . 

Perpendiculars drawn above the horizontal diameter are +. 

Perpendiculars drawn below the horizontal diameter are . 

We can now assign to the perpendicular and base of the right- 
angled triangle POR the algebraic sign according to the position 
with respect to the horizontal and vertical diameters. 

Tabulating the results : 



Hypotenuse OP 

Perpendicular PR 

Base OR 

Sine 

Cosine 

Tangent 



a 
+ 
+ 
+ 
+ 
+ 
+ 



180 - a 



180 + a 

f 



360 - a 
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If an angle is such that the movable arm takes up a position in 
a certain quadrant, then the trigonometrical ratios of that angle 
must be given the algebraical signs peculiar to that quadrant. 

To find sin 123 32', cos 209 19', and tan 324 43'. 

(a) 123 32' is an angle in the second quadrant. 

Then sin 123 32' is + 
But 123 32' - 180 - oc 

a - 56 28' 
Hence sin 123 32' = + sin 50 28' - + 0-8335 

(b) 209 19' is an angle in the third quadrant. 

Then cos 209 19' is - 
But 209 19' - 180 + a 

a - 29 19' 
Hence cos 209 19' - cos 29 19' - ~ 0-8720 

(c) 324 43' is an angle in the fourth quadrant. 

Then tan 324 43' is - 
But 324 43' = 360 - a 

a - 35 17' 
Hence tan 324 43' - - tan 35 17' = - 0-7072 

13. Angles greater than 360. The rotation of the moving arm 
with reference to the fixed arm is not limited to one complete 
revolution : each revolution increases the magnitude of the angle 
by 360 : but for a certain angle the moving arm is sure to take 
up a position in one of the four quadrants. Thus an angle greater 
than 360 can be taken to be made up of two parts : an exact 
multiple of 360, and an angle between and 360 ; and it is 
the second part which must be used in order to determine the 
trigonometrical ratios. 

To find cos 829. 

829 - 2 x 360 + 109 

Then cos 829 - cos 109 

But 109 is in the second quadrant 

Then cos 109 is - 

But 109 - 180 - a 

a~ 71 
Then cos 829 = cos 109 = - cos 71 = -0-3256 

14. Negative Angles. Up to now we have taken the moving 
arm as rotating in anti-clockwise direction, but that arm can 
also rotate in the opposite direction that is, in clockwise direc- 
tion. In order to distinguish between these two directions we 
take an angle measured in clockwise direction as negative. Now 
an angle of ( a) represents an angle a measured in clockwise 
direction, and the moving arm takes up a certain position in one 
of the four quadrants ; but that same position could be obtained 



EXAMPLES K 

(10) Write down the values of sin 101 20 . 
278 43', sin 386 22', -cos 557 53', tan 785 39', 
cos ( - 86 190, and tan ( - 



(11) If x = r(l - cos 6) +(1 - cos 26) and r 1, I - ~. 

culate the values of x when 6 has the values 0, 30, 60, 9c 
120, 150, and 180. 

(12) If y = e a 8in 9 and a 2, calculate the values of ?/ when 

has the values - -> -* 0, -> ' o* ^* Z/ and on S( l uare( l 
2 o 6 G o 2 

paper, and use your graph to solve the equation e 2 Bln * =-- 2. 
Verify your result by calculation. 

(13) Put 9 sin 0-H 13 cos in the form A sin (0+ a), giving 
the values of A and a. From the result find the value of which 
causes the expression to vanish. 

(14) Put 21 cos 1C sin in the form A cos (0 + a), giving 
the values of A and a. From the result find the greatest and least 
values of the expression and the values of producing them. 

Solve the equations : 

(15) 3 sin + 7 cos - 7-5. 

(16) 8 sin + 12 cos - - 14-1. 

(17) 13 cos - 8 sin - 15. 

(18) 11 cos - 15 sin - - 18. 

(19) 35 cos 0-12 sin - - 37. 

(20) 5 sin + 12 cos - 13. 

(21) 8 sin + 11 cos = 0. 

(22) If tan A = -> without using the tables find the trigono- 

2i 

metrical ratios of the angles * 2A, and 3A. 



(23) If x tan -> show that a sin 0+6 cos = c can be put 



in the form 2ax + 6(1 # 2 ) = c(l + # 2 ), and hence solve the equa- 
tion 9 sin + 13 cos - 15. 

(24) From a circular disc of metal 8" radius, a sector whose 
angle is 54 is cut away, and the remainder is formed into a conical 
vessel. Find the volume of that vessel. 

Solve the equations, keeping r always positive : 

(25) r cos - 6, r sin 0-11. 

(26) r cos - 5, r sin = 13. 

(27) r cos = - 10, r sin = - 15. 

(28) r cos = 12, r sin 8 = 7, 



CHAPTER III 

22. The Complex Quantity. The quantity V 9 can be taken 
as V9 x 1, which reduces to sV 1. Treating V 8 in the 
same way, it becomes 2-828 V 1, the number being correct to 
four significant figures. Thus the square root of any negative 
quantity can be reduced to the form b V 1 or In where b is a 
real number which can be exact, or given correct to as many 
significant figures as desired. The result of multiplying a real 
quantity by i or V 1 is to make the product imaginary. 

Many quadratic equations are spoken of as having imaginary 
roots, but it is only in a few special cases for which the roots 
are wholly imaginary. 

Taking the quadratic equation a? 16a? + 100 = 
Then x 2 - 16a? + 64 = - 100 + 64 = - 36 

x - 8 - 6i 
and #=8 + 6i or 8 Qi 

We can thus have quantities consisting of two distinct parts, 
a real part and an imaginary part. Such quantities are spoken 
of as being complex. 

A complex quantity can be expressed generally in the form 
a + bi, where a and b are numbers which can be exact or given 
correct to so many significant figures. 

23. Two complex quantities can only be equal providing the 
real parts are equal and the imaginary parts are equal. 

Thus if a + bi = c + di, then a = c and b = d. 
For, if not, suppose a>c, then a = c + x, where x is the differ- 
ence between two real quantities and must therefore be real. 

Then c + x + bi = c + di 
x = di bi 

This makes x imaginary, because it is equal to the difference 
of two imaginary quantities, but x must be real, therefore a cannot 
be greater -than c. In the same way it can be shown that a 
cannot be less than c. Hence a must be equal to c. 
If a = c, then b must be equal to d. 

24. The Powers ofi. Positive Powers : 



= ^ 
= - 1 

. t n 



i x i 4 = i = 
i 2 x i 4 - i 2 = - 



*Q f 

x i 8 = ^ = i 



,10 _ J2. x 



i s i* i 



i 12 = i* x i* = 
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Thus the first four powers of i give i, -A, 
next four powers give the same quantities in thv- 
also will the next four powers. It follows, then, that 
integral power of i will give 1 when the power is eveu 
when the power is odd. 

Negative Powers : 

1 i i 

I * 

1 1 

f '~ 8 = ? ^ TTi " - 1 

^ 1 1 i _ i 

'-4 1 ^ I - 1 

^ ~ i 4 ~ 1 

Thus the negative integral powers of i will give 1 when the 
power is even and i when the power is odd. The complex 
quantity can be treated algebraically, provided the treatment is 
combined with a knowledge of the values of the different powers 
of i. 

25. Multiplication of Complex Quantities. They can be multi- 
plied algebraically and the value of i 2 put, where it occurs, in the 
result. 

Thus (5 - Si) (2 + Si) - 10 + Qi - 40i 2 

- 50 + 9i since i 1 = - 1 
Also (5 - Si) (2 t- 5i)(2 - Si) - (50 + 9i)(2 - 3i) 

- 100 - lS2i - 27i a 
= 127 - 132i 

When two complex quantities are multiplied together, care 
should be taken to reduce the product to the form a+bi before 
multiplying by a third complex quantity. 

26. Division of Complex Quantities. If we consider the com- 
plex quantities a + bi and a bi t we notice that the product is 
a 2 bH* 9 which reduces to a 2 + & 2 , and this provides us with a 
means of removing the imaginary term from a complex quantity. 

Hence if we wish to divide 50 + Qi by 5 Si we can represent 

the process by the fraction -r-r and simplify the fraction. 

By multiplying numerator and denominator of the fraction by 
5 + Si, we can make the denominator entirely real without altering 
the value of the fraction. 

50 + 9i 5+ Si 250 + 445i + 72i 2 b 



_ 

\ hpn 

111611 



- __ .....----.--. 

8i 5+8i~ 25-64*2 a 

178 + 4451 
89 

= 24-5* 
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is + i3i 



18 + 131 18 + I3i 

(2 + 3i)(5 - 6?!) ~ 10 + 3i - 

18 



28 + Si 

18 + 13* 28 -3i 



28 + 3i 28 - 8 
504 



784 - 9i 2 
543 + 3101 

793 
= 0-6847 + 0-3909* 

27. Extraction of the Square Root of Complex Quantities. This 
can be done by a purely algebraic process. 

For if Va bi = x yi 

Then a bi - a; 2 2xyi + ?/ 2 i 2 = x z - y z 2a^/i 

Equating the real and imaginary parts, we get 

x z - y* = a 
2a.y = b 

a pair of simultaneous equations to be solved for x and y. 
To find the square root of 21 16i. 

Then A/21 16 = x yi 

and 21 - 16i - x z - y z - 2xyi 

Hence # 2 -/ 2 = 21\ 

2xy = 16 j 
-i- y 4 - 441^ 
4#V = 256J 
iK 4 + 2x V + / 4 = 697 
iT 2 + ^2 _ 26-40 

2 - y 2 = 21 

it' 2 = 23-70 a; = 4-868 
if - 2-70 y = 1-645 

Then \/21 - 16* = 4-868 - 1-646* 

If, in the complex quantity of which we wish to extract the 
mare root, the real part is negative, it is better to make it 
sitive in the following manner : 

V a bi =* V l(a T bi) = iVa T bi 

ve can extract the square root of a ^ bi and after\vcuo 
'y the result by . 
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Thus V -21 +16z = V - 1(21 - 16i) 



= t {4-868 l*645z} from the previo. 
= 4-868*- l-645i 2 
= 1-645+ 4-868* 

28. The Trigonometrical Form of a Complex Quantity. Whv- 
we wish to raise a complex quantity to an integral or fractional 
power, the work is simpler and more definite if we transform it 
into its equivalent trigonometrical form. 
Thus if a + bi = r(cos + i sin 0) 
Equating the real and imaginary parts 

r cos = a\ 
r sin =- b) 
Squaring and adding r 2 (cos 2 + sin 2 6) = r 2 = a 2 + 6 2 

Dividing tan 6 =- - 

CL 

_ I 

Hence a + bi = r(cos + i sin 0) if r = Va* + 6 2 and tan 

CL 

It must be remembered that this transformation is to be done 
with the direct object of raising a complex quantity to a power 
or extracting the root of a complex quantity. Hence if we wished 

to find the nth root of a + bi, we should have to find the nth root 

i i 

of r(cos + i sin 0), or the value of r^(cos + i sin 0). Now if r 

i 

is negative and n is even, we cannot find the value of i without 

introducing a further imaginary quantity, but when n is odd we 

i 

could extract the nth root. If r is positive, the value of r i is real 
whether n is odd or even. It is therefore advisable to perform 
the above transformation with the condition that r must always 
be positive, and so the value of the angle depends not only 
upon the values of a and 6, but also upon the signs of a and b. 
We will next consider the different cases depending upon the 

signs of a and b. Let A be the acute angle whose tangent is -. 

d 

Case I. When a and b are positive. 

Then r sin = 6 and r cos = a 

The angle must be such that its sine and cosine are both 
positive : an angle between and 90. Thus = A. 

_ 

Therefore a + M = v a 2 + b 2 (cos A + i sin A) where tan A = 

Of 

Case II. When a is negative and b is positive. 
Then a + bi = r(cos + i sin 0) 
and r cos = a and r sin = 6 
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c. be such that its sine is positive and its cosine 
O ie between 90 and 180. Thus = 180 - A. 
- a + U - A/a 2 + 6 2 {cos(180 - A) + isin (180 - A)} 
A b 

JQ A = -. 

a 

111. When a and b are both negative. 
Then a bi =* r(cos + i sin 0) 

and r cos = a and r sin = b 

The angle must be such that its sine and cosine are both 
negative : an angle between 180 and 270. Thus - 180 + A. 
Therefore - a - bi = A/a 2 + 6 2 {cos (180 + A) + isin (180 + A) } 

where tan A = -. 
a 

Case IV. When a is positive and b is negative. 
Then a bi = r(cos f i sin 0) 

and r cos = a and r sin b. 

The angle must be such that its sine is negative and its cosine 
positive : an angle between 270 and 360. Thus 360 -A. 
Therefore a - bi =- A/a 2 + 6 2 {cos (360 - A) + i sin (360 - A) } 

where tan A = -. 
a 

Example 1. Express 7 + 5i in the form r(cos + i sin 0). 
Then 7 + Si - r(cos + i sin 0) 
and r cos = 7, r sin - 5 
r - A/49 + 25 - A/74 - 8-602 
Since sin is + and cos is 

Then - 180 - A, where tan A - ^ - 0-7143 

- 180 - 35 32' 

- 144 28' 

and - 7 + 5i = 8-602(cos 144 28 r + i sin 144 28') 

Example 2. Express 8 Hi in the form r(cos + i sin 0). 
Then 8 Hi =* r(cos + i sin 0) 
and r cos = 8, r sin = 11 

r = A/64 + 121 - A/185 - 13-60 
Since sin is and cos is 

Then = 180 + A, where tan A - ^ = 1-375 

o 

- 180 + 52 59' 
= 232 59' 

and - 8 - lit = 13-60(cos 232 59' -f * sin 232 59') 

29. Multiplication of Trigonometrical Complex Quantities. In 
multiplication and division we are more concerned with the 
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behaviour of the portion (cos 0+ i sin 0), for r, being a positive 

number, is quite easily dealt with. 

(cos A +i sin A)(cos B +i sin B) =cos A cos B +i* sin A sin B 

+i(sin A cosB +cos A sin B) 
= (cos A cos B sin A * sin B) 
+ z(sinA cos B +cosA sin B) 
cos (A + B) + i sin (A + B) 

Thus the product of two trigonometrical complex quantities 
gives a trigonometrical complex quantity, the angle of which is 
le sum of the two angles in the factors. This can be extended 
to the product of any number of factors. 
For (cos A + i sin A) (cos B + i sin B)(cos C + i sin C) 
= {cos (A + B) + i sin (A + B) }(cos C + i sin C) 
- cos (A + B + C) + i sin (A + B + C) 
and in general (cos A + i sin A) (cos B + i sin B) . . . n factors 

=- cos (A + B + . . . n angles) + i sin (A + B + . . . angles). 
Division can be performed by representing the process by a 
fraction and then simplifying that fraction. 

To divide (cos A + i sin A) by (cos B + i sin B) we must simplify 

^.i_ x x- cos A + i sin A - .. . , _ f - . t . 

the fraction n r-: TT, and this can be done by multiplying 

cos B + 1 sin B J r j o 

numerator and denominator by cos B i sin B. 

_ cos A |- i sin A cos A + i sin A cos B i sin B 

I rjQTI ... ' . x _ 

cos B H- i sin B cos B + i sin B cos B i sin B 

_ cos A cos B i 2 sin A sin B + i{sin A cos B cos A sin B } 

= cos 2 B - f sin 2 B 

_ (cos A cos B + sin A sin B) + i(sin A cos B cos A sin B) 

= cos 2 B + sin 2 B 

= cos (A - B) + i sin (A - B) 

Thus division or the simplification of a fraction gives a trigono- 
metrical complex quantity whose angle is the angle in the numerator 
diminished by the angle in the denominator. Thus, in general, 
if we have a fraction whose numerator is the product of factors 
of the form (cos A -M sin A), and whose denominator is the 
product of factors of the form (cos a + i sin a), the fraction reduces 
down to (cos + i sin 0), where is the sum of the angles in the 
numerator diminished by the sum of the angles in the denominator. 

(cos A + i sin A) (cos B + i sin B) . . . n factors 

(cos oc+ i sin a) (cos (3 + i sin (i) . . . m factors 

_ cos (A + B + . . . n angles) + i sin (A + B + . . . n angles) 
~~ cos (a + p + . . . m angles) + i sin (a + (1 + . . .m angles) 
= cos{(A + B . . . n angles) (a + (3 . . . m angles) } 

+ i sin {(A + B . . . n angles) (a + (i . . . m angles) } 
- cos + i sin 
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n / c- rx ( c os 20 + i sin 20) (cos 110 +i sin 110) 

avample. Simplify ~ * r. '; . :$ M0 \ 

* ^ J (cos 30+ ^ sin 30) (cos 50 + & sin 50) 

. , cos 130 + i sin 130 

This becomes s r-: 5- 

cos 80 + fc sm 80 

and finally cos 50 + i sin 50 

30. The Powers of (cos + i sin 0). It has already been shown that 
(cos A + i sin A) (cos B + i sin B) . . . n factors 

= cos (A + B + . . . n angles) 4 i sin (A + B + . . . n angles) 
If A = B = . . . 6, making all of the angles equal 
Then (cos + i sin 0) w = cos nQ + i sin ?*6 

^To raise a trigonometrical complex quantity to a power, multiply 
the angle by the power, and the product will give the angle of 
the resulting complex quantity. 

So far this rule only applies when the power is a positive integer. 

(a) If n is negative and this rule holds 

Then (cos + i sin 0)~ w - cos ( - nQ) + i sin ( - nQ) / 

= cos nO i sin nQ 
and this can be proved 

for (cos + i sin 0)- w - ; ^ . . 

7 (cos + i sm Q) n 

1 

cos nQ + i sin n0 

1 cos nO i sin n0 



X 



cos nQ + i sin n0 cos n0 i sin n0 
_ cos nO i sin nO 

cos 2 w0 + sin 2 nO 
= cos ?i0 i sin n0 

Hence the rule can be applied when the power is a negative 
integer. 

(b) If the power is a fraction and this rule holds 

Then (cos + i sin 0) - cos 2 + i s i n Q 

q q 

and this can be proved 

r ( . 6V . . 6 

for \ cos - + ^ sin - 1 = cos q - + t sin a - 

V g g / gr * q 

- cos + i sin 

- 

Hence (cos + i sin 0)<* = cos - + i sin - 



J- J. 

and (cos + i sin 0)" = (cos - + i sin - ) 

\ a a/ 



0V 
q ~qJ 



V W 

cos - + i sin - 



Also (cos + i sin 0)~<*" - cos ^ - ^ j + i sin ( ~ ~ ' 0) can 
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be proved in the same way as (cos + i sin 0)~ n cos ( n0) 
+ i sin ( w0) has been proved. 

Thus in general (cos + i sin 0) n = cos n0 + i sin n0, whatever form 
n may take : n may be positive or negative, integral or fractional. 

? ^ 

Example 1. Reduce i - - n-^ to the form a + bi. 

( - 8 - Si) 1 

Now 5 4t = 41* (cos + i sin 0) 

4 

where = 360 - A and tan A = - = 0-8 

o 

A = 38 40' 
0-321 20' 

Then (5 - 4t)* = 41^(cos 321 20' + i sin 321 20')^ 
- 41^(cos 160 40' + i sin 160 40') 



Next 2 2 T3i - 13^(cos + i sin 0) 

^ 



o 

where - 180 - A and tan A = - == 1-5 

2 

A = 56 19' 
= 123 41' 

Then (3i - 2)* - 13*(cos 123 41' + i sin 123 41') 

= 13^(cos 82 27' + i sin 82 27') 
Next - 8 - 3i - 73^(cos + i sin 6) 

where = 180 + A and tan A - | - 0-375 

O 

A - 20 32' 
6 - 200 32' 

Then ( - 8 - 3)^ = 73' f (cos 200 32' + * sin 200 32') 

= 73^(cos 80 13' + i sin 80 13') 
__ (5 - 4i)*(8t - 2)^ 



( - 8 - 3i)* 




41 4 x 13* ((cos 160 40' + isin 16 


40') (cos 82 27' +i sin 82 27 V) 


78 I (cos 80 


13' + i sin 80 13') J 



M0 fcos 243 7' + i sin 243 7'} 
5 \cos 80 13' + i sin 80 13'/ 
2-523(cos 162 54' + i sin 162 54') 
2-523( - cos 17 6' + i sin 17 6') 
2-523J - 0-9558 + 0-2940i) 
- 2-411 + 0'7415* 
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Example 2. Reduce (3 7i) ~ 3 to the form a + bi. 

Now 3 - 7i - 58*(cos + i sin 6) 

7 

where - 360 - A and tan A == - - 2-3333 

o 

A = 66 48' 
= 293 12' 

Then (3 - 7i) - = SS^cos 293 12' + sin 293 12') ~ 3 

- 0-002264 {cos ( -879 36') -\-i sin ( - 879 36') } 

- 0-002264(cos 200 24' + i sin 200 24^ 

- 0-002264J - cos 20 24' - i sin 20 24') 
= 0-002264( - 0-9373 - 0-3486i) 

- - 10- 4 (21-21 + 7-894) 

EXAMPLES III 

Simplify the following expressions, giving each in the form 
a + bi, the values of a and b given correct to four significant 
figures. 



(1) (5 + 4i) (3 + 7i) (2 - 3t) (2) (7 - 2i) (5i - 3) (8 + 3i) 
a) 5-Oi 

V ' (2+8t)(3-5t) 

2Q v (2f-7)(8+10t) 



Extract the square roots of : 

(7) 15 + 7i (8) 9 + I3i 

(9) 12 - 19* (10) 15 - 8i 

(11) - 8 + I3i (12) - 18 + Hi 

(13) - 14 - Wi (14) - 21 - I6i 

(15) i (16) J 

Express the following complex quantities in the form r(cos 
+ i sin 6), always keeping r positive : 
(17) 8 + 3* (18) 18 + 11* 

(19) 11 - I5i (20) 9 - 8i 

(21) -7+5i (22) -10+17* 

(23) - 14 - Qi (24) - 12 - I7i 

1 i 

(25) Express p. + -j= in the form r(cos 6 + i sin 6), giving the 

v 2 v 2 

values of r and 6, and hence simplify ( /= -\ /= ) , ( /= H 7= ) 

\V2 V2/ \V2 V2/ 

1 y , / 1 i \ 7 
/ ~t~ /-^ j ano. i x ~ ~T~ r / i 
V2 V2/ \A/2 V2/ 
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(26) Simplify (-L + -4=Y + ( 4= ~ 4=V and (-L + -L}' 
\\/2 \/2/ \A/2 V2/ \V2 V2/ 



VV2 

(27) Simplify (1 + \/3t) 5 + (I- A/3i) 5 

(28) Simplify (Vs + *) 4 - (\/3 - i) 4 

Simplify the following expressions, giving each result in the 
form a + bi : 



(29) (5i-7) 3 (30) (7H 

(31) (8 - 5i)* (32) ( - 6 - 



(+)* 



(35) ^^ -, (36) 

(2+ 7i) 3 (3i- 4) 8 



CHAPTER IV 

81. The Graphical Representation of a Complex Quantity. 

Now i = r(cos + i sin 6) where = 90 and r =- 1 
- cos 90 + i sin 90 

% Thus i can be represented as the radius, drawn vertically up- 
wards, of a unit circle. 

i 2 - (cos 90 + i sin 90) 2 

- cos 180+ ism 180 

Then i 2 or 1 can b.e represented as the radius, drawn hori- 
zontally to the left, of a unit circle. 

3 - (cos 90 + t sin 90) 3 

- cos 270 + i sin 270 

Then t 3 or i can be represented as the radius, drawn vertically 
downwards, of a unit circle. 

i 4 = (cos 90 + i sin 90) 4 
= cos 360 |- i sin 360 

Then i 4 or + 1 can be represented as the radius, drawn hori- 
zontally to the right, of a unit circle. 

We therefore see that each time we multiply by i we are turning 
the radius of a unit circle, in anti-clockwise direction, through a 
right angle. Also the odd powers of i always involve the angle 
90 and odd multiples of 90, while the even powers of i always 
involve the angle 180 and multiples of 180. Now the odd 
powers of i give i, and the even powers give 1. Thus, 
taking the horizontal direction as the direction of measurement 
for real quantities, we can take the vertical direction as the 
direction of measurement for imaginary quantities. The complex 
quantity a + bi can be represented graphically as the sum of two 
magnitudes, a measured horizontally and b measured vertically, 
but in this representation we have also to take into consideration 
the algebraic signs of a and b. 

Case I. Representation of a + bi. 

OC = a measured to the right 

BC = b measured vertically upwards 

OB - Va 2 + b 2 - r 
/\ 
BOX = A - 6 in the relation 

a + bi = r(cos 6 + i sin 0) 

48 
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Case II. Representation of a + bi. 

OC = a measured to the left 

BC = b measured vertically upwards 

OB = Va? + * 2 - r 

BOX - 180 - A in the relation 
a + bi = r(cos + i sin 0) 





CASE.!. 



CASE1.3. 
I 



CASE1.4 



6 




Case III. 



\ 




FIG. 14, 



Representation of a bi. 
OC = a measured to the left 
BC = b measured vertically downwards 
OB - Va* + 6 2 - r 

BOX = - 180 + A in the relation 
a bi = r(cos + i sin 0) 
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Case IV. Representation of a bi. 

OC = a measured to the right 

BC = b measured vertically downwards 

OB = Va 2 + 6 2 = r 
/\ 
BOX - 360 - A in the relation 

a bi = r(cos + i sin 0) 

It is evident from the above that a complex quantity can also 
be represented by the radial line OB, which makes an angle 
with the initial line OX. The real part is the projection of OB 
on the horizontal axis, and the imaginary part is the projection 
of OB on the vertical axis. 

32. The Use of i as an Operator. It has already been shown 
that i = cos 90 + i sin 90 

1 2 - cos 180 + i sin 180 

1 3 = cos 270 + i sin 270 

1 4 - cos 360 + i sin 360 

Hence if we work with a circle of unit radius and commence 
with the perpendicular radius as the initial line, the effect of 
raising i to a power is equivalent to turning this initial radius 
through a certain number of right angles. This number is fixed 
by the power. 

Also, if we commence with a horizontal radius in this circle, 
the process of multiplying by i is represented by turning that 



\ 




FIG. 15. 

horizontal radius anti-clockwise to the vertical position ; while 
multiplying by i would be represented by turning it clockwise 
to the vertical position. If we operate in the same way on a 
quantity a, then the result is expressed by turning a horizontal 
radius of length a, anti- clockwise or clockwise, to the vertical 
position. 

The quantity b sin pt measured horizontally can be represented 
as the horizontal projection of a radial line of length 6, inclined 
at an angle pt to the initial vertical line. Then operating on this 
by i would have the effect of turning this radial line througl 
right angle. The horizontal projection of the radial line in 
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new position is b cos pt, and this is the real result of the 
operation. 

If a complex quantity a+bi operates on sin pt, we have to 
consider two radial lines OA and OB each inclined at an angle pt 
to the initial vertical line. 

OA = a OD = a sin pt 

OB = b OE - b sin pt 

OD and OE being the horizontal projections of OA and OB 
respectively. The effect of the operation is to turn the radius 




FIG. 1 6. 

OB through a right angle, while the position of the radius OA 
remains unchanged. 

C X D is the horizontal projection of the radial lines after the 
operation has been performed. 

But CjD = a sin pt + b cos pt, and this is the real result of the 
operation. 

If a bi operates on sin pt, the radius OB is turned through 
a right angle in clockwise direction, and C 2 D is the horizontal 
projection of the radial lines after the operation has been per- 
formed. 

Thus the result of operating with a bi on sin pt is 

a sin pt b cos pt 

XT 1 a bi a bi 1 

Now " - = - Then ~- eratln on 



sin pt, will give a result which can be obtained by dividing the 
result of operating with a bi on sin pt by a 2 + 6 2 . 

1 , . . . a sin pt b cos pt 

r-. operating on sin pt gives - 3 =-5 - - 
r 5 * b a 2 + b 2 



. 
a + bi 

A , . 
Also, since 



a+bi 



- r . 
a - bi 



a 



^ 
2 - 



a+bi 
-- =^ 
a 2 + 6 2 
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^, 1 A . ^ . # sin pt + b cos pi 

Then r-. operating on sin pt gives ^ , 2 

d 01 a H- - 

Classifying these results we get : 

(1) a + bi operating on sin pt gives a sin pt + 6 cos ^ 



or v a 2 + 6 2 sin (pt + a) 

(2) a fo' operating on sin pt gives a sin pt b cos pZ 

or Va* + b 2 - sin (pt a) 

(3) - r. operating on sin pt gives -^ ^ {a sin pt b cos pZ) 

. tt "T" 0^ tt ~T" 

or v^TF ' sin (p * ~ a) 

(4) - r-. operating on sin p/ gives -5 ^ (a sin pt + b cos pt} 
a ui & M ~T" o 



or / , sin (f + a) 

2 2 v/ ^ ; 



In each case tan a = - 

a 

Example. The voltage applied at the sending end of a lor 
telephone line being V Q sin qt, the current entering the line is 



V s + ^ ^ 
- ^ sm qt 
r + ilq I 

where per unit length of cable, r is resistance, I is inductanc 
s is leakance, and k is permittance or capacity. 

If r = 6 ohms, Z = 3 x 10~ 3 henries, k = 5 x lO"" 9 farad 
5 = 3 x 10- 6 mho, and is q = 6 x 10 3 , find the current. 

s + ikq = V^ 2 + fc 2 g 2 {cos a + i sin a} where tan a = ~ 

s 



r + ilq = vV 2 + ZV( COS P + sin ^} where tan [3 = 

. /+<ana\* 

Icosp+isin ^^ 






- Ai> {cos (a - f>) + i sin (a - ft }* where A 
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Current = v ^j S \ q operating on sin qt 



Ai; 



|cos^ a 2 P j + i sin (* ^jj operating on sin 



At; |cos^ a 2 Pj sin g* + sin (^y-*-) cos qtj 



- Ai; sinj- (a - p) + . 

= p x * ~ 12 -1 25 x 1Q- 18 36 x 10 6 1* 
~ L 36 + 9 x 10- 6 36 x 10 6 J 

x IP- 12 (1 + IPO)!* 
36(1 +9) J 

= 10- 3 (} = 10- 3 . (2-525)^ = 1-261 x 10" 3 



5 x 10- 9 6 x 10 3 
tan a - - ^Tw^ - = 10 a = 8 * 18 

_ 3 x 10- 3 6 x 10 3 n , . 

tan p = - - - =3 p = 71 34' 

a - p = 12 44' 1 ( a _ p) = o 22' = 0-1111 radians 

^ 

Then current - 1-261 x 10~ 3 v^ sin (6000^+ 0-1111) 
the angle being expressed in radians. 

33. The Exponential form of (cos + i sin 0) 

(cos + i sin 0) w = cos n6 + i sin nQ 

Taking to be 1 radian 

Then (cos 1 + i sin l) w cos n + i sin ti 

Putting fc =- cos 1 + i sin 1 

Then k n - cos n + i sin n, or k a - cos a + i sin a, where n or a 
represents any angle taken in radians. 

It must be remembered that k is a complex quantity of the form a 
+ bi, for cos 1 - 0-5403, and sin 1 - 0-8415, and k - 0-5403 H- 0-8415. 
If k n = cos a + i sin a 



cos a + ^ sin a 
and 2i sin a = k a Ar by subtraction 



= cos a ^ sm a 



- l - a lo gf fc 






~ o 
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When a is made infinitely small ^2-? = i, and the terms in- 

oc 

volving the powers of a become negligibly small 

and i = log e fc, or k = e i 
Hence cos a + * sin a = k a =* 

and cos a * sin a = k~ a 
It should be noted that since k = e i 



i z 



= 0-5403 + 0-8415i, which agrees with the value given above. 

34. The Series for sin a and cos a. 

^ - cos a + i sin a e~ ia - cos a - i sin a 
Subtracting 2i sin a - ^ -"* 

and sin a - . (^ - fa ) 

2i- 

Adding 2 cos a = e + e~ ia 

and cos a = - (tf ia + ^""* a ) 

2 

Fromtheserelationswecanreadilyfindtheseriesfor sin a and cos a. 

fl'2,.,2 0*33 44 

For ^_i +fa+ ! 



Subtracting e*' --*- 2 (i* + ^ + ~ + . . . 



a 



Adding ^ + ^ = 2 (l^- 2 ^- 4 + . . .) 

^4 ^ \ 

+ r- -) 



and cos a - ^ (e* + -*) = 1 - -- + -- . , . 
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The method of finding the relation which gives the approximate 
length of 'a circular arc is a good application of the use of the 
sine series. 

Let ABC (Fig. 17) be the circular arc and AB the chord of the 
whole arc, BC the chord of the semi-arc. 




FIG. 17. 



I 



Let arc ABC = I, chord AB = c, chord BC = h, angle AOB = - 

radians. 

AD . I 
L AO = Sm 2F 

c . I 

or -r-^ sin 



Then ~-^r = sin 



CE . I h . I 

Also co = sm or- = sm- 



Then-fe =sin 2F = 2F~8J3P* 



J3_ 

|3r 
I 3 



Z 5 



I 5 



, h .11 

and 2F = sm = ~-g 3 p-r 1024 |g r6 



Z 4|8r a + 1^5? . . . 

P i 6 

4 ' ~ iS/ 3 + 6415? . . . 

LM 

3/5 
By subtraction 8h - c = 3/ - - 



8/1 



and 
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If the fraction - is less than 1, all terms on the right-hand side, 
except the first, may be neglected, and approximately 

7 _ sh ~~ c 
l ~~~3~ 

35. If we put K cos a + i sin a 

^ 1 

then - *= cos a t sin a 

a? 

and a? + - ^ 2 cos a ........... (1) 

x ^ ' 

x -- -= 2i sin a .......... (2) 

x x ' 

Also x n = (cos a + i sin a) n = cos noc + i sin noc 

11 

- - = cos na ^ sin noc 
x n cos na + fc sin na 

and # n +^ - 2 cos noc .......... (3) 

MX 

x n -- = 2i sin noc .......... (4) 

o? n v ' 

These results are very useful for expressing powers of sines and 
cosines, and also products of powers of sines and cosines, in terms 
of sines and cosines of multiple angles. 

(a) Working with sin 5 a 



/ 1\ 5 
(2i sin a) 5 ( x -- ) 



sin 5 a - tf 5 - 5# 3 + 10# - 10- + 5-4 - 



x x a? 6 
32i sin^ a - (* - J- 5 ) - 5 (a- - i) + 10 (x - i) 
= 2i sin 5a lOi sin 3a + 20i sin a 

IKK 

and sin 6 a -= ; sin 5a ; sin 3a + ~ sin a 

10 lo o 

(6) Working with cos 4 a 

/ 1\ 4 
(2 cos a) 4 - U+ -) 

\ cJ?/ 



16 cos 4 a = a; 4 

a? 4 x* 



= 2 cos 4a + 8 cos 2a + 6 

113 

and cos 4 a == - cos 4a + - cos 2oc + ~ 
828 



CHAPTER V 

40. In order to determine the position of a point in space, it is 
necessary to refer the point to three fixed planes. These three 
planes intersect at a point which is taken as the origin ; while any 
pair of these planes intersect in a straight line which passes 
through the origin. Thus for the three planes of reference thdre 
will be three different pairs of planes, and therefore there will 
be three different lines of intersection, each one passing through 
the origin. These three lines of intersection are called " the axes 
of reference '' or " the co-ordinate axes." 

Generally the three planes of reference are rectangular that 
is, one plane is at right angles to each of the other two. The 




N 



FIG. 18. 

three co-ordinate axes will therefore be mutually perpendicular 
that is, one axis will be perpendicular to each of the other two. 
This can be well illustrated by means of a cube, with its base 
horizontal. One corner of the cube can be taken as the origin ; 
the three edges which radiate from this corner will be the three 
axes of reference, while these three edges are the lines of inter- 
section of the three adjacent plane faces of the cube, two of these 
being vertical and the other horizontal. 

The position of a point with reference to the three rectangular 
planes of reference is completely defined by the perpendicular 
distances of the point from these three planes. 

If the co-ordinates of a point P are (x, y, z), then x is the per- 
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pendicular distance of the point from the plane YOZ, and the 
point must therefore lie on a plane parallel to YOZ, the distance 
between these planes being x. y is the perpendicular distance 
of the point from the plane ZOX, and the point must therefore 
lie on a plane parallel to ZOX, the distance between these planes 
being y. z is the perpendicular distance of the point from the 
plane XOY, and the point must therefore lie on a plane parallel 
to XOY, the distance between these planes being z. 

The intersection of these three new planes will give the position 
of the point P, and these three planes combined with the three 
planes of reference produce a right rectangular prism one corner 




KT 



of which is the origin and the opposite corner the point P, while 
OP is a solid diagonal of the prism. The lengths of the three 
edges, PL, PM, and PN, meeting the point P, are the co-ordi- 
nates of that point ; while the ^ngths of the three edges OA, 
OB, and OC, meeting at the origin, are also the co-ordinates of 
the point P. Hence, to find the position of the point whose 
co-ordinates are (x, y, z), we have to measure OA = x, along OX, 
OB = y y along OY, and OC = x, along OZ. Take OA, OB, and 
OC to be the three adjacent edges of a right rectangular prism, 
and complete the prism. The required point will be the corner 
opposite to the origin. 

41. The plane ZOY (Fig. 19) is taken as a front vertical plane, 
and any line drawn parallel to the axis OX will be perpendicular 
to that plane. The x co-ordinate of a point P may be positive 
or negative. It is positive when P lies in front of the plane ZOY, 
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and is therefore nieasured along OX ; it is negative when P lies 
behind the plane ZOY, and is therefore measured along OX X . 

The plane ZOX is taken as a side vertical plane, and any line 
drawn parallel to the axis OY will be perpendicular to that plane. 
The y co-ordinate of a point P is positive when P lies to the right 
of the plane ZOX, and is therefore measured along OY. It is 
negative when P lies to the left of the plane ZOX, and is therefore 
measured along OY r The plane XOY is taken as a horizontal 
plane, and any line drawn parallel to the axis OZ will be per- 
pendicular to that plane. The z co-ordinate of a point P is 
positive if P lies above the plane XOY, and is therefore measured 




^'-. 



/ 



\ 



\ 












Q 



FIG, 20. 



along OZ. It is negative when P lies below the plane XOY, and 
is therefore measured along OZ Jt 

Fig. 19 is drawn to illustrate this, the co-ordinates of Pj being 
(1, 3, 2), while the co-ordinates of P 2 are ( - 1, - 3, - 2). 
42. Let P (Fig. 20) be a point whose co-ordinates are (x, y, z). 
Then OA = x, OB - y, and OC - z. 

Since OC is perpendicular to the plane containing PC, the 
angle PCO is a right angle, 

and OP 2 = OC 2 + PC 2 
But CP = OQ 
and OQ 2 = OB 2 + BQ 2 
- OB 2 + OA 2 
Hence OP 2 - OC 2 + OB 2 + OA 2 

~ z* + y* + x* 
or OP - Vx z -\-* + z z 
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This gives the distance of a point P from the origin in terms 
of the co-ordinates of that point. 

Let a, (3, y be the angles which OP makes with the axes OX, 
OY, and OZ respectively. 

(1) The triangle POA is such that the base angle POA = a, 

and PAO = 90 since OA is perpendicular to AP. 



TT 

Hence cos a 

x 



(2) The triangle FOB is such that the base angle POB 
and PBO - 90 since OB is perpendicular to BP. 

Hence cos (3 



+ y* + z* 
(3) The triangle POC is such that the base angle POC - y, and 

PCO 90 since OC is perpendicular to CP. 

tr OC 

Hence 



V X 2 + ?/ 2 + 2 2 

The cosines of the angles a, (3, and y, which the line joining a 
point to the origin makes with the axes OX, OY, and OZ respec- 
tively, are spoken of as the " direction cosines " of that line, 
and are usually denoted by I, m> and n. 

The sum of the squares of the three direction cosines is 1 ; for 

7*2 7/2 ,2 



# + y + s a? 2 + ?/ 2 + 2 a? 2 + ?/ 2 + s 2 
= 1 

43. Let Pj and P 2 be two points whose co-ordinates are 
(i> 2/i> %i) an( * (#2> 2/2> ^2)- If the axes of reference are so chosen 
that P! is taken as the origin, then the co-ordinates of P 2 with 
reference to these axes will be (# 2 o^), (y 2 y^ 9 and (s 2 %). 

Then PjPg - V(x 2 - o?^ 2 + (y 2 - t/i) 2 + (z 2 - s^ 2 , thus giving 
the length of a line joining two points in terms of the co-orditiates 
of those points. 

If a, p, and y are the angles which the line PiP 2 makes with 
the true axes of reference OX, OY, and OZ, they will also be the 
angles which the line makes with the parallel axes PjX, PjY, 
and P X Z. 
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Then I = cos a = -4 



P Z P 2 



n = cos Y = p p 

1 1^2 

thus giving the direction cosines of any line in terms of the co- 
ordinates of any two points taken on the line. It follows that if P 
is any point on a line, the co-ordinates of P being (x, y, z), and Q 
is a given point on the same line, the co-ordinates of Q being 
(a, b, c). 
If r is the length of line between P and Q, 

xu i x a 

then I =- cos a =- - 

r 

x a 
or - = r 





m = cos B == - 
^ r 

y-b 

or - - - r 

m 



= cos v = 
1 



z c 

or - = r 

n 



x a it b zc 

Hence i = - - = - = r 

I m n 

This is known as the symmetrical equation to a straight line. 
44. Let P!, P 2 , and P 3 be three points whose co-ordinates are 



If Pj be taken as the origin, the co-ordinates of P 2 will be 
(x 2 #i) (?/2~"yi)' an( ^ ( jS 2"~" 2: i)> while the co-ordinates of P 3 
will be (#3 - a?i), (t/ 3 - ^i), ( 3 - *i)- 

Hence (P X P 2 ) 2 = pj (^ - ^ x ) 2 + (*/ 2 - t/^ 2 + (s a - zj* 

and (P X P 3 ) 2 - pi - (a? 3 - ^i) 2 + foa " i) 8 + (-a - -i) 2 
If P 2 be taken as the origin, the co-ordinates of P 3 will be 

0*3 - X *)> (2/3 - 2/2) > and (8 - *) 

Hence (P 2 P 3 ) 2 - p J - (^ - o: 2 ) 2 + (y, - t/ 2 ) 2 + (z 3 - ^ 2 ) 2 

Thus the three sides of the triangle P^Ps can be deter 
if the co-ordinates of the three angular points are known 
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If A is the area of the triangle, 

A- Va(*-pi)(*-;pB)(*-p3) 

1 
where s = ~ (p + p% + p%) 

If h l9 h 2 , and 7i 3 are the lengths of the perpendiculars drawn 
from the points P^ P 2 , and P 3 to the opposite sides respectively, 

1 , 2A 



then 



A,- 

1 
A 1 



or 



r 



2A 

P 2 

2A 




, n, 



FIG. 21. 

If 0i, 02> an ^ 3 are the angles of the triangle, 
then 



1 2A 

A - ~ >.,p 3 sin G! or sin 0, - - 

2 



1 

A 5 
2 

1 

A ^ 

2 



sin 2 or sin 2 - 



sin 3 or sin = 



2A 



2A 



and from these relations the angle between two given lines can 
be determined. 

Also the angles 0^ 2 , 3 can be found by means of the following 
relations : 2 2 2 



2,2 
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Now cos 6j 



z* - -i? - (* 3 - *j) 2 - (2/u - 2/2) 2 




If a 3 , p 3 , and y 3 are the angles which PjPg makes with the axes 
OX, OY, and OZ respectively, and / 3 , ?n 3l and n 3 are the corre- 
sponding direction cosines, 



then L = cos a, = 



, - cos p 3 _ 21-J& 



/t 3 - cos 



Also, if a 2 , p 2 , and y 2 are the angles which PjP^ makes with 
the axes OX, OY, and OZ respectively, and / 2 , w 2 , and n a are the 
corresponding direction cosines, 

then / 2 = cos a 2 ^ ~ ~ 



= COS 



n 2 = cos y 2 

Hence cos Q 1 =- 1^1 2 + vi^n^ + n 3 n 2 

Similarly it can be proved that 

COS =77 -4" jn, wi. I 1, YL 

and cos 3 / 2 Z 1 + m 2 m 1 4- ngWj 

thereby giving the cosine of an angle between two lines in terms 
of the direction cosines of those lines. 

In general, if 6 is the angle between two lines whose direction 
cosines are l lt m lt n^ and / 2 , m 2 , n 2 respectively, 

then cos = /^ + m^rn^ + n x n 2 

If the two lines are at right angles, 

then l^l^ + wi-\nit + n\n = 
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Example 1. The co-ordinates of two points P and Q are (3, 7, 5) 
and (5, 2, 8) respectively. Find the length of PQ, its direction 
cosines, and the angles it makes with the axes of reference. 

Taking P as the origin, the co-ordinates of Q are (2, 5, 3), 

and PQ = \/2 2 + ( - 5) 2 + 3 2 

- 6-164 

, 2 

/ = cos a - TTTjr: 
6-164 

- 0-3244 

a -71 4' 



m = cos 




= 0-4866 
y - 60 53' 

Example 2. The co-ordinates of three points P, Q, and R are 
(3, 6, 2), (5, 9, 7), and (8, 3, 9) respectively. Find the lengths of 
the lines joining these points, the angles between the lines, and 
the lengths of the perpendiculars drawn from each point to the 
opposite line. 

Q 



6-164 




Taking P as the origin, the co-ordinates of Q are (2, 3, 5), and 
the co-ordinates of R are (5, 3, 7). 

Then PQ = \/2 2 + 3 2 + 5 2 

- 6-164 

PR= A/5 2 + ( - 3) a + 7 2 

- 9-110 

Taking Q as the origin, the co-ordinates of R are (3, 6, 2). 
QR= V3 a + ( - 6) 2 + 2 2 
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Working with the triangle PQR and calling the sides p, q, and r, 
then p = 7, q = 9-110, and r = 6-164. 

s-^(p+q+r) 

- 11-137 



Area = A = Vll-137 x 4-137 x 2-027 x 4-973 

= 21-55 

. 43-10 

Sm " 9-110 x 6-164 

= 0-7676 
P = 50 8' 
. _ 43-10 



- 0-9989 
Q = 87 18' 
_ 43-10 



= 0-6759 
R - 42 32' 
These are the angles between the lines. 

If hy, h q , and h r are the perpendiculars drawn from the points 
P, Q, and R respectively, 

, , 7 43-10 _ , m 

then h p = - 6-157 



The angles between the lines can also be found in the following 
manner : 

/j2 | r 2 _ r) 2 

u - \- r u 



~ 

COS P 



2qr 
- 0-6410 
P - 50 8' 



2pr 

= 0-0463 
Q = 87 20' 



= 0-7370 
R = 42 81' 
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X 

45. The Plane. The plane is represented by the general equa- 
tion of the first degree in x, y, and z. Then the equation 

Ax + Ey + Cz + D - 

represents a plane, and the values of the constants A, B, C, and 
D can be given in terms of the intercepts the plane makes on 
the axes of reference. For if the intercepts are a, &, and c on 
the axes OX, OY, and OZ respectively 

Then when x *= a, y = 0, and s = hence Aa + D = 
when y = 6, # = 0, and s = hence B& + D = 
when E =-= r, a? = 0, and y = hence Cc | D 

_ , 1) 7 D . D 

Therefore a =- ~r, ft - TT, and o - -^ 

ABC, 
But B^+B^+D 8 " "" 

0? + 7/ + 2 _ 

or 5 5 

ABC 

Then -5- 1 -i 

6 c 

x y z 

or + 7 + - 1 

a b c 

This gives the equation of a plane in terms of the inter- 
cepts. 

Let OP (Fig. 23) be the perpendicular drawn from the origin 

'Y* 11 ^ 

to the plane whose equation is- + ^ + -l. 

a b c 

Let x v y l9 z l be the co-ordinates of P ; and if a, (3, and y are 
the angles made by OP with the axes OX, OY, and OZ respec- 
tively, and /, m, n are the direction cosines of OP 

Then / = cos a = 



m = cos S 
1 



P 



cos v 



where p is the length of OP. 

Since OP is perpendicular to the plane, it is perpendicular to 
the lines OA, OB, and OC in that plane, and therefore the tri* 
angles POA, POB, and POC are right angled. 



Hence 
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I = cos a = - 
P 
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ra = cos 




FIG. 23. 

thus giving the length of the perpendicular drawn from the 
origin to the plane. 



Next 



P x i 

cos a = - = - 
a p 



- 
b p 



Hence 



P 

cos V 
1 c 



a 



thus giving the co-ordinates of the point P. 
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OR 11 Z 

Now -+~+--=lis the equation to the plane. 
a b c ^ r 

Then x - + y ^~ + z - = p 

a o c 

or a? cos a + 2/ cos (3 + z cos y = p 

Ix + my + nz - p 

thus expressing the equation to a plane in terms of the direction 
cosines and the length of the perpendicular drawn from the origin 
to the plane. 

Also a, p, and y are the angles made by the line OP with the 
axes OX, OY, and OZ respectively, but OP is perpendicular to 
the plane. Hence the angles the plane makes with these axes 
will be the complements of these angles, and therefore the plane 
makes angles (90- a), (90- (3), and (90- y) w ith the axes 
OX, OY, and OZ respectively. 

Example. For the plane 2Lr + 35y + I5z 105 = 0. Find : 

(1) The intercepts on the axes of reference. 

(2) The length of OP, the perpendicular drawn from the origin 
to the plane. 

(3) The angles which OP makes with the axes of reference. 

(4) The angles which the plane makes with the axes of reference. 

(5) The co-ordinates of P. 

21# + 35y + I5z - 105 

Then M+f-1 

Hence the plane makes intercepts of 5, 3, and 7 on the axes OX, 
OY, and OZ respectively. 

If p is the length of OP and a, p, and y are the angles OP 
makes with the axes OX, OY, and OZ, 

ft 

then / = cos a = 

5 

f) 
m = cos = 



P 
~ 

But Z 2 + m 2 + n 2 - 1 



n = cos y = ~ 



TT 

Hence + + -l 

9 x 25 x 49 

1" -- 18 

p 2*414 
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2-414 

cos a - 0-4828 
5 



' 



a- 61 8 

2-414 
cos p - - - 0-8047 

o 

P - 30 25' 

2-414 
cos v - - 0-3449 

1 7 

y - 69 50' 

The plane makes angles 29 52', 53 35', and 20 10' with the 
axes OX, OY, and OZ respectively. 
If x lf y lf Zi are the co-ordinates of P 

tt 2 

Then x l =-- = 
5 



- _ 0-8328 

7 

46. To find the perpendicular distance of a given point from a 
given plane. 

/y at <v 

Let - + + - = 1 be the equation to the plane. Then if p 
a b c 1 r * 

is the perpendicular distance from the origin to the plane, and 
/, m, and n are the direction cosines of that perpendicular 

Then I = -, m ^ y, and n - 
a b c 

Hence Ix + my + nz = jp will be the equation to the plane, and 



Let a?!, 2^, 1 be the co-ordinates of the given point, and through 
this point let a plane be drawn parallel to the given plane. 
Since the two planes are parallel, the perpendiculars drawn to 
these planes will be parallel, and will therefore have the same 
direction cosines. 

Hence Ix + my + nz = p^ will be the equation to the parallel 
plane, where p l is the perpendicular distance from the origin to 
the plane. 

Also lx l + my l + nz l = p l9 since the plane passes through the 
point whose co-ordinates are (x l9 y lt zj. Now p l p is the dis- 
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tance between these two parallel planes, and this will also be the 
perpendicular distance of the given point from the given plane. 

Then p i p ^ lx l + my l -f nz l p 



a c 



b c 



Example. Find the perpendicular distance from the poinl 
whose co-ordinates are (8, 3, 7) to the plane whose equation is 
I5x - 9y + 5z - 45. 

'IT 77 5i 

Then - ~ + - - 1 will be the equation to the plane where 

3, 5, and 9 are the intercepts. 

?_3,7 

8 5 9 ~~ 

The perpendicular distance * 
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VssT 

- 4-562 
47. To find the angle between two planes. 

Let + -r- + = 1 and + -r- + 1 be the equations 

i &i c x 2 *2 C 2 

to the planes. 

Then for the first plane lx + m^ -) 7?^ p x , where 



Also 



111 

These relations give the direction cosines of the perpendiculai 
to the plane. 

For the second plane l$x + m^y + n^ = j> 2 , where 

/ = P* m = ^, and n a - 

" 2 2 



i, L -- i ,.. 
a" b~ 
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These relations give the direction cosines of the perpendicular 
to this plane. 

If is the angle between the two planes, then this will also be 
the angle between the two perpendiculars, 

and cos = IJ + m^m + nn 



, j 

fijtg 

( 1 1 I 

__. (Y\ *) J -- I - .1 _ 

Ia x a 2 ^1^2 c i c 

Example. Find the angle between the planes 
105 and \5x - 9y+ 5z== 45. 

Then for the first plane | -f | f | =- 1 

1 2 

and 



2V- 



25 9 49 
2-414 



/yt <y f v 

For the second plane "- ^ + ~ - 



and 



9 25 ! 81 
p 2 = 2-474 

Then cos - 2-414 x 2-474 Ji_JL|- JLj 

[15 15 ooj 

- 0-0948 
- 84 81' 

48. The Polar Co-ordinates of a Point. 
The polar co-ordinates of a point P are : 

r, the distance the point is from the origin. 

0, the angle between the plane containing OP and the 
plane ZOX. 

<f>, the angle OP makes with the axis OZ. 
Then CPO is a triangle, right angled at C 
Hence OC = r cos <, and PC = r sin (f> 

But OQ = PC - r sin <f> 

Also AOQ is a triangle, right angled at A 

Then TTTT - cos 



and AO = r cos sin <f> 
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Also 



sin 6 



AQ 
OQ 

and AQ = r sin 6 sin 

If x, y, z are the rectangular co-ordinates of the point P, they 
can be expressed in terms of the polar co-ordinates. 
x = AO = r cos 6 sin <> 
y = AQ = r sin 6 sin ^ 
2 = OC = r cos > 





FIG. 24, 

Conversely, the polar co-ordinates can be expressed in terms of 
the rectangular co-ordinates. 



r -= v 

tan = ^ 

x 



+ 



cos 



Vx*+y*+z* 

If a, p, and y are the angles OP makes with the axes OX, OY, 
and OZ respectively, and I, m, and n are the corresponding 
direction cosines 

I = cos a = - 
r 

= cos sin < 

m = cos p - 



sin sin <f) 



n == cos Y = - 

1 r 



cos 
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EXAMPLES V 

1(1) The co-ordinates of a point P are ( - 3, 5, - 7). If O 
is the origin, find the length of OP and the angles OP makes 
with the axes of reference. 

(2) The co-ordinates of a point P are (2-1, 3*4, 4'7). If O is 
the origin, find the length of OP and the angles OP makes with 
the axes of reference. 

(3) The co-ordinates of a point P are ( - 3'2, 5-1, 3'9). If O 
is the origin, find the length of OP and the angles OP makes with 
tfce axes of reference. 

(4) The co-ordinates of a point P are (2, 4, 6), and of a point 
Q (3, - 7, 5). Find the length of PQ and the angles PQ makes 
with the axes of reference. 

(5) The co-ordinates of a point P are (1*8, 5*3, 2-9), and of a 
point Q (3-7, 2-9, 5-4). Find the length of PQ and the angles 
PQ makes with the axes of reference. 

(6) P and Q are two points whose co-ordinates are (3, 7, 2) and 
(5, 3, 7) respectively. Find the length of the perpendicular 
drawn to the line PQ from the origin. 

(7) The co-ordinates of three points P, Q, and R are (3, 2, 4), 
(5, 4, 7), and (4, 7, 2) respectively. Find the lengths of the sides, 
the area, and the angles of the triangle PQR. 

(8) The co-ordinates of three points P, Q, II are (5, 2, 4), 
(7, 5, 2), and (9, 3, 7) respectively. Find the angle between the 
lines PQ and QR, and also the perpendicular distance from the 
point R to the line PQ. 

(9) For each of the three planes 

x-2y+z-2^Q 
I2x + I5y - 10s - 60 = 
and 6x + 4*/ -t- 3s - 12 - 

Find (a) the intercepts on the axes of reference ; (b) the length 
of OP, the perpendicular drawn from the origin to the plane ; 
(c) the angles which OP makes with the axes of reference ; (d) 
the angles which the plane makes with the axes of reference ; 
(e) the co-ordinates of P. 

(10) Find the angle between the two planes 

3x + 2y + 6z - 6 - 

and 4# + 5y + Wz - 20 - 

(11) Find the direction cosines of the perpendiculars drawn from 
the origin to each of the planes 

3x 2y + 6z 6 = 
6x + 3y - 2z - 6 = 

Do these two planes intersect at right angles ? 
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(12) Find the length of the perpendicular drawn from the point 
whose co-ordinates are (8, 3, 5) to the plane whose equation is 
2Lr - 35y + 15z - 105 - 

(13) The rectangular co-ordinates of a point are (1-9, 3-7, 2-4) : 
find the polar co-ordinates. 

(14) The polar co-ordinates of a point are (r = 7-2, 62, 
^> 43) : find the rectangular co-ordinates. 

(15) The polar co-ordinates of a point P are (r = 3-2, 51, 
- 78), and of a point Q (r = 6-5, - 69, $ - 38). If O is 
the origin, find the angle POQ. 



CHAPTER VI 



49. The Slope of a Line. The slope of a line could be measured 
directly by means of the angle it makes with the axis of x t but 
generally, in cases of plotting, the quantities plotted horizontally 
and vertically are not taken to the same scale, and therefore we 
do not get a true representation of the angle of slope. Now this 
angle can be given in terms of any of its trigonometrical ratios, 
and we have to consider which of these ratios can be most con- 
veniently adapted to squared paper work. The tangent is given 
in terms of the quantities plotted vertically and horizontally, 
and therefore, if we take the line to form the hypotenuse of a 
right-angled triangle, then the perpendicular of this triangle can 



FIG. 25. 

be measured by means of the vertical scale, and the base by 
means of the horizontal scale., Hence the angle of slope of a 
line can be obtained definitely by means of its tangent. 

To find the slope of a line, take two points A and B (Fig. 25) 
on the line, as far removed as the limits of the question allow. 
Make AB the hypotenuse of the right-angled triangle ABC. 

Then the slope of the line = tan 6 

AC 



where AC must be measured on the vertical scale and BC on the 
horizontal scale. 

50. The Slope of a Curve. The slope of a curve at a given point 
may be approximately taken as the slope of a very small chord 
of the curve drawn from that point, and the smaller the chord is 
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made the more nearly correct does the approximation 
Thus, if we can find the slope of an infinitely small ch 
extremity of which is at the point, then we have found th 
slope of the curve at that point. 

Let P be a point on a curve (Fig. 26), PQ a chord, anc 
tangent to the curve at the point P. Let PT make an g 
with the axis of x and the chord PQ make an angle a with ?1 

Then the slope of the chord PQ = tan (0 + a). 

As the point Q approaches P, the chord PQ becomes small 
and smaller, and so does the angle a, and when the chord PC 
made infinitely small the angle a becomes negligible in co 
parison with 0. 

Thus the slope of the infinitely small chord = tan 0. 

It follows, therefore, that the slope of the infinitely small ch 




FIG. 26. 

PQ, which gives the actual slope of the curve at the point P, 
is the same as that of the tangent to the curve at the point P. 

We can now take the slope of a curve at a certain point to be 
given by tan 0, where is the angle which the tangent to the 
curve, at that point, makes with the axis of x. 

This provides us with a graphical way of finding the slope of 
a curve. We can draw the tangent to the curve at the required 
point, take two points on this line as far removed as the paper 
permits, make that part of the line between these two points the 
hypotenuse of a right-angled triangle, measure the perpendicular 
of this triangle to the vertical scale and the base to the hori- 
zontal scale, and 

perpendicular 



the slope of the curve = tan 



base 



We cannot obtain the true value of the slope of a curve in this 
way, because we have no definite construction for drawing the, 
true tangent to the curve ; we can only draw what appears to 
be the true tangent. If the supposed tangent is inclined to the 
axis pf fl? at an angle slightly smaller than that of the true tangent, 



cur 
infin 

Th 

As 
of a CL 

Then a, 
at 

Subtracting 

Slope of the chord PQ, 

making So? infinitely t 
Slope of the curve at the pc 

Referring again to Fig. 26, 

, 
follows that jr- = cot (0 + a). 

In the limit when S% becon. 

/IT* 

tan and -7- becomes cot 0. Bea 
dy 

ally reciprocal, ~ and j- are mutuaj 



f a 

. of 

we 

of 

.idafu 



, all of the terms on the right- 
of &c can be neglected 



-i 



a and n, the constants of the 

ypes. a is a constant multiplier, 

g differentiation ; n is a constant 

.rushes it by unity, while the result 

to differentiate any function of x 
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(1) If y - 8VaJ 

then y 8x~ then a = 8 and n - 

ff.sxLt- 

cte 2 



12 ~vf- 3 

then y = = i2x B a = 12 and w = - jr 



- 18 



02.5 

53. If y = a. This represents a line drawn parallel to the axis 
of x, at a distance a from it. Since it is parallel to the axis of x 9 
the angle = 0, and tan 0-0, 

and so the slope, or -~- =tan = 

* ' /7 / y 

VCtv 

Thus if y = a -j- = 

54. y = e? x where a is a constant and e is the base of Napierian 
logarithms. 

If ?/ = e ax 

then / + &/ - c^^^J = ^ aa5 x 



a Sx 



... - l\ 



Making Sx infinitely small, 
then 
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We can use this result to establish other standard forms. 
(1) If y = c* where c is a constant, 



where e? c or a = log e c 

Then ^ = ae 

a# 

- <? log e c 



(2) If ?/ = 

then as = e v 

. <fcc 

and - = e v = x 

dy 



but 

UUL = - 

dx ax x 
dy 

(3) If y = log a tr where a is a constant, 
then x ^ a v 

and -T- 

a^/ 

but 



dx dx x log c a 
dy 

55. TJie Trigonometrical Functions. 
(1) If y = sin (ax + b) where a and b are constants, 
then y + By = sin {a(x + Bx) + b } 

By = sin (ax + b + a Bx) sin (ax + b) 

f .a cx\ . a Btv 
= 2 cos I 00? + b H j sin 



sr- = o cos ( ax + b + r: ) 

bx \ 2 / a 



. a 
sm - 



Making Sa; infinitely small, 





~~2~ 

<?z/ 
and a cos (o# + 
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56. The Inverse Trigonometrical Functions. 

(1) If y = sin" 1 x 



Then 
and 



x = sm y 

dx 

y- - cos y = 

dy 

<*y~L~ 

//<y //I" 

\4fUU \JLUU 



(Fig. 27) 




fl-X* 
FIG. 27. 





(2) If y = cos"" 1 
then 

and 



(3) If y = tan- 1 
then 

and 



FIG. 29. 



x = cos g/ 

/7 / y* 

- sin y 



________^_ 

- \/l - a? 2 (Fig. 28) 



dy 



Vl - a? 2 



a? = tan y 
-~sec*y=I + 

4= 1 1 

<fo S^ 1 + a? 2 
dy 



(Fig. 20) 



THE RULES FOR DIFFERENTIATION 87 

57. The Hyperbolic Functions. 
(1) If y = sinh x 

then y - i (<* - <>-*) 



= 5 (^ + "*) = cosh 

4U 



(2) If y = cosh a; 
then 



= sinh #. 
58. The Rules for Differentiation. 

(a) Now -sr -^ x -sr^ since ^ is a fraction, and the value of a 

v } Sec Sx 8z Sx 

fraction remains the same when numerator and denominator are 
multiplied by the same quantity. Let 8z represent the increase 
in some function z, which itself depends upon a?, then when &r 
is made infinitely small 82 becomes infinitely small. 

TU ty % Sz 

Then -^ = -^ x F - 

Sx oz ox 

Now -XT- is the slope of a chord of the curve obtained by plotting z 
oz 

horizontally and y vertically, and this becomes ~^, the actual slope 

ctz 

of the curve when x, and therefore &z, become infinitely small. 

c\ 7 

Similarly, when 8x is made infinitely small ^ becomes y-, the 

actual slope of the curve obtained by plotting x horizontally 
and z vertically. 
Thus, in the limit, when 8x is made infinitely small, 

dy dy dz 

dx dz dx 

The following examples will illustrate the use of this rule : 
(1) To differentiate sin n x. 

Then y^z n where z = sin x 

dy - , dz 

-~ = nz n ~ l and 3- cos x 

dz dx 
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T> * dy dy dz 

But -~ = -r x T- 

dx dz ax 



= nz n ~ l cos a? 

n sin 71 -" 1 # cos a? 



(2) To differentiate 
Then 



But 



where z = sin"" 1 x 




Vl- x? 



(3) To differentiate tan- 1 x* 

Then y = tan- 1 z where z = a? 2 

(*>y -i i &2 

But = x 

___ 2x 
^ 1+ z 2 

- 2a ? 

"" l + o? 4 

(4) To differentiate log e (a + 6a? + r^ 2 ) 

Then y = log e s where z = a+ bx + 

dy 1 ^ dz ^ 
-~ = - and - = fe H 



But ^ - ^ x 

dx dz dx 

b+ 2cx 

z 

b+ 2cx 



a + bx + ex* 
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When we differentiate the logarithm of any function of x, we 
get a fraction the denominator of which is that function of x and 
the numerator is the differential coefficient of the denominator. 

For if */ = log e f(x), 
then y = log e s where =/(#) 

dy I -dz d f/ 

-~ = - and -r- = -T- {f(x}} 
dz z dx dx lj v n 

But ^ - ^ x 



(6) To differentiate the sum of a certain number of functions 
of a\ 

For ity*=u+v+w+ . . . where u,v,w... are functions of x, 
then y+y^(u+ Bu) + (v+ Sv) + (w + &w) + . . . 
and 8y = 8u+ Bv+ Bw+ . . . 

8y _ &u Bv Bw 
8& S.v B Bx 

Making BM infinitely small, 

dii du dv dw 

*j _ I _ i _ __ j 

dx dx dx dx 

Hence the differential coefficient of the sum of a certain number 
of functions of x is the sum of the differential coefficients of each 
function. 

Thus if y = a + bV% H 7= + 

Vx 



Then y = a + bx^ + ex 2 + da? 

* + 3dx 



dx 



I - I -.3. 
- -bx " -rex " + Sdx* 



-p 
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(c) To differentiate a product. 

If y = uv where u and v are functions of x, 
then y + Sy =- (M + Sw)(fl + 80) 

= tj + w 80 + v $u + Bu Sv 
and % = M 80 + v Su + 8u 80 

8y 80 $u ~ 80 
-? L = u- r - + v^-+Su T - 
dx ox 8x ox 

Making # infinitely small, 

dv dv du 
-f = u- r + v- r 
dx ax ax 

Since 8w becomes infinitely small along with So?, the term 

SM -j- becomes negligibly small when 8x is made infinitely small. 
ax 

To differentiate x n n x , 

y = x n n x ^ u v 

din 

Then u = x n and -7- = not"- 1 

dx 

v =-- ?i a and -y- = ?i 
ax 

, , % rft; du 

but - = U -y- + -7- 

cte dtf cte 

= a in n* log e n + n x nx n ~ l 
= n^ ^^(o? log e n + ?i) 

If.-Li=:<M_+t7 . when i/ == uv, dividing throughout by y we get 

1 dy 1 du 1 dt> 

2/ d# u dx v dx 

Sometimes this second form is more easily worked with than 
the first form. Also each term on the right-hand side is built 
up from one term of the product only. For example, the first 
term only contains u, the second term only contains v, and there- 
fore we can extend the result to suit the case when the product 
contains any number of factors. 

Thus if y = u v w, 

I dy I du I dv 1 dw 

then -:r :== -:r- + -:7- + - T~ 

y dx u dx v dx w dx 

(d) To differentiate a fraction. 

T X U 

Let y - 



,, , c, 

then y+*y- 
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u+ 8u u 



and St/ = 



v+ 8v v 

uv+ v 8u uv u 

v(v + 8v) 
v 8u u 8v 
v(v + 8v) 

V -rr U ?r- 



8x v(v + 8v) 

Making S# infinitely small, 

du dv 

^!i ^ ^ x 

dx v 2 

1r\n 

To differentiate 

_ log e x _ u 

y- x z = ^ 

Then u = log.0? and -7- = - 

**^ dx co 

9 j dv 

v = a? 2 and -^-=20? 
cte 

rfw dz; 

j v -i ^i~ 

rfT/ dir dx 



-- 2x 

X 



x(l - 2 log,o?) 

- - ? - 

- 1 "" 2 log ^ 

X* 

59. Logarithmic Differentiation. A method which can be used 
to great advantage is that of taking logarithms of both sides 
and then differentiating throughout. 

T7 1 1 x W< * ^ 

For example, let y = 

Then log e t/ = a log e u + 6 log e r; c log^ze? 

As t^, v, and ; are functions of x, the right-hand side can be 
easily differentiated, as we have a simple means of differentiating 
the logarithm of a function of x (see 58 (a) ) ; but we must also 
be able to differentiate log e y with respect to x. 
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dz 
Then if z = log e y, j- is required, 

dz^ _dz dy 
dx dy dx 

dz 1 

and -r- - 

"*/ */ 

Hence - . i * 

a# y aa; 

That is, - - is the result of differentiating log^ with respect 
y ax 

to a?. 

To differentiate x n e sin n x. 

y = x n WK sin n # 
log e y = n log e aj + nx+ n log e sin a? 



.~ A . A . 1 <&/ fl cosa?l 

Differentiating - -~ = n\ - + 1 + -. f 

<*/ // / y If ci n ^J 

c/ tut' ^4/6 bill tt/' 



71 

= -{ 1 + x + x cot x} 

or 

Multiplying throughout by y or # n e^ sin n a? 

^ - nx n ~ l e nx sin n x{\. + x + x cot x} 
dx 

We can use logarithmic differentiation to establish the dif- 
ferential coefficients of cot (ax + b), sec (ax + b), and cosec (ax + b), 
and these results can be used as standard forms. 

7 v cos (ax + b} 

(1 y = cot (ax + b ) = - ) rr 

v x * v 7 sin (ax + b) 

Then log^ = log e cos (ax + b) - log e sin (o# + b) 

^. rp ,. A . 1 efa/ a sin (aa? +6) a cos (a# + 6) 

Differentiating - -^ 7-^ rr ! 7^ rr 1 

to y dx cos (o# + b) sin (a# + 6) 



fsin 2 (q<r + 5) + cos 2 (oa? +6)1 
X sin (ax + b) cos (ax + b) J 



a 



Then 



sin (a# + 6) cos (ax + b) 

C S 



sin (ax + b) cos (ax + b) sin (oo? + 6) 
a 



sin 2 (oo? + b) 
*= a cosec 2 (o# + 6) 

(2) y =- sec (oo? + 6) = 



cos (ax + b) 
Then log e y - log e cos (ax + b) 



TABLE OF STANDARD FORMS 

Idy 
ydx 
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TYff ft' * -^ - I ~ a s * n ( ax + ^\ 

<^ /tf y7ii I rrvc //Tfn _L 7i\ J 



and 

(3) 
Then 



,. ,. 
Differentiating - -~ - 



cos (a# + b) 
= a tan (a# + b) 

fjhti 

j- = a tan (## + 6) sec (ax + b) 

y = cosec (ax + b) - -: ; ^ 

sin (ax + b) 



+ b) 



1 dy 



a cos 



dx sin (ax + b) 

a cot (aa? + &) 

and ~ = a cot (oo? + 6) cosec (ax + b) 

TABLE OF STANDARD FORMS 



y 



_ 
dx 



a 
ax n 





aiix n ~ l 

of* 



sin (ax + b) 
cos (ax -\- b) 
tan (ax + b) 
cot (ax + b) 
sec (ax + b) 
cosec (ax + b) 

sin- 1 x 
cos- 1 x 

tan- 1 a? 

sinh x 
cosh tt? 



. v 

JR log c 

a cos (ax + V 
a sin (ax + I 
a sec 2 (ax -* 
a cosec 2 (c 
a sec (ax 
a cosec / 
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,,., dy dx ^ dy I dx I 

(1) ^ x -T- - 1 or / = -7- or -T- - -r 
' dx dy dx dx dy dy 



Rules for Differentiation. 

dy dx 

' dx ~~ dz dx 

. v _ . CM/ (tu duo cttv 

(3) Iiu~u+v+w+ . . . -r^-r-+:r-+-T- 

v y ^ dx dx dx dx 



I dy _l du I dv 
y dx u dx v dx 

du dv 

(*)!!,- ^_ V ^~ U ^ 

^ ' J v dx v* 

(6) Differentiating log e y with respect to x gives - -~ 

?/ cte 

60. The following examples will illustrate how the rules for 
differentiation can be applied and how the table of standard 
forms can be used : 

Example 1. Differentiate (1 - x)Vl + x 2 

(a) Treating it as a product and working with the rule 

dy dv du 

*-> __ ^ _ i j ,__ 

dx dx dx 

j du 

*i u = 1 x and -r- = - 1 
dx 

= (1 + a? 2 ) 2 = z* 



dv 1 -i 
==-. 

'fe 2 

> dv dz x 





/FTS? 
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(6) Treating it as a product and working Avith the rule 

1 dy __ 1 du 1 dv 
y dx u dx v dx 

Th*n u = 1 x 

du _ 1 d?/ 1 

dx ~~ ^ rfii? l o? 

Also 0- (l + o? 2 )* " 

tfo x ,1 r/t; <# 

^ = ( i + ^ an ^"1"+^ 

Then - ^ ^ -i- a 

?/ dx I x 1 + a; a 

_ " (1 + .? 2 ) + g(l - as) 
(1 + o; 2 )(l - x) 

- fee 8 -!- a?- 1 



(1 + *)(!- a?) 
Multiplying across by y 

du - - 2x z + x 



j /i , 2\/i -T x (1 - *)V1 + a? 2 

f~l 'Y* 1 1 4 *y 1 1 I - '>" i ' 

+ X- 1 



Vl + x 2 
(c) Working logarithmically 



log,*/ - log e (l - as) + - log e (l + 

1 dy_ - 1 1 2a? 

'' 



1 .r 

1 - x + 1 + 

2# 2 + a? - 1 



(l-oO(l + ff 2 
Multiplying across by y 

All ^_ 0^2 I /y 1 

tt if **"- "t" ^ ~~ J 



- 2a? 2 + a? - 1 

A/1 4- tf 2 
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Example 2. Differentiate tf* sin bx. 

/ \ TT j.t_ i dy dv du 
(a) Using the rule . = u -7- + v -7- 
v ' & dx dx dx 

u eP* and -5- - fl*^ 
dx 

. , . dt; * j 
v = sin bx and -j- = 6 cos &# 
fife 

Then -~ = fo^cos 60? + a^ sin bx 

dx 

= ^ (b cos &# + a sin bx) 
= ^ sin 6a;(6 cot 6a? + ) 



/ZA TT ' J.U 1 !/ 

(b) Using the rule ~^-._ + - . 

y dx u dx v dx 

- du ^ , 1 du 
u^ef, - a^ and - -r- = a 
dx u dx 

. j dv 7 f , 1 dv b cos bx , , . 

t; = sin 00?, -r-r = 6 cos 60?, and - - =- : j = 6 cot bx 
dx v dx sin ox 

Then - ~ - a + & cot 60; 

2/ cto 

and ^ - ^ sin bx(a + b cot 

dx v 

(c) Working logarithmically 

log e y = ax + log c sin bx 
1 rfy 7; cos bx 

y dx sin bx 

= a + b cot &# 

y/yy 

and "^ ^ s * n ^ a H " * cot 



1 + x 2 
Example 3. Differentiate x 

* Vl- x* 

(a) Working logarithmically 



= log (1 + <r 2 ) - log e (1 - 



da; ~ 1 + a; 2 

_ 2x t x 

~ f+T 2 T^ 



_ *| -2^1 
2 U - x z j 



(1 + x*)(l - x* 
x(S - a; 2 ) 
(1 + a )(l - a? 2 ) 



and 
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dy _ a?(3 - x 2 } ^ 1 + x 2 

dx~~ (l + x 2 )(\-x 2 ) y 



du dv 
v~ w _ 

/z.\ TT xu i dy ax ax 
(o) Using the rule -^ 2 

ax \) " 

o T du ^ 

u = 1 + x a and -r; = 2a? 

/I 2\ 2 J ^ 

n ^ ~ 2 Vl -ic 2 Vl-a; a 

dy 1 r t 7? 

dx 1 a? 2 I Vl # 2 





H _ r2^ 

v 1 ^ y 



(1 - 0*) 

In general the most straightforward method to use for dif- 
ferentiation is to work logarithmically, and this should be used 
in all cases where it is possible. 

EXAMPLES VI 
Differentiate with respect to x. 

(l)^/ !naj (2) /'eV5 

(3) f/ log a sin x (4) ' x sin x 



X JBLTL X 



(9) X o? n log e x (10) v ^ log a x 

(11) a? 4 tan a? (12)* x n log e sin 



Vsm^ j ^_ 

x 7 ' ^ WSB v 7 sin 7^ 

(17) ^^"* cos nx (18) yfc' ^ sin ti# 

(19) e wa5 tan iix (20K 6^ sec nt,? 
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\~- M -/ 
(23) 

\ 

(25)*' 

(29) 
(31) 

(33) 

W 

(37) ' 

(XCt\ 


fl07 2 -1- fct 1 + C 


v-^y 
(24) J : 

ji 

(26)^ 

(28) 

(30) 
(32)- 

(34)' 
(36) 

(38) ; 


C? Sill ct? 

(j) _|. ct\ n (x -}- 6) w 


ac" -}- c)i# ~4~ i 


be 1 - a? 

Ir^rt- __,...__ ._. 


lg e ^ ""a 


. Vl \- a?+ ,r 

lO fir 




c* lo ff J + a) 
log, (, c + c) 

log c t?- 
cos t'C cos 2itf cos 3i,u 


r/ 3 " log c (, + a) 
e* + io& a; 


sin 3 t j? 

>> 4" *"1 in 1 'Tl 



log e , tan- 1 
(43)- 1 tan x sin" 1 t 




K _i_ 4,71 

[55) sin- 1 J T 
A/41 



(44) tail" 1 t i; sec ^ 




(54) sin- 1 - 



a? 



2 



CHAPTER VII 

61. Successive Differentiation. When we are given y as a func- 
tion of x and we find -~, then -~ is also expressed as a function 

CliZf (JiJC 

of in, and therefore it is possible to differentiate again with respect 
to x. This process is represented symbolically by -r;(-j^) or 7-7 

In fact, with a few exceptions the process of differentiation can 
be performed as many times as we please, and the result is repre- 

fi^u 
sented symbolically by -y-~ where n gives the number of times 

ClJC 

the differentiation has been performed. 
Thus if y = x n 



-T- 
ax 

f^ (n-1 ),*- 



and j= n(- l)(n- 2) . . . (rc- M- I)* 71 

while taking as a positive integer and putting r = n 
-(-!)(- 2) ... 1 



If n is a positive integer, x n can only be differentiated ?? times ; 
but if n is a negative integer or a fraction, positive or negative, 
there is no limit to the number of times x n can be differentiated. 
For successive differentiation it is convenient, if possible, to find 

d n 'U 
the general result of differentiating n times, i.e. =, and then 

any differential coefficient can be found by giving n the required 
value in that general result. There are some functions for which 

99 
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the nth differential coefficient can be readily obtained, such as 
x n , log c x, e, a x , sin (ax + b), cos (ax + b), ef x sin bx, &* cos bx. 
To find the nth differential coefficient of e sin bx. 



= gox sn 



-~ ^ aefl * sin bx + bef x cos to 
ax 

= 6' aa *(a sin to + b cos to) 

= VV/ 2 + ft 2 ^ sin (to + a), where tan a - - 

a 

It appears in this example that differentiation is equivalent to 

multiplication by W 2 + ft 2 , and at the same time increasing the 
angle by a. If this is so, then 

= (a 2 + ft 2 ) e? x sin (bx + 2a) 
~ - (a* + b 2 )* e ax sin (bx + 3a) 



and - (a 2 + 6 2 ) ^ sin (bx + na) 

If this result is true for all integral values of n y it must be true 

r /n+l ?/ n_K 

for (M+ 1), and j^-j - (a 3 + 6 2 ) a ^ x sin {&c-|- (;H l)a}, and 

rf 7? 7/ 

this result can be establivShed by differentiating ~^ 



n 



and - -jii - (a 2 + 6 2 ) a {r/^ x sin (to + na) -I- 6e cos (bx + na) } 

71 

- (a 2 + 6 2 )-~ ^{a sin (bx + na) + b cos (to + na) } 



., 

- (a 2 + lr)* e Va* + b 2 sin (bx + na + a) 

71 + 1 

- (a 2 + b 2 ) 2 ^ sin (to + (n + l)a} 
which agrees with the anticipated result, and therefore 



^~ -- (a 2 + ft 2 )" <?* sin (fta; + na) where tan a - 

for all integral values of n. 

62. Other functions arc of such a form that it is impossible to 
obtain the nth differential coefficient, but the work of successive 
differentiation can be made as simple as possible by working 
to some general rule. Functions such as tan x, cot x, sec x 9 
cosec x, e* sec x y e* cosec x, can be treated in this way. 



DEVELOPMENT OF FUNCTIONS 10. 

63. Development of Functions. If z -- f(x + y) where x and y 
are independent variables, 



, rl fdz\ fdz\ 

Then ( -y- ( -=- ) 

\dljJx const \dX/i 



y const 



for let z - f(w) where w -- x + y 



T , , , dz (h dw 

Keeping x constant =-- -. T 

a*/ aru a// 



- AfaA 

since I -7 ) == 1 
v/// Ac . 



_(ffc 

^^ "" \dy / x const 

Tr . , ^ ds rfc dw 

Keeping ij constant ~r r ~ -, r- 

1 c/,i; rftu dx 

dz . fdw\ 
T- , since I -y- ) -= 1 

rf^ \fti^ /y const 

/rZ^\ /r/^\ 

Ihus (-pi = ( 1 

\(iy/x const \CIX/ y const 

The function z f(x + y) can be expressed as a scries of terms 
of descending powers of x, or ascending powers of ij. 

Then z - f(x + y) - A + B/y + C?/ 2 + Vif + . . . 

where the coefficients A, B, C . . . are functions of x but are 
independent of y. 



Then -= B + 2Cj/ + 3D// 2 + 4E?/ 3 

const 



, 

and ( -j- ) ' -r + 2/ "T" ' ?r T" ! Z/ -y- I- . . - 

vwv v const ^' dx dx tLv 

Since these two expansions are equal, we can equate coefficients 
of like powers of y. 



And B ^ 

ax 

1 rZ 2 A 



(/a.' fii' 2 2 cAi i2 

rf 3 A 



^ """" a c/o; 3 D p3 



E_JL 

I """!* -*~^ 

dt 1 :3 



j, - -, _ + - _+..., 



^ , ,, 

Therefore s =/( 

in which A can be easily expressed as a function of x by putting 
y ^ 0, for then A -/(a?). This expansion is known as Taylor's 
Expansion. 
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(a) To expand (x+ y) n 

Then z -~- (v + y) n ; and when y = 0, z -= x n , and this gives A as 
a function of #. 

If A = x" 



w(w - l)(n - 2) ... (n - r + l)x n ~ r 

ifj " . "* 

i rf 
when r -= 1 -7 



r 2 y-7- =- ('*!- I)'*-'"" 2 , and so on. 
But s -(*+?/) 



_ 

civ J2 <b* 

7/ 2 

x n - l +-- n(n-lx n ~+f-n 

Ll I. 

n- ly+ ^l ^ yB+ n(n-.l)(n-2) ^_ 

l LI 

(&) To expand log e (A' + T/) 

Then z = log e (c^ + T/) ; and when T/ = 0, z = log e a;, and this gives 
A as a function of x. 
If A = log e x 

dA. 
dx x 



civ* 






But 2 = log e (tf + y) 

dA 7y 2 d 2 A if 
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Putting x =- 1, we get 

lo&(l -|- y) = y- -?y 2 + -v/ 3 - -?/ 4 + . . . 
z o * 

04. Application of Taylor's Expansion to the solution of equations. 

XT t, x i < ZA / a 'PA ?/ 3 IPA 

Now/fa -,- ,,) - A -,- j, -j- -,- ^- -i- ^- -,- . . . 
But if y is taken as a small quantity 



,1 /v x A 

then/(0 + t/) - A + ?y ^7 + - r ^ approximately. 

Thus if we are solving an equation and we find by trial that 
a root of the equation lies between two definite limits, say x ~ n\ 
and x -= x 2 . 

Then calling the equation f(f) 

and when x - x ly f(x^) =- a 

also when x -- a? 2 , jf(^ 2 ) ^ 

Then, if a is nearer to than b, the actual root of the equation 
can be a\ + h and h will be small. 
But f((c -I- h) - 



11, A 7 7 o 

and hence A -|- fe -p- + - h 2 - -= 

c/ct 1 2 cit' 2 

where A =/(a') and A, -y-> and -y-^j have the values when x^x^. 

(hC thC* 1 

This gives a quadratic equation for /?. 

Next, if 6 is nearer to than a, the actual root of the equation 
can be a? a /t, and k will be small. 

But /<cr 2 - 7t) - 



T t A 7 * / rf2 A ^ 

and hence A k -7- + -A 2 - - 

cte 2 cti? 2 



r/A 
where A =--/(o?) and A, , and -=- have the values when x = # 2 . 

This gives a quadratic equation for k. 

Example 1. To find the root of the equation cc? 10# 2 + 40<r 
35 -- 0, knowing that it lies between 1 and 2. 
Then A or f(x] - x* - l(te 2 + 40a? - 35 

when x -= t, /(a?) = 4, and when a? = 2, /(a?) = 13. 
Hence the root is nearer to 1 than it is to 2 

and A - x* - 10a? 2 H 40# - 35 - - 4 when x -1 

-T- = 3^ 2 - 2Qx +40-23 when x - 1 



= 6^ 20 = 14 when x = 1 



106 PRACTICAL MATHEMATICS 



_, A . dA. 1 , 

But A + h -r- + - h 2 -j-v = 

dx 2 dx* 

- 4 + 23h - 7h 2 - 
/** - 3-28G// | 0-571 - 

h- 1-643= i 1-450 
/* -= 0-184 

The root lies between 1-18 and 1-19. 

To get a better approximation for the root 

A - x* - I0x z + 40o? - 35 - - 0-08097 when an = 1-18 

- ar 2 - 20x + 40 = 20-5772 when aa -- 1-18 

<A' 
J2 A 

-r-V - to - 20 = - 12-92 when a; - 1-18 
iLr- 

T-. J. * f f ^'^ 1 I o ^A 

But A + h -r- + - h- -r-r - 

dv 2 (Ar- 

- 0-08097 + 20-5772/f - G'4G/i 2 - 

h- - 3-1853GA f 0-01253 - 

h - 1-59268 - 1-58874 

/< = 0-00394 
The root will be 1-1839. 

Tj , 7 o , ,, , . sin x .3 

&X(imple 2. Solve the equation --- = -. 

it) 'TD 

The root is evidently between 1 and 2. 

o 

The equation is sin x - x = 

4 

and A = sin x 0*75 a? =* 0-0915 when x = 1 
- cos x - 0-75 - - 0-2097 when x - 1 



sin x ^ 0-8415 when x = 
. , dA 1 7 



and 0-0915 - 0-2097/i - 0-4207/i 2 = 

ft 2 + 0-4985/i - 0-2175 = 

h + 0-2493 - 0-5287 
h = 0-2794 
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The root is between 1-27 and 1-28 and is nearer to 1-28. 
To get a nearer approximation take the root as (1-28 k). 

Then A - sin x - 0-75# - - 0-0020 when x - 1-28 

- cos x - 0-75 - - 0-4633 when x - 1-28 
dp. 

-7-T7 - - sin x - - 0-9580 when x = 1-28 



x^ , // 7 v * 7 1 ., d 2 A 

But /(fl-&) - A-fc + - A: 2 

J due 2 <te 2 

- 0-0020 + 0-4633& - 0-4790& 2 - 
A; 2 - 0-967224 k + 0-0041754 - 
k- 0-483612 =- 0-479276 

7t - 0-004336 

The root is 1-28 - 0-004336 - 1-275664. 
Working to five significant figures the root is 1-2757. 

65. MacJmmn's Theorem. If we start with Taylor's Expansion 
and put ,r - 0. 



r/ 3 A\ 
and 



where A, -^- -y- ^ . . . have their respective values when x = 0, 

and these will be constant coefficients, since they are independent 
of x and T/. The expansion may therefore be expressed as 

* 7 A \ *) / 7*^ A \ *l 

11 / ' I *> \ ,/ >,2 7 ' I Q 

A'/.C -5 \ilit /ir=0 I <5 

where A -- /(j 1 ) . 
An alternative proof can be obtained in the following manner : 

where A , A 1; A 2 , etc., are constant coefficients. 
Then when x = 0, A = y x=0 



and when a; =- 0, 

r 2 A 2 + 3 x 
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d 



and when - 0. |2A, (^ and A 2 - 

^=, [3A 3 + . . . (n- 

/d s ii 
and when * - 0, j, - and A, - 



Differentiating n times and putting # == we get 

, . , A 
= " A and A 



w 



Then */=/(*) =^ +*(;) + ^ t (^) +-nrl^ 

'aj-O 




We have therefore a means by which we can expand a function 
of x in a series of terms of ascending powers of x. The success 
in the working with this expansion depends upon the ease with 
which we can obtain the successive differential coefficients of 
/(#). Thus any function whose general differential coefficient is 
readily obtained can be as readily expanded. 

To expand f* sin l)x. 

It has been already shown that the n th differential coefficient 

- b 

of eP* sin bx is (a 2 + 6 2 ) 2 ef** sin (bx + woe), where tan a=- 

CL 



Then = (a 2 + & 2 ) sin 



but ?/ = iw) = ?/^=n -t- i r- / -t- 777- 

r I ^ 

x n fd n y 



1 ^2 

and ?/ = e 035 sin &c = a?(a 2 + 6 2 ) 2 sin a + -| (a 2 + b 2 ) sin 2a 4- 



/^ 

I (a 2 + 6 2 ) 2 sin na + . . . where tan a = - 
\n ^ ' a 
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66. We can also apply Maclaurin's Theorem to the case in 
which the process of finding the successive differential coefficients 
is rendered simple by working to a general rule. Functions 
such as tan x, cot x, sec x, cosec x, can be expanded in this manner. 

Thus, to find the expansion for sec x, we have to find the suc- 
cessive differential coefficients of sec x, and to do this we shall 
require the differential coefficients of sec x tan n x. 

y = sec x tan w x 

-~ -= n sec x tan"- 1 x sec 2 x + tan w x sec x tan x 
ax 

= sec x{n tan 71 " 1 x(l + tan 2 x) + tan n+1 x} 
= sec x{n tan"- 1 x + (n + 1) tan n+1 x} 

Thus when n = 0, y = sec x and -p sec x tan a? 

dx 

dli 

when n = 1, t/ = sec # tan x and - sec x{\ + 2 tan 2 a?} 

dx 

(J?j 
when n - 2, y = sec a? tan 2 a? and -~ = sec#{2 tan a? + 3 tan 3 a? } 

fX77 

when n = 8, ?/ = sec a; tan 3 a? and -~ = sec a? (3 tan 2 a? +4 tan 4 a;} 

dx 

Using these results we can now successively differentiate sec x. 

y = sec x 

dif 

~~ = sec x tan x 
dx 



-7- 
dx* 



-r~ - sec a? {tan x + 2(2 tan a? + 3 tan 3 x)} 
3 



- sectt i {5 tan x + 6 tan 3 x} 

~4 -=- sec a? {5(1 + 2 tan 2 x) + 6(3 tan 2 a? + 4 tan 4 a?) } 
* 

- sec x{5 + 28 tan 2 x + 24 tan 4 a:} 

| - sec a? {5 tana? + 28(2 tana? + 3 tan 3 a?) + 24(4 tan 3 a? + 5 tan 5 a?) } 

- sec a? {61 tan x + 180 tan 3 x + 120 tan 5 x} 

+ sec x {61 (1 + 2 tan 2 x) + 180(3 tan 2 x + 4 tan 4 x) + 120(5 tan 4 x 
+ 6 tan 6 x} } 
sec a? {61 + 662 tan 2 x + 1320 tan 4 x + 720 tan 6 x} 
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When x -= 0, sec x and its successive differential coefficients 
become 1, 0, 1, 0, 5, 0, 61, and therefore there are no odd powers 
of x in the expansion. 



a? 3 



67. There are some functions which can be expanded without 
the aid of Maclaurin's Theorem, and this remark applies more to 
the inverse trigonometrical functions. 

To find an expansion for sin" 1 x. 

y = sin" 1 x - A -f A r c -h Ag,T 2 -{- A 3 tr 3 -I- A 4 .tf 4 + A 5 a; 5 I- ... 
and when # -- 0, y = 0, and therefore A Q - 



1 -4 

But or (1 a? 3 ) 2 can be expanded with the aid of the 

VI - x 2 



Binomial Theorem and 

K-J 1 3 5 35 






o? 8 + . . . 



Equating coefficients of like powers of x, it should be noticed 
that there are no terms in the second expansion involving odd 
powers of x, and therefore the coefficients of these terms in the 
first expansion must all be zero. 



Then A 2 =- A 4 ^ A 6 = A 8 = . . . 



, r , A _ 
IhenA^l, 



,r 3 






5 """ 8* 
A 3 , 


'"i- IG' 

5 


" 3 128 
35 


A 40 
:.r 5 5,r 7 


* 7 112' 


9 1152 




68. If we have a simple relation between the first and second 
differential coefficients, and this is combined with a knowledge 
of some of the initial conditions, we arc enabled to express y as 



FORMATION OF SERIES in 

a series of terms of ascending powers of r. In other words, we 
can solve a differential equation and give the result as a 
series. 



Example. If -7 - 2-~ + % = and when # = 0, y - 0, and 

dy 

-j- =- 1, express y as a series of terms of ascending powers of x. 

CiiC 

Then y -- A \- A^ + A 2 2 + A 3 3 + A 4 j; 4 -l- A 6 o; 5 -I- ... 
^ - A! + 2A 2 # + 3A 3 a: 2 

" 



- 2A 2 4- 6A 3 c -I- 12A,r 2 + 2 



4 , 



When a; 0, y = 0, then A = ; and when x 0, - = 1, 

6cd/ 

then A! - 1. 

Also V?'- 2A.-I- 6A,a?+ 12A 4 a; 2 + 20A r ,c 3 + 30A P ,r 4 4- . . . 
- 2 * 



_ 2 



2A 



Since -2+20-0 

dx- dx 

Then 2A 2 - 2Aj + 2A = A 2 = 1 

6A 3 - -1A 2 -|- 2A X - 6A 3 = 2 A 3 == \ 

3 

12A 4 - 6A 3 + 2A 2 - 12A 4 - A 4 = 

20A fi -8A 4 +2A 3 = 20A 5 - -| A 5 ^ -1 

30A 6 - 10A 5 | 2A 4 - o 30A 6 - - 1 A 6 = - JL 

/-3 /i-5 /-*-6 

Hence y .++ -.---1- etc. 

69. Sometimes, when it is necessary to expand a certain function 
of x y it is convenient to form a simple relation between the first 
and second differential coefficients and use this relation in the 
above way. 
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Thus if y = <? sin ~ la: 

log, y = sin- 1 x 

1 dy 1 

y dx Vl - x* 

, dw c* 5 '"" x 

and -r- = - z 

dx Vl A'" 2 

log e - sin- 1 a; - - log c (1 - a; 2 ) 
1 ds 1 ,r 

: + T> 



, *.V*J L</ f/ f I JL 

and -r- or 



dx dx* Vl - C a * Vl - j>* 1 -' 

Then (1 - a; 2 ) ^ = e sin " la! + 



We can therefore use the relation (1 #*) -^ x ~ ?/ - 0, 

c/cr- ci?; ^ 

combined with the condition that when x =- 0, ?/ 1, to express ?/ 
as a series of terms of ascending powers of a\ 

EXAMPLES VII 

(1) If x - &H sin 3f, prove that ~ + 2 -^- -f ]<) t - 0. 

(^ v Cvv 

(I*"}"* fj'l" 1 

(2) If x = lOf e- 2e , prove that ~ + 4 ^ -| 4 = 0. 

Ctt tZ't 

/72 M y-7 v 

(3) If x = 4 (e-" 1 - e-"}, prove that ~-\-Q^ + Sas = 0. 

r /2 r ,7 y 

(4) If a? - 5 (1 + -tt) e- 2 ', prove that ~ -| -1 ^ + 4, -=- 0. 

CLl" dv 

(5) If x = 4 (36- 2< - 2e- 4< ), prove that ~ + 6 $ + &e - 0. 

*" 1 



(6) If y = <? stoa! , prove that ^~ - ^ cos # -j - y sin a? = 0. 

(7) \iy=tf* sin 6aJ, prove that ^| - 2a ^ + (a 2 + ft 3 )?/ - 0. 

6Xtt?" CiX 

(8) lly^t* cos &, prove that ^| - 2a ^ + (a 2 + 6 2 )r/ - 0. 
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(9) If y = <? tan x, prove that j- - (1 + 2 tan x) ~r+y (tan x 



cot x) - 0. 

(10) Iiy~n <*, find and hence find 

2 



(11) Using Maclaurin's Expansion, find the first five terms in 
expansions for sin nx and cos wo?. 



(12) If y - tan (a? + T/), show that - - and 

Cu# W" u 

_ 2 f * + y*\ 

^f\ y* )' 

(13) Find the first five terms in the expansion for tan"" 1 x. 

(14) If y -- (f tan n x, find -~, and use the result to find the first 

Cl'tO 

five differential coefficients of c* tan x. Hence find the first five 
terms in the expansion for & tan x. 



(15) If . _ KI. prove that - (I _ ,) * g - (1 - , 



*// /i y 

3 V^ = (1 ^ ? ) "7-^> and hence show that - ' ' 
' 2 j n 






/-\ TT ^i j. 

(16) If y= - -, prove that -^-- - ^, -4* ~ - - - ./, 

v 7 ^ a? + 1 1 dx I + L v dx* 1 + x dx 

3 



lt , + t , 

^ an( j hence show that 
2 



/-.PVX rx xi x 

(17) [f a: - ^ - -, prove that -~ = f - > ~ - - - -^ 

v y T/ - 1 x etc 1 - ^ dr 2 1 - x dx dx 



8 d 2 ?y d 71 ;/ I n (y - 1) 

= - - ~, and hence show that -7-^ -- W..,. _ L 

1 - # rf,C 2 rfo? n (l - ,!?) 

(18) If x - 0(0 - sin 0) and y - a (1 - cos 0), find ^ and & 

CLX CtX" 

giving each result in terms of 0. 

(19) Using Taylor's Expansion, find the approximate root of 
the equation tan x x, knowing that the root lies between 4 
and 4-5 radians. 

(20) Using Taylor's Expansion, find the approximate root of 

the equation 3 sin - + - = 3-7, knowing that the root lies between 
2 x 

0-5 and 1-0 radians. 

(21) Using Taylor's Expansion, find the approximate root of 
the equation a? 4 + 5x 3 7# 2 + 10# 12 = 0, knowing that the root 
lies between 1 and 2. 
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(22) Using Taylor's Expansion, find the approximate root o 
the equation # 5 &B 3 + 12^ 185 = 0, knowing that the root lies 
between 3 and 4. 

(23) If ~r~ 2 -~ + 5t/ = 0, express y as a series of ascending 

** 



powers of x, knowing that when x - 0, y -- and -~ --= 2. 



(24) If (1 + x) -r^ + 2 ~ = 0, express y as a series of ascend- 
ing powers of x, knowing that when x = 0, y -= and -~- = 1. 

CLJC 



(25) If x -- + -~ + y = 0, express y as a series of ascending 



powers of x, knowing that when so = 0, y = = 1. 



CHAPTER VIII 



>c divided into two classes according to the 
the slope. 

ises as x increases, then a tangent drawn to such 
inclined to the axis of x at an acute angle, and 




e 



o 




X O 

FIG. 30. 



dy 



tan will be positive and therefore - will be positive. Hence 
when -, or the slope of a curve, is positive y increases as x 




e 



o 



v 




x o 

FIG. 31. 



(2) If y decreases as x increases, then a tangent drawn to such 
a curve will be inclined to the axis of x at an obtuse angle, and 

115 
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PRACTICAL MATHEMAT 



tan will be negative and therefore -r- will b 

dx 

d'tj 

when -p or the slope of a curve, is negativ 

increases. 

When we wish to find the highest or lowe 
we do so by drawing the horizontal tangent t ,u 
point of contact is the required point. As the tangt 

it is parallel to the axis of x and therefore its slopt 
Thus the condition ~ =- gives a point on the c 

Ui 

the tangent is horizontal, and such a point may be 
mum point, a minimum point, or a point of inflexion. 




O 



FIG. 32. 



\ 



71. Case I. The maximum A oint. Let C be the highest point 

of a curve, and at C ~ - (Fig. 32). 

dx v ^ ' 

Moving along the curve from A to C, the angle is acute and 

decreases to 0. Then ~ is positive and decreases to 0. 

dx l 

Moving along the curve from C to B, the angle is obtuse and 
decreases from 180. Then ~ is negative and decreases from 0. 



is 



Therefore in the neighbourhood of a maximum point 

dx 

always decreasing, and also -~ changes in sign from positive, 
through zero, to negative. 



MAXIMA AND MINIMA 

fit 1 

igent is horizontal when ~ = 0. 

dx 



s, when 12# 3 - 24# 2 - 480 + 9G = 

r aP - 2o? 2 - 4a? + 8 - 

(# 2 -4)(- 2) -0 

x = 2 and x =- 2 
.xj two points at which the tangent is horizontal 



rZ 2 v 
hen x = 2, -r~ - 0, and a point of inflexion occurs when x = 2, 

(i'cL * - 
f/ 2 ^/ 

When a? --- 2, y~ -~= 102, a positive value, and y is a minimum 

' 



when x 2 



. 

Then the expression 3# 4 8x 3 2to 2 f 90o? ^0 has a minimum 
value 200 when x = 2, and there is a point of inflexion when 



x -- 2. 



75. Example 3. Find the dimensions of the cone of greatest 
volume which can be cut from a sphere of given radius. 




FIG. 35. 

Let x be the perpendicular distance of the 
from the centre of the sphere and let R be the r? 
Height of cone = R + x 

Radius of base of cone = A/R 2 a: 2 

Volume of cone - ~(R + o?)(R* - 

o 

V - 



Now ^ is a maximum when -7- = 

dx 
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tan' when 



R 2 - 2llx - 3x z = 
R 

4R 

= it -I- x = 

Radius of base 



Height of cone = R 4 a? 

o 



., , , it 4R 8R* 

Volume of cone - 

o o y 

327rll 3 
81 

76. Example 4. Find the dimensions of a cylindrical vessel 
of greatest capacity which can be made from a given amount of 
sheet metal (1) When the vessel has no lid ; (2) When the 
vessel has a lid. 

Let S be the area of sheet metal used (1) Without lid. 

S ~ surface area of vessel = 2nxy + TO?-, where x radius of 
base and y = height. 

Volume of vessel = nx-y 

TO2 rs - 

- -(Sx - 
2 

Then * - 1(S - 

71. a , - 

, at; 

- iximum when -7- = 

of a curve, d# 



Moving aK o(^ "~ 3TU<^ 2 ) 
decreases to ^ c .^ri ien ^ _ 

Moving along 

o * 

decreases from 18 

Therefore in the ^ 

always decreasing, '<, ^/ ^ 
through zero, to negat> 



2S /37C 
67rV S 
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Volume of vessel =-- nx 2 y 

S 



s /]T 

3>3 



ith lid. 

irface area of vessel - 2-nxy + 2-xx 2 , where x = radius of 
nd y -= height. 

Volume of vessel = itx 2 y 



Then (8 

Now V is a maximum when -r- - 

dx 

That is, when - (S - Gra- 2 ) - 



i^en 

' 6; 

Height of vessel - y = S ~** 

2S 

A/ 

S 



Volume of vessel = Kx-y 

S 



_ 
_S /F 

^ 



77. Example 5. A sector is removed from a circular disc of 
sheet metal of given radius, and the remainder is formed into a 
conical vessel. Find the angle of the sector, so that the volume 
of the conical vessel shall be greatest. 

Let be the angle of the sector ACB. Then 2rc 6 is the 
angle of the sector which has to be removed. 

Length of arc ACB = R6, where R is the radius of the circular 
disc. 
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Now the circumference of the base of the conical vesse 
be the same as the length of the arc ACB. 

Circumference of base = RO 
Radius of base = -r 

27U 

Length of slant side = R 

Height ~ 

^ 

TJ2A2 

Volume of conical vessel - - - r v - - t> 

3 4rr * 4^ 



R3 1^ 




FIG. 36. 

_ 
O 4 - 75 is greatest : that is, when 

O 4 j-j is a maximum. 

6 6 66 5 

O 4 ^ is a maximum when 40 3 ^^ = 

2 

That is, when 6 2 == ~ 

o 

or 6 = 2: 

The angle of the sector = 2?r 6 



= 1-153 radians or 66 6'. 
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The dimensions of the conical vessel can now be given. 



Radius 


R0 /2_ 

~ .A / l~\ 

"~ " -* ^\l x-k-*-** 






27U \3 




Height 


-^iv-lR'-. 


V R 


Volume 


7T2R 2 /T 

= 3~3"\3 





78. Example 6. The cost of a ship per hour is fc where 
c =- a + fo' n and a, 6, and are constants and s is the speed in 
knots. Find the speed of the ship so that it will travel a passage 
of m nautical miles at a minimum total cost. 

Time of passage hours 

777 

Total cost of passage -- (a + bs n ) pounds =* y 



y = m - 



y will be a minimum when -^ = 

as 

- w{ - as~ 2 + b(n - 



and = when b(n - l)s n ~ 2 

as 



b(n - I) 

f a "in 



giving the speed in terms of the known constants a, &, and n. 

79. The function y^ae-** sin(pt-c) affords a striking example 
of alternating maximum and minimum values. 

a, k, p, and c are constants. 

Since e~ ki is never zero, y - when sin (pt c) - 0. That is, 
when (pt c) has the values 0, TT, 2:r, STC . . . nn . . . or when 

. , , t t c c TC c 2n c nn 

t has the values -, - -i , - -\ . . . - + ... 

p P p p p P P 
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Now -- a { ke- kl sin (pt - c) + pe- u cos (pt - c) } 

U/t 

and -j- = when ke~ kt sin (pt c) + pe~ kt cos (pt c) = 

Cit 

fc sin (pt c) = p cos (jpf c) 
tan (pt-c)= | 

77 

If a - tan" 1 ^ then tan (pt - c) - tan a 

and pt - c = a, TC + a, 2rc + a, . . . nrc + a 

Hence -~ - when has the values 
at *> 

' r 

a -he a + c TT oc+c 2:t a + c n?c 

|> f ^ p f p p f ' ~]T p 

Some of these values of t will give maximum values of y, while 
the other values of t will give minimum values of y. 

Taking the general value of t, t ---- H -- 

P P 
Then pt - c - n-rc + a 

and sin (pt c) -^ sin (UTS + a) 

When ft is an even integer, sin (pt c) is positive, and hence 
maximum values of y occur when t has the values 

afc a -f-c 2:r a 4- c 4:r 

p ~p~ "]?' ~y~ p" >cc * 

When /i is an odd integer, sin (pt c) is negative, and hence 
minimum values of y occur when t has the values 

a -h c TC a + c STC a -'- c 5rc 

~ . 4- . - - - U - ._ --- t 

^ * 1 > 4 ~ -p * 

P P P P P J> 

Putting c - 6. 

Then when f -- & ty = ^/^~ 6A: sin a == M 

when t 6 + i/ - a^""*v "*" F/ sin a 

p 



when = & H -- ?/ - ae'*' 64 "^/ sin a 

p 
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when t = b + 11 - ae~ k ( b *p) sin a 
p J 

(\irk 

= Me" p 
Thus the successive maximum values of y are in geometrical 

*k 

progression, the common ratio of which is e~~ P 

Also when t^ b + - y = - 0T*( 6+ 3 sin a = N 

37C zYi ^*\ 

when - ZH -- 2/ = ae \ j) sin a 



_z/4. 
when 2=6-1 -- ?/ -= r/~ v "*" ^V sin a 

2> 

-ii 

- Nc 2> 

Thus the successive minimum values of ?/ are in geometrical 

-^ 
progression, the common ratio of which is e P 

EXAMPLES VIII 

Fiq,d the maximum and minimum values of y and the values 
of tf> producing them in each of the following examples : 
fl) y - au 3 - &i? 2 + 12o? + 30. 
{2) y -= x* - 7Bx I 24. 
(3) y - 3o; 4 -I- 4B 3 - 24e a - 4to + 64. 



Q 

(4) Find the minimum value of ~ + 5aP, and the value of x 

OD" 

which produces it. 

In each of the following examples find the maximum value of 
x, and the value of t which produces it. 

(5) ,r = Seisin St. 

(6) x - V/10 <?-' sin (:-|- 1-249). 

(7) a; - 5e- sin (3* + 0-0428). 

(8) x = 10^ e- 2i . 

(9) * - 5 (1 -I 2<) e- 2t . 

(10) * = 5 (1 4 U)e-^. 

(11) = 4 (--c-*). 

(12) a? = 4 (2e~* - 6- 4 '). 
(18) *- 4 (3e- 2 *-2e- 4< ). 

(14) If t/ = a?e-*, find the maximum value of y, and the value 
if x producing it. 

(15) Find the dimensions of the cylinder of greatest volume 
which can be inscribed in a sphere of 10 inches radius. 
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(16) Find the dimensions of the cylinder of greatest curved 
surface which can be inscribed in a sphere of 10 inches radius. 

(17) Find the dimensions of the cylinder of greatest total sur- 
facp which can be inscribed in a sphere of 10 inchq radius. 

fl8) Find the dimensions of a conical tent of greatest capacity, 
the area of canvas used being 500 square yards, 

(19) If y = x n x l+n where n - 0-885, for what value of x is 

y a maximum, and what is the maximum vahr* ? 

* 

(20) The cost of a ship per hour is c where c = 8-21 + 



being the speed in knots. Express the total cost of a passage 
of 3400 nautical miles in terms of s. What value of .9 will make 
this total cost a minimum ? Show that at speeds 10 per cent, 
greater or less than this, the total cost is not very much greater 
than what it is at the best speed. (Br r . "^ <-, 1911.) 

s 3 

(21) The cost of a ship per hour is c where c ~ 4 + m<\\> s 

1000 

being the speed in knots relatively to the water. Going up a 
river whose current is 5 knots, what is the speed which causes 
least total cost of passage ? (B. of E., 3905.) 

(22) In Q. 21, if the ship is going down the river, what is the 
speed which causes least total cost of passage ? 

(23) From a rectangular sheet of tin 12" x 10" equal squares 
are cut from each corner, and the remainder is formed into a 
rectangular vessel. Find the length of the side of the square 
so that the volume of the vessel shall be greatest. 

(24) ABCD is a sheet of tin 10" square. From the corners A 
and B squares of x" side are cut away, and from the corners C 
and D rectangles of breadth x" are cut away. The remainder is 
formed into a rectangular vessel with a lid. Find the dimension 
x so that the volume of this vessel shall be greatest. 

(25) The stiffness of a beam of rectangular cross- section varies 
as bh* where b is the breadth and h is + 1 3 depth of a cross-section. 
Find the dimensions of the stiffcst beam which can be cut from 
a cylindrical log of 24 inches diameter. 

(26) If y=a*-*sin (pt-c), and c - 0-135, a - 4, k - 300, 
p -= 500, find the first maximum and the first minimum value 
of i/, and the values of t which produce them. 

(27) Find the dimensions of the cylinder of greatest volume 
which can be inscribed in a cone 5" high, radius of base 2". 

(28) Find the dimensions of the cylinder of greatest curved 
surface which can be inscribed in a cone 5" high, radius of 
base 2''. 

(29) Find the dimensions of the cylinder of greatest total 
surface which can be inscribed in a cone 5" high, radius of 
base 2". 



EXAMPLES VIII 



129 



(30) The annual cost of giving a certain amount of electric 
light to a certain town, the voltage being V and the candle-power 
of each lamp C, is found to be 

A = a + -rr- for electric energy 



and 



B = - 



n 



renewals. 



V 


100 


200 


A 


1500 


1200 


B 


300 


500 



The given values are known when 
C = 10. Find a, b, m, and n. If 
C - 20, what value of V will give 
minimum total cost ? (B. of E., 
1907.) 

(31) If a crank is at the angle from a dead point, and 6 -= qt 
where q is the angular velocity ; if x feet is the distance of the 
piston from the end of its stroke, r feet is the length of the crank, 
and / feet the length of the connecting rod ; then 

r 2 

x ^ r(l cos 6) + -% (1 - cos 26) 

Taking r = 1 and / = 5, what is the angular position of the crank 
when the piston is moving with greatest velocity, and what is 
the distance of the piston from the end of its stroke at that 
instant ? 



CHAPTER IX 

80. The Equation of the Tangent to a Given Curve. The equation* 
of a line is y mx + c where m is the tangent of the angle of 
slope, or if the line is inclined to the axis of x at an angle 0, thon 
m = tan 0. 

The tangent to a curve is a straight line which passes through 
a given point on the curve and also has the same slope as the 
curve at that point. ^ 

Let the co-ordinates of a point on a curve be h, k. Then the 

di i 
slope of the curve at that point is the value of -~ when x -- h, 

and this must be the slope of the tangent. 

The equation of the tangent is y -~ x (-7^) + c. 

\ax/ x _ h 

But this line also passes through the point, 

i 7 

and k = 



Therefore y = x +k- h 



The normal to a curve is the Ir j drawn perpendicular to the 
tangent through the point of contact. 

If the tangent to a curve is inclined to the axis of x at an angle 
0, then the corresponding normal is inclined to the axis of x at 
an angle (90 -{- 0). 

Slope of the normal = tan (90 + 0) 

= - cot 

, where m = tan 

m 

Then the slope of the normal to the curve at the given point is 

or 
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/ft T*\ 

The equation to the normal is y = x (y- j + c x 

\ J'x-*h 

But this line passes through the given point, 

7 fdx\ 

and k = h( -r- ) + c- L 

\dy/x-h 



^ r f 

Therefore t/ = # ( -7- ) + * + 



Example 1. To find the equations of the tangent and normal 
to the curve y* = 4# at the point where x = 4. 

n^ o J i dy 1 ' 

Then ?/ = 2i" and = 7= 

da? V^ 

t i diy 1 

when d? = 4, j/ = 4, and -j~ - - 

Cfc^ ^u 

Equation of the tangent is r/ - - t r? + c 

2i 

but 4 =- 3 x 4 + c 

A 

and c - 2 

Then ?/=-r+2, or2?/-=#+4 

Z 

Equation of the normal is y - 2x + ^ 

but 4- -2x4+ Cj 

and c l = 12 

Then T/ - - 2# + 12, or 2# + i/ = 12. 

Example 2. To find the equations of the tangent and normal 
to the curve y = ^ sin x. 

When a?=l,7/-^sinl- 0-84150 



dy . 

~ =- 0* sin a? + ^ cos a? 
oa? 

= ^* (sin x + cos a?) 
When <p - 1, - = e(0-8415 + 0-5403) - ' 
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mx |- c, or y = a; 1-38180 + c 



Equation of the tangent is y 
but 0-84150-1 

and - - 0-54030 

and y - l-3818ra - 0-54030 

- 3-75&t'- 1-469 

Equation of the normal is y x-\- e l o* y 



but 



and 



0-8415e - - 



1-38180 ' l 
= 2-554 

x 



L38J8* ' * 5M 
- - 0-266&2! + 2- 554. 



81. The Angle between a Line and a Curve at their Point oj 
Intersection. In this case the required angle is the angle between 
the line and the tangent to the curve at the point of intersection, 




FIG. 37- 

Let ABC (Fig. 37) be the curve ?H KL the line. C is the point 
of intersection, and PC is the tangent to the curve at the point C. 

Then the required angle is PCL. 

If y =/(#) be the equation to the curve, and y mx -f- c the 
equation of the line, the co-ordinates of the point C are the values 
of x and y which satisfy these two equations simultaneously. 

Let these values be x = h and y == k. 



Then the slope of the tangent = -p 






and hence 



= tan 



*s*the inclination of the tangent PC 
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The slope of the line = m, and hence m = tan 6 2 . This gives 
the inclination of the line KL. 

Then PCL - 6 2 - ^ 

Example. Find the angle between the curve xy = 1 and the 
straight line y =- 2ti? + 1 at the point of intersection. 




x (2x + 1) 1 
2# 2 + a; 1 - 

(20- 1)(0 + 1) - 

or a? = - and a? =- 1 

^ 

There are two points of intersection : A, whose co-ordinates 



are -, 2 ; B, whose co-ordinates are 1, 

2 



1. The slope of the 
line is 2, and hence the inclination of the line is tan"" 1 2 = 63 20'. 
For the curve y =- x~ l 

:_ _*- 2 = _JL 



and 



dx 



Inclination of the tangent to the curve is tan" 1 ( ~g- j 
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At the point A. Inclination of the tangent - tan- 1 ( - 4) 

- 104 2' 
Required angle == 104 2' - 63 20' 40 36' 

At the point B. Inclination of the tangent - tan- 1 ( - 1) 

- 135 
Required angle = 135 - 63 26' = 71 34' 

82. The Change in Direction along a Curve between two Given 
Points. This is the angle between the tangents to the curve at 
the given points. Let P and Q (Fig. 39) be the two points whose 
co-ordinates are x v y l and d? 2 , ?/ 2 respectively. 




FIG. 39. 

Let 0j be the inclination of the tangent at P and 2 the inclina- 
tion of the tangent at Q. 

But tan 0J - y^ when x - a\, thus giving the value of X 

Cvtl' 
fJIJ 

and tan 2 - -~ then x = # 2 , thus giving the value of 2 
The change in direction = 2 

83. Curvature. Curvature is the rate at which the direction 
changes with the arc. Let PQ (Fig. 40) represent the small arc 
of a curve, and let and + SO be the inclinations of the tangents 
to the curve at P and Q respectively. Then the change in direc- 
tion is SO, and this occurs over a length of arc 8s. 

The average curvature of the arc PQ = ^, and, making 8s in- 
finitely small, this becomes the actual curvature at the point P. 

Actual curvature at P = -s- 

ds 
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If 8s be taken as a very small arc, it can be approximately 
taken as the small arc of a circle, the radius of which is 11 and the 
angle at the centre is 80, since the radii must be at right angles 
to the tangents at P and Q respectively. 





FIG. 40. 



FIG. 41. 



Then 



or 



86 



^ 
R 



The smaller the length of arc taken, the more nearly correct 
does this approximation become, and, making 8s infinitely small, 



ds 11 

The circle whose radius is R, the value of which is given by 
-^r, is spoken of as the Circle of Curvature, and R is the Radius 
of Curvature. 

In order to find ~-r-> we want a relation giving us in terms of s, 

but if we are given the law of the curve as y =-f(x) (or y in terms 
of x), it is a very difficult matter to obtain such a relation, and 
therefore it is better to find the expression which is equivalent to 

-r- in terms of x and y. 

If 8s is a very small arc, it may be taken as the hypotenuse 
of a right-angled triangle whose base angle is 0, and whose per- 
pendicular and base are 8y and 8x respectively. 
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When 8s is made infinitely small, 

g-- ....... w 

and -^- - cos ....... (2) 

a,v x ' 

Taking the first relation and differentiating both sides with 
respect to .<?, 



. _ 

j .> T~ -= Bl C U -T 

or- as as 



ft , ft 

-j-^5 cos = sec 2 -j- 
as 






_ 
sec 3 6 



dx* 



(I + tan- 6) 



and since = 

ds R 



II 



dx* 
For a very flat curve ^ is very small compared with 1 

, dQ I dhi 

ana -r == r=- = ~-j~ approximately 

GW JLv WtU" 

a result which is used in the consideration of the deflection of 
beams. 

84. The Co-ordinates of the Centre of Curvature. Let P be a 
point on a curve, and let R be the radius of curvature at that 
point (Fig. 42). The co-ordinates of P are x l9 y v Let O l be 
the centre of curvature and x t y its co-ordinates. 
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Then 
and 



x - x l - CP 

= %! R sin 6 

y-yi+ i c 

- y^ + R cos 9 
. du 

1C ^ 



where is the angle whose tangent is -~ when x = a?j 




FIG. 42. 



Example. 
Then 

and 
Then 
To find 



Find the radius of curvature of the cycloid 
IT ^ r/(a sin a), y = a(l cos a) 



dx . . 

- all cos a) 
da 



da 



--== a sin a 



and 



du dy da sin a 

*_ _ j, y _ . - - __,, rtj 

da? da d;# 1 cos a 
rf^ dz da 
da? da d^? 

~ log e z - log e sin a log,, (1 - cos a) 
aa 

1 ds cos a sin a 
z da sin a 1 cos a 

cos a cos 2 a sin 2 a 

sin a(l cos a) 
_ cos a 1 1 

sin a(l cos a) sin a 

dz 1 sin a 

d ^ 



sin a 1 cos a 



cos a 
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Then 



, 
Als 1 - 



a(l cos a) 2 
f, fdy\*\ : i L , sin 2 a 

'. 1 I / _K_ \ V ( 1 _i- ___ 



\ a \* f 
) / = X 



- s / = X (1 - cos )' 



o 

/I 2 cos a + cos 2 a + sin 2 a\a 
I 1 - cos a 2 / 



1 ~ cos \ 
1(1 - cos a) 2 / 

2\/2 

- 3 

(1 cos a) -" 






H 
Then 11 = 



2\/2 a(l - cos a) 2 
(1 cos a)ii 

= - 2aV'2(l - cos a) 

When a = 180, that is, at the highest point of the curve, 
R = 4a, or twice the diameter of the rolling circle. 

Example. Find the radius of curvature and the co-ordinates 
of the centre of curvature of the curve y 2 = 8x at the points where 
x - 0, x = 2, and x = 8. 

y = 2\/2 a; 2 



dy /- -J /2 

~ V2o: 2 - V- 
cte > t r 

rf^_ _ V'l _ /T 

^ 2 "" "^ " ~ ^ 



rfa; 2 



= - \/2 (# + 2)"*" 
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When x i - 0, R t - - V2 x 2~ - - 4 

ar a = 2, R a = - A/2 x 4* - - 8 \/2 - - 11-13 

ar s = 8, R 3 - - \/2 x 10 % = - 20\/5 = - 44-72 

When x t - 0, 7/ x = 0, -^ = oc, tan Oj - oc, and Oj =-- 90 

x -= x t - R! sin O x => + 4 sin 90 = 4] 
y = 7/ x + Rj cos Oj = - 4 cos 90 = 

When x z - 2, ?/ 2 -4, ^ - 1, tan 2 - 1, and 2 - 45 

o \ /> 

o? -= o? 2 R 2 sin 2 -= 2 | -r= = 10 

V 2 



= 2/2 -I 



cos 



V? .. _ 4 



When # 



. 

Then tan 3 -, sin 3 - 
^ y 



K sin 6 - 8 



- s 



ft 2 

^ C S ^ " 71 

22^^28 

Vs 



= _ 32 



When tT -^ 0, R 4. Co-ordinates of centre of curvature 4, 

a? "2, R--11-13 10, -4 

x - 8, R - - 44-72 28, - 32 

85. The Point of Inflexion. In the previous chapter we con- 
sidered the case of a point of inflexion on a curve at which the 
tangent is horizontal, but a point of inflexion can occur when 
the tangent is not horizontal. 

Let C (Fig. 43) be such a point, and let the tangent to the 
curve at this point be inclined to the axis of x at an angle a. 

Case /. When the angle is acute. Let tan a = m. Moving 
along the curve from A to C, the angle is acute, and decreases to a. 

fj/ij 
Then -~- is positive, and decreases to m. 

{if 

Moving along the curve from C to B, the angle is acute, and 
increases from a. 

Then -^ is positive, and increases from m. 
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Thus ~ is evidently a minimum at the point C, and if -p 

d 2 u 

is a minimum, then -3 = 0. 

dx 2 

Case II. When the angle a is obtuse. Let tan a = m. 
Moving along the curve from A to C, the angle 6 is obtuse, and 
increases to a. 



Then -~ is negative and increases to m. 



dec 

Moving along the curve from C to B, the angle 6 is obtuse, and 
decreases from a. 



Y 





CASEI.l 



X 0- 

FIG. 43. 



CASES. 



X 



Then -~ is negative and decreases from m. 

Thus - is evidently a maximum at the point C, and if -~ 

d?u 
is a maximum, then j~ = 0. 

In general a point of inflexion may be defined as a point on a 
curve at which the slope is greatest or least, while its position is 



given by the relation 



= 0. 



Example. Find the points of inflexion of the curve 
y = x* + 2xP 36# 2 + 48# 52 

di/ 

~zL = 4^ + 6x 2 72x - 
dx 

-72 



48 
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d 2 t/ 
A point of inflexion occurs when -j-~ = 



That is, when I2x 2 + I2x - 72 = 

or x 2 + x - 6 - 

(x + 3)(x - 2) - 
at points where x = 3 and x = 2 

EXAMPLES IX 

(1) Find the values of the slope of/ the curve ?/ = x* 3# + 5 
at the points where x = 1-5 and #^2-0. Find the equations 
of the tangents to the curve at these points. What is the angle 
between these tangents ? 

(2) Find the value of the slope of the curve y = 3x 2 4<x + 3 
at the point where x =-- 2. Find the equations of the tangent and 
normal to the curve at that point. 

(3) The curve y = x 1 1 is cut by the line y = x + 5. Find the 
co-ordinates of the points of intersection. Find the angles be- 
tween the line and the curve at these points. 

(4) Find the equations of the tangent and normal to the curve 
y = 4r 3 at the point where x = 2. 

(5) Find the equations of the tangent and normal to the curve 
7/ 3 = 8x 2 at the point where x -2. 

(6) Find the co-ordinates of the point of intersection of the 
curves x 2 + y 2 ^ 5 and x 2 y 2 = 2, and find the angle between the 
curves at that point. 

(7) The two curves xy = 1 and x 2 y 2 = 4 intersect at a point P. 
Find the co-ordinates of P and the angle between the two curves 
at that point. 

(8) The curve xy = 4 is cut by the line lOy = 7x + 4. Find the 
co-ordinates of the points of intersection and the angles between 
the line and the curve at these points. 

(9) The curve y =- ax* passes through the points (3, 10) and 
(6, 17). Find a and n. Find the value of the slope of the curve 
at a point P where x -- 2. A second point Q is taken on the 
curve, and this point can be on either side of P. Find the 
co-ordinates of the two positions of Q, so that the angle turned 
through in moving along the curve from P to Q is 7. 

(10) The two curves y 2 = 8x and x 2 = 8y intersect at a point P, 
other than the origin. Find the co-ordinates of P and the angle 
between the curves at that point. 

(11) The curve y = ae bx passes through the points (1, 3-5) and 
(10, 12-6). Find a and b. Find the value of the slope of the 
curve at the point where x = 5. Find the equations of the tangent 
and normal to the curve at that point. 
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(12) Find the values of the radius of curvature of the curve 
y = 3-2 + l-Tar 1 ' 75 at the points where x = 1, x == 2, and x = 3. 

(13) The curve y - a + bx l '*> passes through the points (1, 1-82) 
and (4, 5-32). Find a and b. Find the value of the radius of 
curvature at the point where x = 2 ; find also the co-ordinates of 
the centre of curvature for that point. 

(14) The curve y = a 4 bc x passes through the points (0, 28-62), 
(1, 35-70), and (2, 49-81). Find a, &, an^! c. Find the value of 
the radius of curvature at the point where x = 1. 

(15) The curve y 10^ is cut by the line y = 2x 10. Find 
the co-ordinates of that point of intersection for which y is posi- 
tive. Find the angle between the curve and the line at that 
point. (B. of K, 1913.) 

(16) Find the values of the radius of curvature of the ellipse 

cc* y* 

XT: + TZ = 1 at the points where x = and x = 4. 

25 lo 

J (17) Find the value of the radius of curvature of the curve 
xy = 4 at the point where x 2. Find also the co-ordinates of 
the corresponding centre of curvature. 

(18) Find the co-ordinates of the point of inflexion on the 
curve 4?y = 6# 2 # 3 . 

(19) Find the co-ordinates of the point of inflexion on the 
curve y = e~^. 



CHAPTER X 

86. Integration. Integration is the converse of differentiation. 
If we differentiate a certain function with respect to x, the effect 
of integrating the result with respect to x will be to produce the 

original function. For example, if y = ax 11 , then -~ - nax n " 1 , 

dec 

and integrating nax n ~ l with respect to x will produce ax n . 

The process of integration is denoted by the symbol I, and 

if a? is the variable, the expression to be integrated is terminated 
by dx. This at once distinguishes the variable from the con- 
stants in the expression to be integrated. 

Thus \y dx means that y must be integrated with respect to x, 
and this can be done provided we know the relation which gives 
y in terms of x. Also la? dy means that x must be integrated 

with respect to y, ,nd to do this we must know the relation which 
gives x in terms of y. 

To integrate ax n , or to find \ax n dx. 

If y = ax m , then -~ - max-* 
Since integration is the converse of differentiation, 
m vax m ~ l dx ax m 

f m , j ax m 

or \ax m - 1 dx = 

J m 

Replacing m 1 by n, 

-ru f i *ff n+1 
Then \ax n dx = 

J n+1 

f * - ^ r " a? n+1 

When the constant a 1, then |o? n da?= - This result 

J n+1 

holds for all values of the power n, except the case when n 1. 

fric 
To integrate x~ l or to find 1 
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If y = log,, x then -r- - 

*J oo /7/ri /n 

lit*/ w 

and conversely I = log,, x 

J x 

This result can be used in a more general sense, for if we con- 

Al _ . A , f (2o# + 6) du . x , . , 

sider the integral 5 r-^ as an example on the use of it, 
J oo?- + ox + c 

by putting y = o# 2 + to + c 

d?y , 

then ~ = 2ax + b 

dx 

and dy can replace (2ft# + 6) dx in the integral. 

The integral then becomes I - log c y 

= log e (ax 2 + bx+ c) 

It should be noticed that the fraction - = belongs to a 

ax- + bx + c 

particular type in which the numerator is the differential co- 
efficient of the denominator, and the above method of treatment 
will do for all fractions belonging to this class. In general, if 
we integrate a fraction whose numerator is the diffc r entinl co- 
efficient of the denominator, the result - ill be the Napierian 
logarithm of the denornjrator. 

We can now use as standard integrals 

x n dx = - (1) 

n+ 1 v ; 

*dx t .. 

loge* (2) 

, fdiff. coeff. of denominator 1 , , . , v 
and J denominator log, (denominator) . . . (3) 

and employ them to integrate expressions which resemble them, 
or expressions which can ultimately be reduced down to resemble 
them. 

87. The fraction whose numerator is the differential coefficient 
of the denominator or of some part of the denominator, can be 
readily integrated. The following examples will illustrate this 

/ \ " f 4. n ^n fcos dQ 

(a) cot d0= r 5 

J J sin 

- log e sin 
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cos dO 



A x ft 

and -r^r = cos 6 

at) 



or dx = cos dft 

The integral becomes I = p~ 4 dx 

a?"~ 3 
- _ 

1 

3 sin 3 6 

J V5x 2 7# + 12 



or dy = (Wx 
The integral becomes |-~= = \y 

j 



and ^ = I0x - 7 

OcT 

or <&/ == (10a? 7) 
dy 



4 



2 



Id} \ -7 5 . Let 11 = tan 

v y J tan 2 a; J 

i &/ 

and -p = sec 2 a; 

or d!?/ sec 2 a? cfo? 

i rlv i i 

The integral becomes 1-4 = I?/"" 2 % 

J2/" J 



12 



tan x 

88. T/* Integration of Algebraic Fractions whose Denominators 
split up into Linear Factors. In this case the fraction can be 
split up into its partial fractions, and then each partial fraction 
can be integrated separately. 
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When the denominator is the product of unlike linear 

5x + 4 
ategrate . _ ^ . -. 

5x + 4 A_ B 

and A(, + 5) + B (a; - 2) - Sas + 4 

When x - 2 7A - 14 A - 2 

When x^S - 7B = - 21 B-3 

Then 



(b) To integrate 



- 2 log e (x - 2) + 3 log c (# + 5) 
+ 8 



- 3) (4- 



c-r+8 A B 

W (&i!-8)(4-8ar) "Sx-3 + 4,-3x 

and A(4 - 3x) + B(5x - 3) - x + 8 

When or-? H A -^ A-if 

55. 5 11 

nn, 4 ll r 28 28 

When *- 5 T B== T B ^U 

-* llvxAl I / M, ^-vv / a *^\ ~i ~t t >* ** i * * i * o 



da; 43T da; 2f dg 

-ar) ~ llj&i?- 3 f TTJI^" 



-3 dx 

4- 3a; 



It should be noticed in tL.s example that when integrating 
the partial fractions, the numerators are not the differential 
coefficients of the denominators, but by multiplying and dividing 
the first fraction by 5 and the second fraction by 3 this relation 
is at once made to hold. 

Cose II. When the denominator of the fraction consists of one 
linear factor raised to a power. 

^ . ^ , 5# 2 - 8x + 2 

To integrate (gg _ ^ 

Putting y - 2# - 3, then a? -- -(# + 3) 



575 

and 5A 2 - Sx + 2 - -r?/ 2 + jd/ + 7 

4" 2 ,_4. 
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Also T/"" 2 an d dx = -dy 

dx 2 



2L4J?/ 



irs 7 w- 1 5 - 8 



5 



8 ~ bel , ~, 4(2a ,_3 ) i6(2#-3) 2 
Knowing the standard form I x n dx , we arc in a posi- 

J * " I * 

tion to evaluate ly~ 2 % and \y~ 3 dy. 

Case III. When the denominator of the fraction contains 
unlike linear factors, some of which are raised to powers. 

iT 2 + 4 

To integrate ^ - 

x 2 + 4 a 2 +4 A_ B C 

(a; 2 - 4)(a; -I- 2) " (,c + 2)*(x - 2) ~ x -f- 2 + (A- -I- 2) 2 H " x - 2 
and A(a? + 2) (a? - 2) + B(a? - 2) + C(ar + 2) 2 = 2 + 4 
When a! = - 2 -4B =8 B=-2 

When x = 2 16C =8 C = \ 

2 

When a;=0 -4A-2B+4C =4 A = i 

^2 

* *-*^A* I / O i \ / A\ !rv I . "'<-* " I / . i-k\ O ~l~ 7C I ^ 



The first and third integrals are such that the numerator is the 
differential coefficient of the denominator, while the second, on 
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, . , fdy . du 1 f d/y f 9 , 

putting y = # + 2, becomes J-~ , since ~ = 1 and J-y = I r/"- 5 aj/ 

2/~ T 1 1 

-- ~y- ~^2 

Case IF. When the numerator is of higher degree than the 
denominator. 

x 5 
To integrate -r-^ -^ r- 

By division /y , 2 ^ , ,, - * 2 - a? + 2 + 
but 



(a 3 -!)(*;+ 1) 
2 + a; - 2a; 2 A B C 



(a; 2 - l)(cj; + 1) ,-c + 1 (x + l) a 'a? - 1 
and A(0 + l)(x - 1) + B(o? - 1) + C(o? + I) 2 - 2 + a? - 

when x = 1 4C = 1 ( 

when x -= 1 2B = 1 I 



4 



when o;-0 -A-B+C -2 A = - - 

4 



Hence 



c?? 5 



- |(Ste- a+ 12) - L- -1 {9 log, (* + !)- log e (,-!)} 

89. We next have to consider the integration of algebraic 
fractions the denominators of which are of the .second degree but 
cannot be resolved into linear factors. In this case the method 
of integration depends upon the nature of the denominator. 

For ax 2 + bx + c = a (a? 2 + - x + - } 

\ a a/ 



ff o , & ^ \ (c & 2 M 
- a { ( x* + - x + : 5 ) -|- ( - - - ) I 
l\ a 4a 2 / \a 4a 2 /J 



f / , 6 \ 2 

"K' + 5) - 

according as 4ac is greater or less than 
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Hence asc 2 f bx + c - a(X 2 + A 2 ) or a(X 2 - A 2 ) 



, v b , . , 4ac - i 2 6 2 - 4ac 

where X = x + - and A 2 = -5 or 
2a 



Thus a quadratic expression which will not factor may be 
expressed as the difference or the sura of two squares. 

Case I. When the denominator of the fraction reduces to the 
forma(X 2 - A 2 ). 

(a) To integrate -3 

v ' b 2 



13 

Then x z + I0x + 13 - x~ + 10* +25-12 

= (x + 5) 2 - 12 

= X 2 - A 2 

where X x + 5, A 2 12, and also cZX = <Lv. 



Tt. 

Then 



But l - __ g 

^ 



and a(X - A) + p(X + A) - 1 

when X = A 2A =1 



when X = A 2Aa =-1 

Thus 

inus 



^x _ f r rfx _ f 

2 _ A , 2A |J X A J 



x 

i(log e (X-A)-Iog f (X+A)} 



, f 
and 

J 




x z + Wx + 13 4 A/3 x + 5 + 2\/3 

5x 4 



(&) To integrate 
Then -r- 



- 15 

+ 12 34 



-|- 15 2 a? 2 -}- 12a7 + 15 # 2 + 12a? + 15 



The first fraction is one obtained by making the numerator 

5 

the differential coefficient of the denominator ; the multiplier ~ 

& 

is so chosen that full account is taken of the part 5x in the 
numerator of the original fraction. This has the effect of re- 
placing the fraction to be in;egrated by two fractions, the first 
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of which can be integrated at once, while the second can be inte- 
grated by the method of the previous example. 
dx f dx 

: + 6) 2 - 21 
dx 



T> where X = x + 6 and A 2 - 21 



X 2 - A 2 

1 X- A 

2A g6 XTA 

1 t x + 6 - A/21 

7= log. 7=. 

2 A/21 x + 6 + V 21 



TM- i (5x 4) dx 5f (2x + I2)dx f dx 
Then | .., .., = J^ + 12* + 15 - 34 J* 3 +12*+15 



/ s T 4 * . - 15 

(c) To integrate 
v ; & 



4r a + 28a; - 7 

In this example the numerator is of higher degree than the 
denominator, and the first step then is to divide the numerator 
by the denominator. 

- 118 




Also 



_ . 2 where X = x + - and A 2 = 14 
1 . X-A 

I f\ (f ^-_____^____ 

2A 1%e XTA 

x + + Vl4 



7 
+ - - 

2a? + 7 - 2\/14 

2# + 7 + 2\/14 
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(80 3 - 15) dx 



f 
J 



40 2 +280-7 

d0 



203 

22! 

4 l 



4 |0 2 + 70-- 2 la? 2 +70 -7 
J 4 J 4 

.203 / , 7\ 767 , 20 + 7-2A/14 

= 0- - 140 + log e ( 2 + 70 - 7 I 7= log. -r= 

4 \ 4/ 4A/14 20 + 7+2\/14 

(d) Care should be taken when the term involving 2 in the de- 
nominator is negative, for then the denominator reduces to the 
form a(A* - X 2 ). 

Toil 



Now 8 - 120 - 2 = 44 - (0 2 + 120 + 36) 

= 44 - (0 + 6) 2 
i (LT C dcr 

Then J8 - 120 - a = J44 - (0 + 6) 2 



-J: 



A a -X 2 

1 a ft 

A a - X 2 "" A + X + A - X 



where A 2 = 44 and X = + 6 



and a (A 0) 4 

when X-A - - - - l 



when X = A 2Aa =1 a 



-rt, i l rf JX 

Then I =? - r -! 



i 



A 2 -X 2 2AIJ 

_1/ 

"2AIJ 

1 



A + X 



A+X 



r dx \ 

+ JA3TX/ 

r-dx-> 

JA-X/ 



= {log e (A+X)-log e (A-X)} 

_J_ A+X 
2 A ge A-X 

i 2 VTT +0+6 

" 4\/Tl Se 2Vll - - 6 

(* J"\7* 

In dealing with I A _v we n tice that the numerator is not 

the differential coefficient of the denominator, but making the 
integral negative and the numerator negative such is the case. 

Thus 
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90. Case II. When the denominator can be expressed as the 
sum of two squares that is, it reduces to the form a(X 2 + A 2 ) 

(a) To integrate -$ 

v ' 2 



60 
Then # 2 + 14a? + 60 = x 2 + 14# +49+11 



Th fa 



= f 
60 }(x 



+ 140+60 J(a; +7) 3 +ll 
dX 



where X = x + 7 and A 2 = 11 

put X 2 = A 2 tan 2 or X - A tan 

Then X 2 +A 2 = A 2 (tan 2 + 1) = A 2 sec 2 

7X7" 

also -m = A sec 2 or dX = A sec 2 dO 

au 



_f: 

41 



A sec 2 9 



A 2 sec 2 



1 4 1 X 

- -r- tan- 1 
A A 

1 , v x+ 7 
= p=: tan" 1 

Vn Vn 

(6) When the numerator of the fraction is of the first degree in x, 
the fraction should be expressed as the sum or difference of two 
fractions, the first being formed so that its numerator is the 
differential coefficient of the denominator. 



x 2 + I2x + 52 
7x~-3 7 20+12 45 



To integrate 

Now 

or + MX + m 

J; 



f 2 + I2x +52 2 a? 2 + 120 + 52 x 2 + I2x+ 52 
dx f dx 

(x + 6) 2 + 16 

X 

^- r-5 where X = x +6 and A 2 = 16 

X 2 + A 2 



i tan-* a;+6 

4 a 4 



Then 
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(7x-S)dx __7 (2*+12<fe ,_f dx 



52 



+ I2x + 52 



-45f_; 

Jar 



I2x +52 



7 4*5 

5 log e (0 2 + 12a; + 52) - tan- 1 

L 4 



6 



(c) When the numerator of the fraction is of the same, or higher, 
degree than the denominator, before proceeding to integration the 
denominator should be divided into the numerator. 

T* ' J_ . ^^ * 

To integrate 



Then 



11 



-- X + 3 + 



7x - 34 



7te ~ 34 



But 



-l) 






47 






11 

2 




I (L3\- f * -.7- C> 1 A 1J 

: \^F5 rr> where X = x - and A 2 = 

JX 2 +A- 2 4 



1 ,X 

-j- tan" 1 -j- 
A A 

3 



2 * i 

7= tan -1 



2 , ,2^-3 , 

-7=. tan" 1 7=- and 
/13 \/13 




91. When the fracti 
is the product of lin 
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integration must be a combination of the methods used in Case I. 
and Case II. 

*m x 





a? 3 - 8 




By division 


/>>4 fto 
it- Oii/ 

XVI I _ ., 




. rt t*/ - - o " 
T* 5% / T** Q 


Rut 


&c A Ba- + C 




JL>UL 
i?? 3 


- 8 x - 2 ' a; 2 + 2x -|- 4 


and A(o? 2 + 2, 
when x = 2 


a? + 4) + (Ba; + C)(ar - 2) = 8a; 
12A - 16 


A 4 

A =3 


when # = 


4A - 2C =0 


r 8 

^ = ~ 7 


when iC = 1 


7A - B - C = 8 


B--J 




4 4i-8 




incn * 3 -8 ~ <l ' 3| 


(x - 2) 3(a; 2 + 2x + 4) 




4 4 f x - 2 1 




3| 


(* - 2) 3 U* + 2j; + 4j 


T \ 


4 4 fl 2x+2 


3 1 


o/ 


[x-'2) 3 12 rr 2 + 2* + 4 a* + 


2cC + 4j 


,7? 4- 


4 2 2o? + 2 4 





3(a? - 2) 3 x 2 +20+4 a: 2 + 2x -I- 4 

The fraction is now split up so that each part can be integrated 
separately. 

dx f dx 

' = i 

jF"\r 

where X = a? + 1 and A 2 = 3 



X 2 + A 2 



1 * i X 

- -r tan- 1 

A A 



_L 
V3 



4 f <te _ 2 f(2a; + 2)dr f dc 
8 J * - 2 3 Ja; 2 4- 2x + 4 + J# 2 -|- 2a; -|- 



CHAPTER XI 

92. The standard forms for I sin (ax + b) dx and I cos (ax + b) dx. 

If y cos (ax + b), then -~ = a sin (aa; + &) 
Hence la sin (ax + b) dx = cos (a# + i) 

j f / , i\ ^ cos (a#+ &) ,, x 

and Ism (a# + 6) dx = i .... (1) 

J a 

(Lit 
Also if ?/ = sin (ax + 6), then -~ = a cos (aa; + i) 

Hence I a cos (ax + b) dx sin (ax + b) 

/* * / i i\ 
and I cos (ax + b) dx = ^ (2) 

93. The Hyperbolic Functions. 



If y - - cosh (<z# -|- 6), then -~ - a sinh (ao? + 6) 
Hence la sinh (ax + b) dx ~ cosh (att 1 + &) 

, f t / IA j cosh (a*r + b) 

and sinh (ou+ b) dx - i '- (3) 

J ^ 

dtj 
Also if ?/ = sinh (ax + b}, then -yi = a cosh (a<r + 6) 

CC'li/ 

Hence la cosh (aa? + 6) dx = sinh (a*r + b) 

j ft,/ , L\ ^ sinh(aa?+6) /JV 

and jcosh (a^+ i) efa? - i '- (4) 

J a 

94/ These results may be applied to the integration of algebraic 
fractions, the denominators of which consist of the square root 
of a quadratic expression. 

T t has br ^n shown in the previous chapter that an expression 

he for ax 2 + bx + c reduces down to one of the three forms 

o(A - Y z(X 2 + A 2 ), or a(X 2 - A 2 ), where X is a linear function 

of a e consideration of these integrals depends upon the 

par* rm the denominator takes. 

167 
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Case I. (a) When the denominator reduces to the form 
\/A 2 X 2 . This is obviously the case when the term involving 
x 2 in the quadratic expression is negative. 

(a) To integrate 

v ' & 



Then 8 - I2x - x* - 44 - (x* + I2x + 36) 

- 44- (o?+ 6) 2 

^ f dx f dx 

Hence , - = ., -- 

J \/8 - 12o? - afl J V/44 - (x + G) 2 



I\/A 2 -X 2 
put X 2 - A 2 sin 2 6 

Then \/A 2 - X 2 = A\/l - sin 2 ^ A cos 



where X == x + 6 and A 2 = 44 



and X = A sin G> -^ = A cos 0, and dX = A cos dQ 

d\) 



, f ^X f 

Therefore I /A0 = = I 

J V A* - X 2 J 



r - 5 

A cos 



, ^ f dx . 

and finally, I . = sin" 1 ==, 

JV8~12^-<2; 2 




A 

x 1 6 
==, 
2\/ll 

(6) When the fraction has for a numerator a linear function of 
x, before proceeding to integration the fraction must be split 
up into two fractions, the first of which must have for its numerator 
the differential coefficient of the quadratic expression under the 
square root. 

(b) To integrate , - 

v ' b Vl5 -7x- x* 

Sx - 9 - 2x - 7 

Then . .. ., : - _ 4, 



A/15 - 7x - x 2 Vl5 -1x- x 2 

.. f ( - ar - 7) tte Cdy , 

Now . , = \-7= where y =-- 15 - 7x + a?-** 

JVl5-7a?-a; 2 iVy m 8 




Vy 

2 A/?/ K '' ' 

__ nd thi 

2A/15 - 7x - x* alar fo 
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Also 




== where X =x + - and A 2 = 
VA 2 - X 2 2 4 

i x 

sm- 1 -T- 

A 



, 

sin- 1 -.. 



sm- 



'109 

~~2~~ 

o/y i *y 

A/109 




Then f (*-0)<fa _ 4 f (-^ -7) cto ^ f 

JVl5-7o;-a; 2 JVl5-7*-a? 2 J 



I V 15 - 7x - x* 

o/yt i *y 
= - 8A/15 - 7x - a; 2 - 37 sin- 1 ., 

(c) When the square root of the quadratic expression appears 
in the numerator, the same substitution can be used for X, but a 
different integral is the result. 

(c) To integrate A/32 + 18x - x z . 



J 



A/32 + I8x - x 2 dx= Vll3- (*-9) 2 dx 



- J A/A 2 - X 2 



put 
Then 



X 2 dX where X = x - 9 
and A 2 =113 
X 2 =A 2 sin 2 
VA 2 - X 2 = A\/l-sin 2 = A cos 



also X = A sin 0, == = A cos 0, and <OC = A cos 6 rfG 
Then J A/A 2 - X 2 dX - A 2 [cos 2 dQ 

= ^.("(1 + 00520) dQ 



.^{6+ | sin 26} 



lsm ~A + 



A 2 
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Finally, 



113 (. . x - 9 (# - 9)V32 4- I8x - 
- 






(d) When the numerator of the fraction is of the second degree ; 
before proceeding to integration the fraction must be split up 
into three fractions, the first of which can be obtained by division. 

7X ^ . 2o? 2 - 8x + 9 

(d) To integrate 



_. 
Then 



V 17 - 14# - a? 

- 8x + 9 



V17 - 14ar - x z V 17 - 




and each of these expressions can be integrated 
I Vl7 - 14a; - x 2 dx -= \ v/66 - (x + 7) 2 dx 

= f VA 2 -X 2 dx whereX =.* +7 and A 2 =66 
-A 2 |cos 2 0rfO where X 2 = A 2 sin 2 
i + cos 26) dQ 



r 
1 
J 



sin -. 

2 v. A 



= 33 sin- 1 



fdy 
= 



, ,- ,, 

= where = 17 14a? 



, 

\/17- I4.X-X* 

= 

- 2\/17 - l<ke - a; 2 
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JVA 2 -X 2 

f *g f 

J\/17-14*-* 2 J 



V66 - (* +7) 2 



== f where X=* +7 and A 2 =66 



-= sin- 1 -r 
A 

. , * + 7 
= sm- 1 = 



A/66 

. .. f 2* 2 -8*+9 . f . , 

finally 1 _= rf* = - 21 Vl7 - 14* - * 2 dx 

JV17 14*-*- 2 J 

+ 18[ ( " 2a; ~ 14) ^ + 295 f . ^ 

JV17 14* * 2 JV17 14* 



* + 7 . , 

- 66 sin- 1 -7==| - (* + 7) Vl7 - 14* - * 2 + 36V 17 - 14* - * a 

+ 295 sin- 1 2-JJ 
V66 





= (29 - a?) Vl7 - 14* - * 2 + 229 sin- 1 -7== 

It is evident that integrals of this type depend upon two 
standard forms. 



f . _ , ^ A 2 / . . X XVA 2 - X 2 \ 
(2) J VA 2 - X 2 dX = ylsm- 1 j- + - ^ - ) 

95. Case II. (a) When the denominator of the fraction reduces 
to the form A/X 2 + A 2 , for this type we have to use hyperbolic 
functions. 

(a) To integrate . 

v ' b V* 2 + 12* -I- 48 

Now * 2 + 12* +48 - * 2 + 12* + 36 + 12 

= (* + 6) 2 + 12 



Then 



f *" f 

J\/* 2 +12*+48 J 



\/* 2 +12*+48 JV(*+6) 2 +12 



I\/X 2 + A 2 
put X 2 - A sinh 2 6 



[ , "^ where X = * + 6 and A 2 =12 
J -\ 
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then -v/A 2 + X 2 - AVl + sinh 2 = A cosh 6 



and X = A sinh 6, = A cosh 6, or dX = A cosh 6 



r rDC rA cosh 6 



-r 




Finally, 1 7= 
JVff 3 



dx . x + 6 

= = sinh" 1 T=T 

- 48 2V3 



X 

We also know that sinh = -r- 

A 

1 ** 

or -- \f> ^ j -= --- 

2 7 A 



, X _ VX 2 + A 3 
6 ~ A A 



X + VX 2 + A 2 



A 



, A . rx 

and 6 = log e | 



i 



48 



f <OC 

The integral J y X2 ,, AZ where X is a linear function of x, will 

give (1) an angle expressed in terms of its hyperbolic sine, or (2) a 
logarithmic function, and the results can be used as standard 
forms. 

dX 



or 
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(6) When the fraction has for a numerator a linear function 
of x y before proceeding to integration, the fraction must be split 
up into two fractions, the first of which must have for its 
numerator the differential coefficient of the quadratic expression 
under the square root. 

^ff\ _ K 

(b) To integrate 

V ' b 



- I8x + 106 
4-X-5 2(2x - 18) 31 



Then ~ / r- / 

V ff a - I8x + 106 i/# 2 - 18# + 106 Vo? a - 18% + 106 

f (2x-18)dx f% 

1/9 10 ^^ ^ 1 "7 s where y = x 2 I8x + 106 
J V a; 2 18a; + 106 J v i/ 



AI 

Also 



f dx f 

J vV 2 - 18a; + 106 J VTc 



- 106 
dx 



9) 2 + 25 

r 1^ 

\ /v> f? where X = # 9 and A 2 ^ 25 

JVX-+ A^ 



. . 

= sinh- 1 - or 



X _._, . fX+ \/X-hA a | 



5 

Then 



or 



r (4a? - 5) dx ^ f (2a? - 18) Ac f 

J A/ 2 - 18 + 106 ~ J V* 2 - 18a? + 106 ' J V> 



18* + 106 



106 + 31 sinh- 1 - 
5 



._ ((x - 9) -f- V 2 - I8a? + 106) 

or 4,Vx* - I8x + 106 + 31 log^ g ) 

(c) When the square root of the quadratic expression appears 
in the numerator, the same substitution can be used for X, but 
a different integral is the result. 

(c) To integrate V* 2 + 24# + 244 
JVa; 2 + 24^+244 dx = W(x+ 12) 2 +100 dx 

= JVX 2 + A 2 dX where X - a? + 12 

and A a = 100 
put X 2 = A a sinh 2 
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Then VX 2 + A 2 = AVl + sinh 2 6 = A cosh 



r\r 

also X = A sinh 0, - = A cosh 0, or dX = A cosh 6 



| 



Then x 2 + A 2 dX 



= A 2 [cosh 2 6 dQ 



_lf(l + cosh 26) rf6, since cosh 20 = 2 cosh 2 6-1 



+ sinh 6 cosh 



A 2 / . . . X , XVX 2 + 
^ h A 1 - A^ 



A 2 f 
or - 



I- 



or 



x 2 + 24# + 244 dx 

i -. CO "T" J. ^2 (w/ "i" J 
^ft J ^infi"" 1 ... .... 1 




L2)Va? 2 + 24aj+ 244 


50 r 10 ' 


100 


rn/1 ( X ^" 12 + ^ /a;a + 


24a; + 244\ 


J \ 10e V 10 


>> 


(a? -1- 12)V# 2 +2 


4# + 244\ 



The integral 1 \/X 2 + A 2 dX, where X is a linear function of a?, 
can be solved by means of two standard forms. 



(i) 



a. . 



(cZ) When the numerator of the fraction is of the second degree, 
the fraction must be split up into three fractions. 

^ . , , x 2 + 5x 7 
" integrate 
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V&' 2 + 4# + 12 

~ ^ 3 -l' 4#-t- 12 x 19 

V# 2 + 4# + 12 A/a; 2 + 4a; + 12 

2a? + 4 



as + 12+ - 




- Va;2 + 4^+12 
and each term can be integrated separately. 

I A/a; 2 + to + 12 dx - W(x + 2) 2 + 8 dx 

- JV / A 2 H-X 2 JX where X = a? + 2 
and A 2 - 8 



X Xv/XM- A 2 
A + - A^ - 



2V/2 



f (2ae+ 4) dc fdy 

I . v ; =- I where 

J Va; 2 + 4a; + 12 J V 



+ 4sx + 12 

Vy 



12 



a? 2 + 4aj + 12 J v(x + 2) 2 + 8 

,. where X ==a? + 2 and A 2 = 8 

VX 2 + A 2 

sinh" 1 -r- 
A 

- sinh- 1 



2\/2 

Then 



12 

(2a? + 4) cite 



{sinh- 
^ 



2A/2 

- 21 sinh- 1 ^J 

2V2 



166 PRACTICAL MATHEMATICS 

- - 17 sinh-' 



= - 17 sinh- 1 ^7= + o ( x + 4>)Vx* + 40+12 
2V2 * 



The result can also be expressed as 
&g-7) cte 



f(0 
J Vaj 



+ 40 + 12 



96. Case 7/7. (a) When the denominator of the fraction 

reduces to the form VX 2 A 2 , and in this case hyperbolic 
functions must be used. 



(a) To integrate , 

V 2 + 16a; + 36 

Now x z + 16a? + 36 - a; 2 + IGx +64-28 

- (x -|- 8) 2 - 28 

Then f ^ -_ [ dr 

J Vx z + 160 + 36 JV(X+ 8) 2 - 28 



f <Lr, 
"JVX 2 ^ 



. where X =# +8 and A 2 = 28 



_ .. 

put X 2 = A 2 cosh 2 

then VX 2 - A 2 - A\/cosh a 0-1 = A sinh 

and X = A cosh 0, - = A sinh 0, or rfX = A sinh JO 




, doc. , x + 8 

and 1 , = cosh" 1 



f 

1 , 

J # 2 



30 



7= 
2V7 



We also know that cosh = -r 

A 



f //X* / 
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2X, X 2 _ X 2 _ _ X 2 - A 2 

"A" + A 2 ~" A 2 ~ "" A 2 



X VX 2 - A 2 
e __ _ 



X+A/X 2 -A 2 



A 

n 
and = log e 



Thus / ,! 



+36 * 2 V7 

f </X 
The integral I / V2 A3 where X is a linear function of x, will 

give (1) an angle expressed in terms of its hyperbolic cosine or 
(2) a logarithmic function, and the results can be used as standard 
forms. 








(6) When the fraction has for a numerator a linear function 
of x, before proceeding to integration the fraction must be split 
up into two fractions, the first of which must have for its 
numerator the differential coefficient of the quadratic expression 
under the square root. 

8# - 7 

(b) To integrate 
v ' 6 



12x - 10 

- 
Now 




+ 12o; - 10 



168 



Also} 
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dx 



- 10 




1 f <* X 






where X x + 2 



and A 2 =~ 
o 



I , . X 

7= COSH" 1 -r- 

V3 A 



x-\- 2 



- 7= COSh" 1 

V3 




2) 



V/22 



Or, expressing the result as a logarithmic function, 

If dX 
"IIVX 2 - A* 



+ I2x - 10 



V3 



x+ 



10 

IT 



1 t f A/3(# + 2) + 'Y/3ff a -h 120? 10 

W^ i ^ r=z 

he [ V/22 



Hence 



f (8^ 7) dte 
J \/3# 2 -h 12a? 10 

^J V8a? 2 + 12a? 10 ' J 



I2x - 10 



8 - 23 , , V3(*+2) 
= ^V 3a; 2 + 12a; - 10 - -7= cosh- 1 - V 7 
3 V3 V22 



or - 
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(c) When the square root of the quadratic expression appears 
in the numerator. 

(c) To integrate Vx* - l(Xc + 20 

lOx + 20 dx = I V(as - 5) 2 - 5 do? 

= (Vx 2 -A 2 dX where X =a? -5 and A 2 =5 



put X 2 = A 2 cosh 2 6 



Then VX 2 - A 2 - AVcosh 8 - I - A sinh 6 

also X = A cosh 0, -4r- = A sinh 0, or rfX = A sinh 



Then f \/X 2 - A 2 dX - A 2 fsinh 2 



A 2 f 

(cosh 20 - 1) d0, since cosh 20 = 2 sinh 2 0+1 



- A T {- sinh 20-0} 
- - { sinh cosh 0- 0} 



A 2 fXVX 2 - A 2 , , Xi 

"I A* ^"A} W 



A 2 rXVX 2 - A 2 , (X + A/X 2 - 
T\ A* lo & A 






or 



5 r(o?-5) A/a: 2 -10^ + 20 , 1 ^-5^ 

= -{^ cosh- 1 7=4 .... (1) 

2 1 5 A/5/ V ; 

5 f(# 5) V# 2 1 O t i? + 20 . /a? S + V^' 2 - ICXu + 20\1 

it 5 . log '( vS )} (2) 



The integral 1 VX- - A 2 rfX can therefore be solved by 
: two stc 

(i) f 



means 
of two standard forms. 



- cosh-. 
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(d) When the numerator of the fraction is of the second degree, 
the fraction must be split up into three fractions. 

/ A T + * ar3 - 7(V + 10 
(d) To integrate 



Then 



V x* - 6% + 6 
10 



V/a? 2 '- & + 6 



2(a? 2 - ftr + 6) 5a? - 2 

Vfl 3 - 6# -f 6 Vo? 2 - 6# + 6 




= 2 A/;r 2 - 6c*? +6 2 V*' 2 - 60 + 6 V# 2 - 60? + 6 
and each term can be integrated separately. 

ta-f 6dx= \ 



-A 2 </XwhereX=<r-3 and A 2 = 3 
cosh" 1 ^| 



A 2 /XVX 2 - A* , . X 

\ - ... r/-cn A 

2 I A 2 






; ar-8\ 

cosh" 1 7=- f 

VB J 



f (2 - 6) dx f rf?/ 

I , .. = 17= where w = a? 6x + 6 

J Vz* -6x+6 JVy J 



- 2V* 2 - 6x + 6 
ofo? f dx 

JV(*-3) 2 -3 



I 



\/X 2 - A 2 

i* 
A 

, r Q 

1 -. il> O 

= cosh" 1 -jsf 

Vs 



where X = x 3 and A 2 = 



_ - 10) 

Then n 



v ^? 2 to + 6 

f . 5f (2a;- 6) dx f (fo? 

J 2J \/a? a 60? + 6 * J V# 2 6^ 



4- 6 



CHAPTER XII 

97. The work of this chapter is devoted to some of the different 
methods involved in the integration of well-known trigono- 
metrical functions. 



, . (V , fsi 

(a) I tan x dx -= I 

v ' J J 



sin x dx 



cosx 

sin x dx 



f 
J 



cos x 

cos x 

- log e sec x 



/1A f , j f cos # dx 

(b) Icot x dx \ : - 

J J sin x 

- log c sin x 

/ \ f ^ f d* 

(C) Icosec x dx = I-: 

w J J sin 



x 
dx 



X TP 

1 2 sin - cos ~ 

A 



1 f scc2 1 

2 1 

J tan 



tan- 



/M 



/M 

dividing numerator and denominator by cos 2 -. 



tyi "I <y 

Put / == tan -. Then dy - sec 2 ~ 
J Jl ^ 

and Icosec x dx = 1 

J J2/ 



4. 

tan - 



4.74 
(d) 
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dx 



Isec x dx = I 



cos x 



\ 



o <> 

cos- - - sin 2 ^ 



Psec 2 - dx 

\- 



on dividing numerator and denominator by cos 2 -. 
Put y = tan |. Then dy - - sec 2 - dx. 



Then 
but 

v/hen 
when 



Jsec 



A B 

i y i- 



y) ^ 2 
2B = 2 
2A =2 



B = 



7,= -1 

f i f dii f dti 

Hence isec x dx =- J- - h I _ 

= log e (l + y)- log e (l - 



X 

1 + tan - 



1 - tan - 

7T 



tan -- + tan - 
4 2 



TC ^ 

1 tan - tan ~ 
4 2 



, TC 

- since tan -7 
4 



= log, tan ^- + - 

98. To integrate tan 71 x 9 where n is an e y en or odd integer. 

By putting z = tan x, -^ = sec 2 a? =- 1 + z 2 



f, ^ u f^ n ^ 

I tan n a? oo; becomes 1 2 
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By division 

f f f 

I tan n x dx = p w ~ 2 dz - b n - 4 tfe -f . . . ; 



dz 



when n is even and 

^a? dx = 



}tan 

when n is odd. 

(a) When n is an even integer. 
To integrate tan 6 x 



-!-&...*&: 



f f 2 6 dz 

Itan 6 a? dx = I- ^ where 2 = tan a? 

-J-&-p& + J&-J r 



T 
5 



- 
o 



= - tan 5 x - - tan 3 a; + tan aj a? 

O o 



(6) When n is an odd integer. 
To integrate tan 7 x 

^7 



I 



tan 7 x dx 



i + * 



^ 5 C& 



where s = tan x 



f f f z dz 

"r &+ r cfc ""J?Ti 
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= -: tan 6 x - tan 4 x + - tan 2 a? log e sec x 



99. (a) To integrate r-^ r j r 

x 7 a sin- a? 6 cos 2 a; 

sec 2 a; df^ 
a sin 2 a; + b cos 2 a; 



a tan 2 x + b 



dij 



where y = tan a? 



. 
Vab 



tan 



-1 



tan 
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2 



f dx f sec 2 x dx 

Ja sin 2 x b cos 2 x ~~ Ja tan 2 x 

dy 



where y = tan x 




J (a sin x 



dx 



1 , Va tan a? Vb 

_,-. lOGf " - - ' ' 

2 Va6 e Va tan a? + Vb 
dx 



Ja 2 sin 2 a? 



+ b cos a?) 2 Ja 2 sin 2 x + 2#6 sin x cos a; + i 2 cos 2 x 

C sec 2 a? dx 

^ Ja 2 tan 2 a? + 2ab tan a? + b 2 

where y = tan x 



1 f dz ^ , 

15 where 2 = ay + 

a j z- 



-!-* 

a 

_ I 1 
a ay + b 

1 



loaf-^-* 

Ja sin a? -|- 



a(a tan <z? + b) 
dx 



cos 




. , where tan a = - 
sm (x + oc) a 
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a sin x + b cos 
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This integral can be taken another way, only the method entails 
more work. 

r A* f *' 

f ax I 

Ja sin x-V b cos a? " 1 2a sin | cos | + b ( cos 2 | - sin 2 |J 



sec 2 - dx 



1 2a tan - + b .** - 

u 2i 

5=5 2 li . o n where ?/ - tan - 
J&+ 2ay-- % 2 u 2 

% 



2f dX a - A2 

T l- =^ where X = ?/ T and A 2 = 
bj A 2 X J 6 

1 .* ..([ ^ . f ^ \ 



A + X 



={iog fl (A+X)-log e (A-X)} 



A+X 



1 , Va 2 + i 2 -f fry - a 
logo 



'a 2 + 6 2 V a 2 + b* - by + a 



Va? + b 2 a + b tan - 



'a 2 + b* 



toge 



+ 6 2 + a b tan ^ 
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101. The integration of sin w when n is an integer 

(1) When n is odd, 

fsin 7 dQ - fsin 6 sin dQ 

Put x = cos 0, then dx = sin dQ 

also sin 2 - 1 - cos 2 = 1 - x 2 

Then fsin 7 d0 = - f(l - a? 2 ) 3 dx :- 

= - f(l - 3x* + 3x* - a? 6 ) dx 
1 3 c 

= ~%' ~z3? + X 3 X 

7 5 

1 3 

= - cos 7 - cos 5 + cos 3 cos 
7 5 

(2) When n is even, this method fails, for by putting sin n 
= sin 71 "" 1 sin and making the substitution x = cos 

fsin" dQ - fsin"- 1 sin dO 

- - I (1 - # 2 )^ dx 

and (1 a? 2 ) is raised to a fractional power, since (n 1) is odd. 
This will not give a definite expansion, but a series of an infinite 
number of terms. It is necessary to work in an entirely different 
manner and deal with the multiple angles of 0. 

To integrate sin 6 0. 

Now if x = cos + i sin 

- = cos i sin 

x 

and 2 cos = x + -, 2i sin = x 

X X 

Also x n = cos n0 + i sin 710 

= cos n0 i sin nQ 

and 2 cos n0 = x n + , 2i sin w0 **x n 

/m* nrin 
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To integrate sin 2 6 cos 4 

Now (2i sin 0) 2 (2 cos 0) 4 - (x - IY (as + iY 

\ x/ \ x/ 

- 64 sin 2 cos 4 = (x 2 - IY (at + -}* 
\ x*/ \ x/ 



sin 2 cos 4 = - {2cos60-t-4cos40-2cos20-4} 
Therefore [sin 2 cos 4 d0 

= r[(4 + 2 cos 20 - 4 cos 40-2 cos 60) dQ 

" ell 40 + sin 26 ~ sin 40 ~ I sin 60 } 

- (l20 + 3 sin 20 - 3 sin 40 - sin 60 j 

EXAMPLES XII 
Solve the following integrals : 

(1) Jsec 2 a;cir (2) fcosec 2 as dec 

fsin 2 x dx fcos 2 x dx 

) J sin 4 

^ 



ftan (oa; + 6) dx (6)^fcot (ax + b) dx 

(7)^ ftan 5 x dx (8)v / ftan 6 x dx 

(9) v/ jcot 3 x dx (10) (cot 4 x dx 



3 sin x + 4 cos # ' 4 sin a; - 3 cos 



dx 



J f 
^ ' J3 si 



sin x + cos x x ' Ism x cos a? 

/ 
<fe ^ A dx 



sin 2 x+ 4 cos 2 
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tan 2 x dx . . f due 



f tan2 * <te / 18 x f 

Jcos-9inr (18) Ji 



3+4 cos x 



>^ f sin 4 a? d# (24) ^ (cos 5 x dx 

it A 

J 6 



cos 



(25)^ [cos 6 x dx (26/ [sin 3 x 

i I 

If -J f 

(27)^ I sin 4 x cos 3 x dx (28) I sin 6 a? cos 5 a? da; 

,' J , J 

j f y f 

(29) I sin 4 x cos 4 a; tfo (30) I cos 2 x sin 4 a; <Z t B 

/ f . 
(31) I sin 2 x cos 5 x dx 



CHAPTER XIII 

104. Integration by Parts. 

If y = uv 

,, dy dv du 

then - t - + 

ao? aa? 



Integrating throughout with respect to 

dv .. ^ du 

-^- a# 

or 



f 

uv - 
J 



, , 

or I^T- etc = teu IU-T- dx 

du 



f di> , f dti 

I^T- etc = teu IU-T- 
J OtE J du 

or symbolically \udv = uv \v 

This rule enables us, in many cases, to integrate the product 
of two different functions of x, for we can represent one of the 

functions by u and the other by dv in the integral lit dv. In 

order to build up the right-hand side, we want the terms corre- 
sponding to du and v. The first of these is obtained by dif- 
ferentiating the function denoted by u, and the second by 
integrating the function denoted by dv. It must not be assumed 
that the application of the rule of integration by parts will enable 
us to integrate a product straightway, for a consideration of 
the right-hand side shows us that the method takes an integral 
and splits it up into two parts, and the second part is a.n integral. 
The success of the rule depends upon whether this second integral 
is more easily dealt with than the original integral. 

The well-known integrals, to which the rule of integration by parts 
carx be successfully applied, can be divided into four distinct classes : 



(1) 



x n log e x dx 



[ i 



d x n dx and |o? n (log d #) m dx 
x n sin ax dx and \x n cos ax dx 



(2) 

(3) 

(4) 1 e?* sin bx dx and I ef* cos bx dx while with these can 
be included \e? x sin w x dx and \e ax cos n x dx. 
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105. (1) To integrate x n log e x. 

Now I x n log c x dx = uv It; du 

Here we can put u = x n or dv ^ x n dx, but we must differ- 
entiate x n in the first case and integrate x n in the second case. 
As we can easily do both operations, it is perfectly immaterial 
which selection we make. We can also put u = log, x or dv 
= log e x dx, but we find that although we can easily differentiate 
log e x, we shall have great difficulty in integrating log e x, and in 
consequence we are led to make the selection u = log e x. 

Thus u = log e x and du = - (Lr 

f x n+l 

dv = x n dx and v = \x n dx = T 

J n+l 

f cc n+1 ( x n + l 1 

Then \x n log- x dx = log fi a? I - dx 

J b6 n+l bfl Jn+ 1 a? 



n 



n+l (n + I) 2 

1 f i 

- \ log. X 7 

1 1 b<? n+l 



When n = the integral becomes |log e # dx, and |log e # da? 

J J 

- ff(log e a?- 1). 
(2) To integrate x n eP* 

Now lo? n ef dx ~= uv \v du 

If w = o? n , then du - no;* 1 " 1 dtr 

f c 035 

dv ^ ^ dx, then t; = l^ 5 cte = - 

J a 

Therefore |a? w e * da? = -o? n c * - -la**- 1 ^ do? 
J J 

In this case the result of applying the rule is to produce on 
the right-hand side an integral of the same form as the original 
integral, but in which the power of x has been diminished by 1. 
We can, however, use the above result as a standard form in 
which n and a can be given their assigned values. 
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To integrate ate?* 

dx = irV 5 * - - L 3 <? x dx 
" 3 J 



J 



1 

J 



3a! 



+ 

y y ^T ol 

4 4 8 



To integrate cT w (log e a;) m , put log c a? = y 
Then a? = c v and da? =-= ^ dy 

\x n (log e a?) w dz? == \c nv y m e y dy 

-ly m e( n +i) v dy 

The integral thus reducing down to a form similar to \x n ef dx. 
Thus, to integrate # 4 (log e c??) 2 , put log g x = y. 
Then x= e v and dx = e y dy 

and U 4 (log e tf) 2 dx - U 4v / 2 e v dy 



-- iit? v -\ -- 
25 J 125 
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10G. (3) To integrate x n sin ax and x n cos ax. From the previous 
example it is obvious that by putting u = x n the integral on 
the right-hand side will contain x n ~ l , that is, by applying the 
rule once we diminish the power of x by unity in the result- 
ing integral. Hence to completely evaluate I x n sin ax dx or 

\x n cos ax dx, we should have to apply the rule n times. We 

can make the work more methodical by applying the rule once 
to each of these integrals and using the results as standard forms 
for integral values of the power n. 

Now \x n sin ax dx = uv \v du 

where u = x n , du = nx n ~ l dx 

f 1 

and dv = sin ax dx, v = Isin ax dx = cos ax 

J 

f 1 wf 

Then \x n sin axdx^ x n cos a# + -la? 7 *"" 1 cos ax dx ... (1) 

J a J ' 

Also p n cos ax dx = m? p d^ 

where w = # n , du = no? 71 "* 1 cfo 



f 1 

and dv = cos ax dx, v = I cos ax dx = - sin oa? 

Then |a? n cosa? da? - - a? n sin aa? \x n ~ l sin ax dx . . . (2) 

J a a] v ' 

As an example, let us apply these results to integrate a? 5 sin 2a?. 

on. f -i ! "f i 

Then la: n sin 2a? rfa? = - a? n cos 2a; + - |o? w ~ 1 cos 2a? aa? 

J f 07 ! w -o Wf t . ft , 

and I x n cos 2a? oa: = - x n sin 2a? - \x n ~ l sin 2a? dx 

1 sin 2a? rfa? 
1 



w cos 2a? + - \x* cos 

^2 



5 rl f i 

? + ^ 4 s ^ n 2a? 2 la? 3 sin 2x dx \ 



5 rl 

| 



/y5 ^J^^ f f Q /* "\ 

i/C tJiJL> * I J O I I 

= cos 2a; H sin 2a? 5 4 re 3 cos 2a? + -la? 2 cos 2x dx V 

2 4 I 2 21 J 
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/ x 5 5x 3 \ , 5x* . n 15 fl . f . , ^ 

= f TJ- + Jcos 2x-\ - sm 2x i-x 2 sm 2x \x sm 2x dx\ 



I5x 2 \ . 15 r 1 

2 2 VT~ TV sm 2 * + Y\ - 2* cos 



rjc 



cos 

a; 6 



107. (4) To integrate e sin bx and ^ cos bx. 
Now 1 6^ sin bx dx ^ uv \v du 

where u = sin io?^ du ^ b cos &o? cte 

f ^ 

and dv= <** dx, v - 6^ cfe - 

J a 

Then 1 ^ sin bx dx = - ^ sin feo? -- I ^ cos &# d^?, and 
J a a J 

denoting I tf** sin to rfo? by X and I ef* cos bx dx by Y, 

..... (1) 

v ; 



a a 

Also \e? cos bx dx = uv \v du 

where u = cos to, du= b sin to da? 

f ^ aaj 

and dv = ef dx, v = 1^ do? = 

J ^ 

f 1 & f 

Then 1^ cos to dx = - 0* cos to + - l^ sin to do? 
J a aj 

or Y = -c * cos to + -X (2) 

a a v y 

Thus giving a pair of simultaneous equations to be solved for 
X and Y. 

T 7 TO 

Solving for X, X = - e^ sin to ^ e * cos to 5 X 

a a 2 a 2 



X (a 2 + ft 2 ) = e{a sin to - & cos to} 
# 

" | 



X = -^ r- {a sin to b cos to} 

Cv " | \J 



i* ^*^ A 

or p aflj sin bx dx= _ sin (to a) where tan a = - 
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Solving for Y, Y ---- - c ax cos &r H 6> sin bx -- - Y 
a a 2 a* 

Y(a 2 + b 2 ) = e x (a cos bx + b sin 



Y = -5- rrAa cos bx+ b sin 
a 2 + 6^ l 

f e b 

or 1 &* cos 60? d# = , cos (for a) where tan a = - 

J Va 2 + 6 2 a 

108. For the integration of e ax sin n a? or e^ cos n a?, sin w a? and 
cos w x must be expressed in terms of the sines or cosines of the 
multiple angles of A\ Then each of the integrals will split up 

into a number of integrals each of the form I &* sin bx dx or 

{ef* cos bx dx, and these can be integrated by the previous 
method. In this case though, because it will be necessary to 
work with I e fix sin bx dx and \eP* cos bx dx for various 

numerical values of 6, it is best to establish the results working 
with a and t, and use them as standard forms. 

(a) To integrate e 2x sin 5 a\ 

/ 1\ 5 

Now (2i sin x) r> == ( y -- J , if y = cos x + i sin x 

\ *) * 
82* sin 5 x^y 5 - Btfl + lOw - 10- -t- 5-^ - - r 

y y 3 y 5 



= 2i sin 5x lOi sin 3x + 20i sin x 

and sin 5 x - sin 5a? ^ sin 3# + - sin x 
16 16 8 

f If 5 f 

Then I e* x sin 5 x dx-- I 6 >2a! sin 5x dx I 2aJ sin 8a? da? 

5f 

+ -| 2a: sin x dx and each of these integrals can be determined 

by using as a standard form 

ffift fo 

e x sin bx dx .~ sin (bx a), where tan a = - 



l 

f e* x 5e 2x 

Hence I e 2x sin 5 x dx = ^r= sin (5x a) 7= sin (8a? 

J 16V29 16V13 



53 1 

7= sin (tt? Y), where tan a -, tan p = ~ and tan Y ^ 
8 v 5 ^ <* ** 
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f e~ x ( 1 / 5\ 5 

Then \e^ sin 5 x dx = { 7= sinf 5# tan" 1 - ) -- 7= sin ( 
J 16l\/29 V 2; Vl3 V 



(b) To integrate e* x cos 4 #. 

Now (2 cos ,r) 4 ^ (y + -Y, if ?/ = cos a? + sin a? 

16 cos 4 x = 7/ 4 4- 4j/ 2 + 6 + 4 -5 + -5 

*" 4 



= 2 cos 4# + 8 cos 2(T + 6 

] 1 3 

cos 4 it? = - cos 4a; -1- - cos 2a; H- - 
o 2 8 



Then I e 3 -" cos 4 x dx - - U 3ic cos 4 a? c/^ 1 + - L^ cos 2a; da; 

3 f f 0* 

+ - \tP* &v and using I (P* cos fo-u dt -- ' cos (6r a) 

8 J J var + b- 



where tan a -= -, as a standard form. 
a 



f 

\e 
J 



e* x cos 4 x dx - cos (4,c a) + 7=s cos (2<x B) H -- 
A0 2V/13 



4 2 

where tan a =- - and tan = 



f e^ fl / 4\ 

Then 1 ^ cos 4 a? dc ~ |- cos Ux - tan^ 1 ~J 

4 / 2\ 1 

+ -7= cos (2^ - tan- 1 -) + 1 h 

Vl3 \ 3/ J 

(c) To integrate ^ sin 2 x cos 3 #. 

/ 1\ 2 / 1\ 3 
Now (2i sin #) 2 (2 cos a;) 3 = f ^ -- ) f/y + - j , if y = cos a? -+ i sin x 

\ */ \ *y/ 

- 32 sin 2 cos 3 x-^(i?- 1)" (y/ + i) 

_(,,_, + )(+!) 



= 2 cos 5x + 2 cos 3a? 4 cos 
sin 2 x cos 3 ^ = 2T cos ^ ~" T? cos 8 " T? cos 

o lu 10 
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loo 

Then U 4 * sin 2 x cos 3 x dx 

If If If 

= -I e * x cos x dx I eF* cos 3% dx I e * 



cos 



^ ^ 

cos (# a) cos (3x K) -- 7= cos (5x v) 
80 v ^ 16\/41 IX 



13 5 

where tan a = 7, tan 3 == -, and tan v = -- 
4 r 4 '4 

Hence 



f ^ 4aj f 2 / 1\ 

I c* x sin 2 a? cos 3 x dx = \ 7= cos f a? tan~ x - ) 
J 16lVi7 ^ 4/ 

- cos ( 3x tan" 1 7 ) -- 7= cos ( 5o? tan" 1 T )l 
5 \ 4/ V4i V 4/J 



EXAMPLES XIII 
Solve the following integrals : 

(1) \x 7 log G x dx (2) 

(3) - (4) 



dx 



(5) Jo; 3 (log^) 2 da; (6) fv 

(7) f^e^da! (8) (x*e- 

(9) fe sina! cos 3 x dx (10) |e stoa! sin 2x d.x 

(put sin a; = z) (put sin a; = z) 

(11) fa; 2 sin 2x dx (12) fiC 3 cos 8x dx 

(13) L 4 sin 2x dx (14) fa; 2 sin 2 a dx 

(15) b 3 cos 2 x dx (16) tc 2 sin 3 x dx 

(17) f ^j; 2 cos 3 x dx (18) (V* sin 3x dx 

(19) Je^cosStfda: (20) fe-** sin 2x da 
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(21) j- cos 2x dec (22) \e w sin 2 x dx 

(23) Je 2 * cos 2 x dx (24) fe^ sin 4 as dx 

(25) p cos 4 x dx (26) k-2* S i n 2 x dx 

(27) je- 2a! cos 2 x dx Jp8) ftan- 1 *^ 

(29) Ja; 2 tan- 1 x dx ^(30) [sin- 1 x dx 



CHAPTER XIV 



109. The Meaning of an Integral. 
y 




Let P, Q be two points taken on the curve y=-f(x), Fig. 44, 
and let the co-ordinates of P be x, y, and of Q x + dx, y + dg. 
When the ordinates are drawn to P and Q, the strip PQTS is 
produced, the top part of this strip being bounded by the arc PQ 
of the curve. If the breadth 8x is small, th; strip may be 
approximately taken as a trapezium. 



1 

2 ( 



Area of the strip 



If 8# is taken as being very small, then 

and can be neglected in comparison with y. 

Hence the area of the strip or 8A = y x. 

SA 



is also very small 



Then 



y-- 



So; 



In the limit when $x is made infinitely small 

dA 



Therefore A, the area under the curve, is a function which, 

when differentiated with respect to x 9 will give y. No tegra- 
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tion is the converse of differentiation, it follows therefore, that in 
order to obtain A, y must be integrated with respect to x. 



Then 



A-ji, 



Considering the area KLMN, which is bounded by the axis 
of x, the ordinates at x *= a and x =* b, and the portion KN of 
the curve. Let this area be divided up into a number of thin 
strips, the breadth of each strip being 8#. 

The number of strips will be 5 

QJC 

The area of each strip will be approximately y #. 

Now, when Sx is made very small, Ihe number of strips taken is 
considerably increased, the area of each strip is considerably 
decreased, but at the same time the quantity y 8# represents 
more nearly the true area of each strip. 

In the limit, when Set 1 is made infinitely small, the area of each 
strip becomes infinitely small, but in order to find the area KLMN 
an infinitely great number of these strips must be added 
together. 

Hence A, the area, is the sum of all such terms of the form 
y &P when S# is made infinitely small, or A - ST/ 8x when 8$ 

is infinitely small. But it has already been shown that A - \y dx\ 

therefore I y dx = 2y 8$ when So? is infinitely small. In other 

words, an integral is the limiting value of the sum of an infinitely 
great number of infinitely small terms. 

110. The Definite Integral. It has been shown that the area 
under a curve is given by \y dx, and if the law of the curve 

is known that is, y is given as a function of x this integral 
can be determined and the area expressed as a function of x. 

We have now to consider what we really have when the area 
is expressed as a function of x, for at present we only know that 
it represents the area under some part of the curve. Before the 
value of this area can be found, we have to fix upon its actual 
position with respect to the axes of reference, and this can be 
done by fixing upon the initial and final ordinates. 

Thus, if we erect ordinates at x-= a and x = b (Fig. 44), we 
decide upon the actual position of the area and also fix upon the 
breadth, or the length of the base line. Therefore the values 
x = a and x b are values of x which actually decide what the 
area under the curve will be. ._ . 
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Taking the relation Area = \y dx, and after the integration 

has been performed, x is given the value a, the result will give 
the value of the area HOLK, the area which is bounded by the 
ordinates at x = and x = a, 

Also taking the same relation Area =-- I y dx, and after the 

integration has been performed, a? is given the value ft, the result 
will give the value of the area HOMN, the area which is bounded 
by the ordinates at x - and x = 6. 

Now area KLMN - area HOMN - area HOLK 

- \y dx (when x = b) 1 y dx (when x ~ a] 
or area KLMN - I y dx, where, after the integration has been 

Ja 

performed, x is given the values b and a respectively and the 
difference of the two results is taken. 

We notice now that integration can be performed with respect 
to x over a definite range, or between two definite values of #/ 
These two limiting values of x are spoken of as the superior and 
inferior limits respectively, and the result obtained by replacing 
x by the value of the inferior limit must be subtracted from the 
result obtained by replacing x by the value of the superior limit. 
It must be clearly understood, however, that before we can sub- 
stitute the values of the limits we must have performed the 
necessary integration. 

111. Areas. Let P and Q be two points on a curve (Fig. 45), 
the co-ordinates of P being (a, h) and the co-ordinates of Q being 
(ft, k). Let A be the area bounded by the curve, the axis of x, 
and the ordinates h and k. Let B be the area bounded by the 
curve, the axis of y, and the abscissae a and ft. Then A can be taken 
as the sum of vertical strips of area y 8x taken from x = a to 
x = ft, while B is the sum of horizontal strips of area x $y taken 
from y = h to y = k, 



and A = 1 y dx 

lile B I x dy 
Jh 



while 
A study of the figure will show that 

| y dx+ | x dy + ah - bk 



AREAS 
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As an example, let the law of the curve be y - cx n , where c and n 
are constants. 



Then area A 



- \y< 

c\ x n 

Ja 



dx 




FIG. 45- 

Now h - ca w and fc = cfc n 

Then area B = bk /i area A 





1ft *T~ A 



- a n + 1 } 



= ^T 

The area B can be determined independently. 
For area B = I x dy 

1 i 
dij 



1 Ccb n i 
-T !T 

cn j^ 



This is an awkward integral to evaluate, more particularly on 
account of the nature of the limits, and the work is rendered 
more simple by expressing the integral in terms of x. 
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Since y = cx n 

dy = ncx n ~ l dx 
and x dy = 

Therefore area B = 



b 



= nc I <v n dx 

Ja 

nc 



n 



A comparison of the results for the areas A and B shows that 
if the law of the curve is of the form y = cx n y then the area B is 
n times the area A. 

112. Example 1. Working between the limits x = 2 and x = 3 

r> 

for the curve ?/ = Safe. Find (1) the area bounded by the ordinates 
at x = 2 and x - 3, and (2) the area bounded by the abscissae 
which correspond to the ordinates at x = 2 and x = 3. 



Then area (1) - I ?/ dx 



= 1-2 {3^- 



- 4A/2} 
= 11-92 

and area (2) - fa? rf^ 

9 P ^ 7 i 9 
= 5 I x* dx, since <&/ = -a 



5L J a 

- l-8{!& - 22-} 

- l-8{9\/3-4\/2} 
17-88 
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Example 2. Find the first two points at which the curve 
y = <?-s s in x crosses the axis of a?, and then find the area bounded 
by the curve and the axis of x between these points. 

Now sin x = when x has the values 0, TC, 2rc, etc., and there- 
fore y *= when x has these values. 

The first two points at which the curve crosses the axis of x 
occur when x -=- and when x = TC. 



Then the area =- I y dx 

~ I c~ x sin x dx. 

Jo 

To integrate e~ sin x we must integrate by parts. 
I e~ x sin x dx = uv 10 d?4 

where ^ = sin a?, dw = cos x dx 
and d0 = e~~ x dx, v = -* 

Then I -* sin x dx =- -" sin a? -|- I e'"^ cos x dx ... (1) 

Also I e~ x cos a? dj? ^ uv \v du 

where u = cos a?, du = sin aj d^? 
and di; = e~ x dx, v - -aJ 

Then I ^"^ cos x dx *- ^-^ cos x I ^^ sin x dx ... (2) 
Solving (1) and (2) for \ e~ x sin x dx 
I e~* sin a? da? = ^"^ sin a? 0" cos a? U"* sin a? da? 

1 C . j If . - r . 

and I e~ sin aj cto = 5^ sin a? + e?^ cos a?} 
J 

Then area =- - ^^ sin a? + e~ x cos a? 1 

== - {e-* cos TU 1 } 

x f * ~\ 
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Example 3. Find the area enclosed by the curve xy = 1 and 
the straight line 4i/ + 3o? = 11. 




FIG. 46. 

The points of intersection P and Q have for their co-ordinates 
the values of x and y, which satisfy the equations xy =* 1 and 
4 + 3x = 11. 



Then |(11 - to) = 1 

ll<r 3# 2 4 

3x* - llx + 4 

and x - 0-408, a? - 3-259 

Area = \y dx where y is the length of ordinate between the 
line and the curve. 



Hence area =* I -! T (ll 3o?) j- dx 

J U x) 



3 



[3-259 
408 



( 3 -259 - 0-408) - ( 

7-840 - 3-291 - 2-078 
1-841 



- 0-4082) _ 
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113. Surfaces of Revolution. When an area rotates about an 
axis in its plane, it describes a surface of revolution, and the 
property of such a surface is that any section taken perpendicular 
to the axis of revolution is circular. 
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FIG. 47- 

If the area under a curve (Fig. 47), bounded on the left and 
right by the ordinates at x ^ a and x = b respectively, be made 
to rotate about the axis of x, it describes a surface of revolution, 
and any section of this surface taken perpendicular to the axis 
of x will be circular. 

Hence if this area is divided into a very large number of thin 
strips, each of breadth Sx, each strip will describe a thin cir- 
cular disc. 

The volume of an elementary disc = Tcy 2 Sx. 

The total volume will be obtained by taking the sum of all 
these elementary discs between the limits x a and x = b. 



Total volume -= TU > ' 2/ 2 dx, 

rfMMi^H Cfl 

and, when Sx is made infinitely small, 
for the area A, V ox = TU 1 y 2 dx 

If the area B, that bounded by the abscissae which correspond 
to the ordinates at x = a and x = b, be made to rotate about the 
axis of y, another surface of revolution is described, and the 
section of this surface taken perpendicular to the axis of y will 
be circular. 

Hence if this area is divided into a very large number of thin 
strips, each of breadth Sy, each strip will describe a thin circular 
disc. 

The volume of an elementary disc = rat' 2 8y. 
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The total volume will be obtained by taking the sum of all 
these elementary discs between the limits y -= h and y = A;. 



Total volume = TC ^ 4 c 2 Sy 
<~J v h 

and, when 8# is made infinitely small, 

fk 
for the area B, V oy -- TCI $ 2 dy 

Jh 

When the area A rotates about the axis of y y the surfaces of 
revolution described by the rectangle DQHO, the rectangle 
EPGO and the area EPQD must be considered. 

The rectangle DQHO describes a cylinder of volume Tcb 2 k, the 
rectangle EPGO describes a cylinder of volume Tta 2 h, and the 

f* 
area EPQD describes a surface of revolution of volume TTI & dy. 

Jh 

r/j 
Hence for the area A, V oy -- 7tb 2 k Tra 2 /* TU| # 2 dy 

Jh 

TC/^fc __ ^2^ _^ f X 2 d y\ 

When the area B rotates about the axis of x, the surfaces of 
revolution described by the rectangle DQHO, the rectangle 
EPGO and the area PQHG must be considered. 

The rectangle DQHO describes a cylinder of volume Tik 2 b, the 
rectangle EPGO describes a cylinder of volume Tth-a, and the 

area PQHG describes a surface of revolution of volume TC 1 y 2 dx. 

Ja 
fb 

Hence for the area B, V ox - 7rfc 2 6 - nh 2 a - TC \ y 2 dx 

Ja 

- 7r/A; 2 & - 7Az ~ P i/ 2 dor) 

V. J a 



As an example, let the law of the curve be y co? n where c and 
are constants. 



Then for the area A 



fb 

, V ox - TT I ?/ 2 

Ja 



2n-|-l 



Now ft = ca n and k = ci n 
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rk 

For the area B, V OY n A- dy 

h 

-= TT ncx n+ l dx, since dy = ncx n ~ l dx 



n \- 2 

i* 



For the area A, V oy - TT [b*k - a 2 Ji -fa? 2 dy\ 

Ja J 



TC c6+ 2 - m+ 2 - (6+ 2 - a n + 2 ) 
I n+2 v 



-w -i- 



-JL Y] 

+ 2/J 



I 

r f & 

For the area B, V ox = TT i k*b Ifia - y 1 dx 

V. ^ CL 



= 7: 



Fig. 48 shows these four different surfaces of revolution. 

114. Example 1. In the curve y 5x~, taking A as the area 
bounded by the ordinates at x ^ 1 and x ** 2, and B as the area 
bounded by the abscissae corresponding to the ordinates at x = 1 
and x --= 2, find the volumes of the surfaces of revolution : 

(1) when the area A rotates about the axes of x and y respec- 

tively ; 

(2) when the area B rotates about the axes of x and y respec- 

tively. 

For the area A, V ox - TT 7/ 2 



dx 
- 25?r 1 a? 4 dx 



ft 



- STT 



STI (2 s -1} 
1557T = 486-8 
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P20 

For the area B, V OY = TT x z dy 

J& 



TT 



20 



5*} 
37-57U = 117-8 



10 



B 



FIG. 49. 



c r 20 i 

For the area A, V OY - it \ 20(2) 2 - 5(1) 2 - x 2 dy \ 



== 7r{80~- 5-37-5} 
- 37-57U - 117-8 

For the area B, V ox - TT J2(20) 2 - 1(5) 2 - fV 

= 7r{800- 25- 155} 
= 020TU- 1947 

Example 2. In the curve T/ = e**, taking A as the af-ca bounded 
by the ordinates at a 1 = 1 and x = 2, and B as the area bounded 
by the abscissae corresponding to the ordinates at x = 1 and x = 2, 
find the volumes of the surfaces of revolution : 

(1) when the area A rotates about the axes of x and y respec- 

tively ; 

(2) when the area B rotates about the axes of x and y respec- 

tively. 
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f 2 
For the area A, V ox =- TT I y 2 dx 

Ji 



= 7U 1 



r~ -|2 

"[-1 



= 0-7307 



For the area B, V 



, since dy = 




To integrate x i e~ x . 
\x-e~* dx == 



2 la 



2 - 



\e~* dcr\ 



e~ x x z 2xe~ x 2e~ x 
- e~ x (x- + 2x -\- 2) 



Hence for area B, V OY = TC e- x (x z + 2x + 2) j 



= 1-528 



For the area A, V oy = 7r|e- 2 (2) 2 + L 2 dy - e-* 



- 1 - 10e~ 2 



2-072 
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For the area B, V ox = Tif(e~ 1 ) 2 + (y* dx ~ 2(e?~ 2 ) 2 \ 



- 0-9255 

EXAMPLES XIV 
Find the values of the following definite integrals : 

(1) I (a + bx + ex 2 ) dx 
Jo 

dx 
dx 




r* 

J A 



(7) 1 2" cos 2 a? dte 
Jo 

(9) (? cos a? dx 
Jo 

(11) fV 2 sin a? dx 

Jo 

f2 

(13) (fl+ 6^) dx 
V ; J N ; 

r 

(17) 



pi 
(19) 

J5 



ifa 

J5 

*3 , 

(21) 



(12) T(a u 6 4 ^") 2 dx 

. Jo 




(23) The curve y = a+ &1? 1 ' 5 passes through the points (1, 1-82) 
and (4, 5-32). Find a and b. Find the area under the curve 
between x 2 and a? = 4. 

(24) The curve ?y -= a^ passes through the points (2, 4*2) and 
(8, 10-4). Find a and b. Find the area under the curve between 
x = 4 and # = 8. 

(25) Find the area enclosed by the line 2x + y = 8 and the 
curve ocy ~ 4. 
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(26) The curve y - a -I- be* passes through the points (0, 26-62), 
(1, 35-70), and (2, 49-81). Find the values of a, b, and c. What 
is the value of the area under the curve between x = and x = 1 ? 

(27) The curve y - x 2 1 is cut by the line y ^x +- 5. Find 
the co-ordinates of the points of intersection and the area between 
the line and the curve. 

(28) Find the area enclosed by the axes of reference and the 
curve y 3x 2 8^ 4- 4. Find also the area enclosed by the 
curve and the axis of x. 

(29) Find the area enclosed by the two curves y 2 = 4x and 
x 2 = %. 

(30) Find the first two points at which the curve y = & sin x 
crosses the axis of x y and then find the area bounded by the* curve 
and the axis of x between these points. 

(31) Find the area of the loop of the curve y 2 = x 2 (x + l). 

(32) Find the area enclosed by the axes of reference and the 
curve x = y 2 9?/ + 18. Find also the area enclosed by the 
curve and the axis of y. 

(33) Find the area of the loop of the curve y 2 = >x 2 (x + 4). 

(34) Find the area enclosed by the curve y - Wx 2 41# 4 21 
and the axes of reference. Find also the area enclosed by the 
curve and the axis of x. 

(35) The curve y -- 10 Vx rotates about the axis of x, generating 
a surface of revolution. Find the volume between the sections 
at x = 1 and x - 9. (B, of E., 1908.) 

(33) The curve y = 1 + Q-2x 2 rotates round the axis of x, gener- 
ating a surface of revolution. What is the volume between the 
sections at # = and x - 10 (B. of E., 1912.) 

(37) If the same part of the curve in Question 36 rotates about 
the axis of y, what is the volume of the surface of revolution 
generated ? 

(38) The curve y = ax n passes through the points (2, 7*46), 
(4, 22*72). Find a and n. Let A be the area bounded by the curve, 
the axis of a? and the ordinates at x =- 1 and x = 3, and let B be 
the area bounded by the curve, the axis of y and the abscissae cor- 
responding to the ordinates at x = 1 and x 3. Find the volumes of 
the surfaces of revolution generated by the area A rotating about 
the axes of x and y respectively, and by the area B rotating 
about the axes of x and y respectively. 

(39) The curve y = a + for 1 " 5 passes through the points (1, 1-82) 
and (4, 5-32). Find a and b. Let the curve rotate about the 
axis of x describing a surface of revolution. Find the volume 
between the sections at x 1 and x ---= 4. 

(40) The curve y --= a$ x passes through the points (1, 3-5) and 
(10, 12-6). Find a and b. The curve rotates about the axis of x, 
describing a surface of revolution. Find the volume between the 
sections at x = 1 and x 10. (B. of E., 1913.) 
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(41) Find the volume of the surface of revolution formed by 
that part of the curve y = sin x between x = and x = TT, rotating 
about the axis of x. 

(42) That part of the line y + 2% = 3 intercepted between the 
axes of reference rotates about the axes of x and y respectively. 
Find the volumes of the two cones thus formed. 

(43) That part of the circle a? 2 + / 2 = 25 between x - 1 and x *- 5 
rotates about the axis of x. Find the volume of the zone of the 
sphere thus produced. 

c 2 if 1 

(44) That part of the ellipse + ~ 1 between x = and a? 5 

^?j> y 

rotates about the axis of a?. Find the volume of the surface of 
revolution generated. What would be the volume of the surface 
of revolution generated if the same part of the curve rotates 
about the axis of y ? 

(45) That part of the curve y = x 2 Sx + 15 intercepted be- 
tween the axes of reference, rotates about the axes of x and y 
respectively. Find the volume of the surface of revolution 
generated in each case. 



CHAPTER XV 
115. The Centre of Gravity or Centroid. 




FIG, 51. 

Let an irregular area (Fig. 51) be so placed with reference to 
the axes of x and y, that the co-ordinates of its centroid P are 
x, y. Let this area be divided up into a very large number of 
small areas, a v a 2 , a 3 . . ., situated at the points A, B, C . . . 
respectively, the co-ordinates of these points being (x lf yj, 

The centroid of the two small areas a^ and a 2 can be taken 
to be a point M on the line AB, such that 

a x AM = a 2 BM 

Let the co-ordinates of this point be S lf y v 
Since the triangles AKM and BLM are similar 

AM KM 
BM ML 



x l MI 



But 
Then 
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The two areas a and a 2 can now be replaced by a single area 
(! + a 2 ) situated at the point M, and this can now be combined 
with the third area 3 , the ccntroid of this system can be taken 
to be a point N on the line MC, and if the co-ordinates of N arc 



Then 



(i + *J*i + "3*3 



This fraction is such that the numerator is the sum of the 
moments of the areas about the axis OY and the denominator is 
the sum of the areas. The effect of introducing to the system 
another area a 4 , situated at a point whose co-ordinates are # p y {9 
is to increase the numerator by the moment of that area, and at 
the same time to increase the denominator by that area. 

This process must be continued until all the small areas which 
make up the total area are taken into account 



and 



or 

Working with the ordinatcs y v y^ ?/ 3 , etc., it can be shown in 
a similar manner that 



or Ay = -ay 

The relations Ad? = ^ax, and Ay ^uy enable us to deter- 
mine the position of the centroid P of the whole area. 

116. Let P be the position of the centroid of the irregular area 
(Fig. 52) the co-ordinates of P being I\ ij. 

Let this area rotate about the axis of x, describing a surface of 
revolution. 

Taking the whole area to be built up from a system of small 
areas a lt a 2 , a 3 , 4 , etc., situated at points A, B, C, D, the 
co-ordinates of these points being (^ L Vj), (x^/^ 9 ( x %y^> ( X .\V^> 
then each of these small areas will describe an elementary 
ring, the area a describing a ring of volume 2rca^/ lt the area a 2 
one of volume 27ua 2 y 2 > an< i so on. The volume of the whole 
surface of revolution will be the sum of the volumes of all of 
these elementary rings. 

Then V ox - ^^a^y^ + 2nag/ 2 -! 27ca 3 ?/ 3 + . . . 
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If the area rotates about the axis of y, another surface of 
revolution is described, which can be taken as the sum of a large 
number of elementary rings whose volumes will be 27ca 1 o? 1 , 
and so on. 



Then V oy = 2iia l x 1 + 



+ 2rca 3 x 3 + 



These results can be expressed in this way : " That if an area 
rotates about an axis in its plane, the volume of the surface of re- 
volution generated will be given by the area multiplied by the cir- 
cumferential distance travelled by the centroid in one revolution." 



_ -x^li ^B 




FIG. 52, 

Also if x and y are the co-ordinates of the centroid of a given 
area 

- VOY 



X = 



ox 



and 



These relations enable us to find the position of the centroid, 
providing we know the area and the volumes of the surfaces of 
revolution described as that area rotates about the two axes of 
reference. 

117. Example. The curve y = ox n passes through the points 
(2, 5) and (4, 11). Find the values of the constants a and n. 
Taking A as the area bounded by the ordinates at a? == 2 and 
x = 4, and B as the area bounded by the abscissae corresponding 
to the ordinates at x = 2 and # = 4, find the positions of the 
centroids of the areas A and B. 
Now 5 - a2 n 



2-2 = 2 n , and n - 1-137 



Also 
Then 
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= JL = 2-273 
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y 




A- 



. 53. 



Area A = I y dx 
= a\ x n (Lc 

JZ 



n+ i 

^ f 4,3.137 _ 02-1371 

2-137 1 " ; 

= 15-92 

Area B 44 - 10 - 15-92 
= 18-08 



For the area A, V ox = TT ? 

Ja 



dx 



f 4 

1 I x 

Ja 



Tta 2 x zn dx 



2n+ 
7r(2-273) 2 
"8^274" 
415-9 



F 2n ll 4 

TL lTn J 2 

,3.274 _ 2 3 '274\ 
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For the area B, V OY = re la? 2 dy 

= nna( x n+l dx, since dy = nax n+l dx 

' 



_ itna 

= n+ 2 

TC x 1-137 x 2-273 

3-137 
- 177-5 



143-137 _ 23- 137 } 



For the area A, V oy = TC x 11 x 4 2 - TC x 5 x 2 2 - TC fa? 2 



- 1767T - 207C - 177-5 
= 312-6 



For the area B, V ox - TT x 4 x II 2 - TC x 2 x 5 2 - TU f?/ 2 de 



- 484TC - 50TC - 415-9 

= 947-1 

y 

Finally for the area A, x ^ 

312-6 



27i: x 15-92 
= 3-126 



and for the area B. x 

27TA 



415-9 
2Tr x 15-92 

4-159 
V v 



177-5 



27T x 18-08 
1-563 



947-1 
2TC x 18-08 

8-335 
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Tabulating these results : 
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Area 


Vox 


V oy 


n 


y 


A 


15-92 


415-9 


312-6 


3-126 


4-159 


13 


18-08 


947-1 


177-5 


1-5G3 


8-335 



118. The position of the centroid of a given area may be found 
by direct integration. It has already been shown that if x and y 
are the co-ordinates of the centroid, then 



and y = 

or, in other words, 

Ax = sum of the moments of all the elementary areas taken 
with respect to the axis of y, 

and Ay = sum of the moments of all the elementary areas taken 
with respect to the axis of x. 




Considering the area PMNQ (Fig. 54) bounded by the arc PQ 
of a curve, the axis of x, and the ordinates at x = a and x = b. 
Let this area be divided into a large number of thin strips each 
of breadth S#. 

Then area of one strip = y x 

Moment of the strip = xy S#, since x is the perpendicular 
distance of the strip from the axis OY. 

Then for the whole area, 

^L yg^ft 

Total moment = N xy So? 
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and in the limit when So? is made infinitely small, 
Total moment I xy dx 

Ja 

Hence Ax = I xy dx, where A = I y dx 

Ja Ja 

If the whole area is divided into a very large number of thin 
strips each of breadth 8y 

Then area of one strip = (b x) ST/ 
Moment of the strip = (6 x}y $y 

since y is the perpendicular distance of the strip from the axis OX. 
Then for the area PQR, 



Total moment = > (b x)y 8y 
^ty-h 

and in the limit when $y is made infinitely small, 

Total moment = I (6 - x)y dy 
Jh 

This only gives the moment of the area PQR, and to this must 
be added the moment of the rectangle PRNM, in order to obtain 
the moment of the whole area PMNQ. 

Area of rectangle = h(b a) 



dx 



Moment of rectangle = - h 2 (b a) 

f k 1 f ?> 

Hence Ay = I (6 x)y dy + ~h 2 (b a], where A -= I y 

Jh J a 

The expression for y could also be obtained by taking the area 
as being divided up into thin vertical strips, each of breadth So?. 

Area of one strip = y 8x 
Moment of strip = -y 2 8x 

since -y is the perpendicular distance of the centroid of this 

strip from the axis of x. 

Then for the whole area PMNQ, 



Total moment == ~ ^ y 2 8x 

2<<-S x = a 

and in the limit when # is made infinitely small, 

Total moment = - I y 2 dx 
2 Ja 

1 f 6 f & 
Hence Ay = ~ I y 2 dx, where A = I y 

2 Ja Ja 



dx 

a 



THE CENTROID 



215 



119. Considering the area PLKQ (Fig. 55) bounded by the 
arc PQ of the curve, the axis of y, and the abscissae which corre- 
spond to the ordinates at x -= a and x^b\ let this area be divided 
into a large number of thin strips each of breadth /. 

Then area of one strip = x $y 
Moment of the strip = xy 8y 

since y is the perpendicular distance of the strip from the axis OX. 
Then for the whole area, 



Total moment = 



xy 



Y 
K 

L 


S Q 


X 

1 
i 
i 
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K 1 

J i 

.b r -p-- 
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SniL^-Tr: 



FIG. 55, 

and in the limit when 8y is made infinitely small, 

f fc 
Total moment I xy dy 

' 



Hence 



B// = 1 xy dy, where B 



% pfc 
= I x dy 
h 



If the whole area is divided into a very large number of thin 
strips each of breadth Si#, 

Then area of one strip = (k y) Sx 
Moment of the strip = (k y)x x 

since x is the perpendicular distance of the strip from the 
axis OY. 

Then for the area PQS, 

Zr-5 
(k y)x dx 
x^a 

and in the limit when Sx is made infinitely small, 



Total moment 



I (k y} 

Ja 



x dx 
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This only gives the moment of the area PQS, and to this must 
be added the moment of the rectangle PLKS, in order to obtain 
the moment of the whole area PLKQ. 

Area of rectangle = a(k h) 

Moment of rectangle ^ -o?(k h) 

JL 

fb 1 rk 

Hence BJ? = I (Jc y)x dx + ~a 2 (k 7i), where 13 = I x dy 
Ja * J?i 

The expression for x could also be obtained by taking the area 
as being divided into thin horizontal strips each of breadth $y. 

Area of one strip = x $y 

Moment of strip = -# 2 8y 

JL 

since -x is the perpendicular distance of the centroid of this strip 

from the axis of y. 
Then for the whole area PLKQ, 



Total moment =- - ^ x~ 8y 

" f nt y-h 

and in the limit when $y is made infinitely small, 

1 f fc 
Total moment =- - I x 2 dy 

*Jh 

Hence B$ - I x^ dy, where B = I x dy 

2 J/i Jh 

As an illustration of the application of this method of finding 
the position of the centroid of an area, let us take the curve of 
the previous example, y ^ 2-27&!? 1 ' 137 , and work, as before, with 
x -= 2 and x -=- 4 as the limits for x, and y = 5 and y - 11 for the 
corresponding limits of y. 

It has already been shown that area A - 15-92 and area 
B - 18-08. 

(1) For the area A, and taking vertical strips each of breadth So?. 

Moment of strip = xy So? 



Total moment 

r4 

dx 



f 4 

1 xy dx 

J2 



2 

_ "'"'" f ,13.137 _ t>3.137\ / 

3-137 x '- - * y 

= 49-72 
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Then 



__ 49-72 
*~ 15^92 

= 3-123 

Taking horizontal strips each of breadth Siy, 
Moment of strip = (4 x)y y 



Total moment of area PQR =1 (4 oc}y dy 

f 11 f 4 

= 41 y dy no? \ % 2n dx 

J5 J2 



+ 




FIG. 56. 



3-274 
= 192 - 150-7 
- 41-3 

Moment of rectangle PRMN = 25 
For the whole area, 

Total moment = 41-3 + 25 - 66-3. 
66-3 



^ 
Then 



= 4-164 



Or by taking vertical strips, 



Moment of strip = - y z 

A 
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1 r 4 

Total moment = - I y 2 dx 

^J2 
/?2 I >^2n 

~ 2" J/ 



a 3 r n4 



J. 

|43.274 __ 2 3 - 274 } 



2(2n+ljr J, 

2-273 2 
~~ 2 x 3-274 

= 66-24 

.__ 66-24 
y ' 15-92 

- 4-160 

(2) For the area B, and taking horizontal strips each of 
breadth by. 



Moment of strip = ocy 8y 

f 11 
Total moment - I xy dy 

J 5 

: 2n dx 



Then 



m *n -\ i L 

1-137 x 2-273 2 
^ 3-274 

- 150-7 
150-7 



274 __ 274 



J 18-08 
- 8-335 

Taking vertical strips each of breadth 8x 
Moment of strip - (11 - y)x So? 

f 4 
Total moment of area PQS = 1 (11 y)x dx 

J 



2 

111 x dx a\ x n + l dx 



f 4 f 4 

Ll x dx a\ rc n+1 

J2 J2 



2 
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~ 2^ * '8-187* 

- 66 - 49-72 

- 16-28 

Moment of rectangle PQLK = 12 
For the whole area, 

Total moment = 16-28 + 12 = 28-28 

Tl, - 28 ' 28 

ThCn *" 181)8 

= 1-564 
Or by taking horizontal strips, 

Moment of strip = - x z ?/ 



Total moment - 

* | ~- 

"J 5 

dx 



2 

na 



Then ai = 



2(n + 2) 
1-187 x 2-273 



28-20 
28-26 



|g3.137 _ 23137> 



18-08 
= 1-563 

Example. Find the height of the centroid of the area bounded 
by the curve y = sin x and the axis of x, between the limits x = 

and x = TU. 



y dx 

Jo 



Area 

J< 
(*i 
sin x dx 



= - [cos J 

= (COS 7T 1} 

= 2 
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Taking a vertical strip of breadth $x, 
Moment of strip = - y 2 8# 



Total moment = - | y* dx 

dx 

cos 2x) dx 



I f * 

= - I sin 2 x 
2J 

-;]>- 



Height of centroid = 



TC 
I 

total moment 
area 

7C 

8 



EXAMPLES XV 

(1) ABCD is a square, 5 inches side ; E is a point taken in 
AD such that AE - 3 inches ; F is a point taken in CD such 
that CF = 1 inch. Find the co-ordinates, with reference to the 
sides AB and BC as axes, of the centroid of the figure ABCFE. 

(2) Prove that the centroid of the trapezium, whose parallel 
sides are a and b respectively and whose height is h, is situated 

above the side b at a height of - . 

3 a+ b 

(3) Find the height above the base, of a semicircular area of 
radius a. 

(4) Show that the centroid of a hemisphere of radius a is situ- 
ated on its axis at a distance ' from the base. 

8 

(5) Show that the centroid of a cone is situated on its axis at 
a distance - from the base, where h is the height of the cone. 

T? 

(6) A body is composed of a cylinder with a hemispherical 
base, the radii of the cylinder and hemisphere each being 5 inches. 
Find the height of the cylinder so that the centroid of the body shall 
lie in the surface common to the cylinder and hemisphere. 
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(7) A body is composed of a cone with a hemispherical base, 
the radii of the base of the cone and the hemisphere each being 
5 inches. Find the height of the cone so that the centroid of 
the body shall lie in the surface common to the cone and hemi- 
sphere. 

(8) Find the co-ordinates of the centroid of the section (Fig. 73, 
No. 1) with reference to the axes OX and OY. 

(9) Find the height of the centroid of the section (Fig. 73, 
No. 2) above the base AB. 

(10) Find the perpendicular distance of the centroid of the 
section (Fig. 73, No. 4) from the side AB. 

(11) Find the co-ordinates of the centroid of the section (Fig. 73, 
No. 6) with reference to the axes OX and OY. (The full depth is G".) 

(12) Find the perpendicular distance of the centroid of the 
section (Fig. 73, No. 7) from the side AB. 

(13) Find the distance from the centre, of the centroid of a 
quadrant of a circle of radius 4 inches. 

(14) ABCD is a square, 8 inches side. From the corner D a 
quadrant of a circle, 4 inches radius, is cut away. Find the 
co-ordinates of the centroid of the remainder, with reference to 
the sides AB and BC as axes. 

(15) Find the co-ordinates of the centroid of the area bounded 
by the curve y - 3# 2 , the axis of x, and the ordinates at x 
and x 3. 

(16) Find the co-ordinates of the centroid of the area bounded 
by the curve y # 2 Qx +18 and the axes of reference. 

(17) Find the co-ordinates of the centroid of the area bounded 
by the curve y = cc 2 Qx + 18 and the axis of x. 

(18) Find the co-ordinates of the centroid of the area enclosed 
by the two curves y* -= 8# and x 2 8?/. 

(19) Find the co-ordinates of the centroid of the area bounded 
by the curve y - sVfl, the axis of x, and the ordinates at x -= 2 
and x = 4. 

(20) Find the co-ordinates of the centroid of the quadrant of 

/p2 y2 

an ellipse, the equation of the ellipse being + iL l. 

(21) The curve y =* ax n passes through the points (2, 5-37) and 
(5, 28-62). Find a and n. Find the co-ordinates of the centroid 
of the area bounded by the curve, the axis of x, and the ordinates 
at x -= 2 and x = 5. 

(22) Find the first two points at which the curve y -= e r - sin x 
crosses the axis of x. Find the height above the axis of t r, of the 
centroid of the area bounded by the curve and the axis of x 
between these points. 

(23) The curve y = x 2 + 5 is cut by the line y - 4# + 5. Find 
the co-ordinates of the centroid of the area enclosed by the curve 
and the line. 



CHAPTER XVI 

120. The moment of inertia of a body about an axis is the sum 
of the products of the elementary masses which make up the whole 
body, and the squares of the perpendicular distances of these 
elementary masses from the given axis. 

The moment of inertia of a lamina could be found in the same 
way by considering the elementary areas which make up the 
whole area and the squares of the perpendicular distances of these 
elementary areas from the given axis. 

Thus, if there is a system of elementary masses m l9 m 2 , m 3 , . . . 
whose perpendicular distances from a given axis are x l9 x%, # 3 . . . 
respectively, the moment of inertia of that system about the 
given axis is 7n l x l 2 + m 2 x 2 2 + m 3 x^ 2 + ... or 2 mas 2 . Or if there 
is an area which is made up of a number of elementary areas a l9 
a 2 , a 3 . . . whose perpendicular distances from a given axis are 
x l} x 2) x 3 . . . respectively, the moment of inertia of that area 
about the given axis is a^x-j 2 + a 2 x% 2 + a$v^ -f ... or 2ax 2 . 

The two following examples will illustrate how the expression 
for the moment of inertia is introduced in actual problems : 

(1) A body is rotating about a fixed axis with a uniform angular 
velocity of w radians per second. Taking a small elementary 
mass m l situated at a perpendicular distance x l feet from the 
axis ; in 1 second this mass turns through an angle of w radians, 
and therefore describes a circumferential distance of wx l feet. 

The circumferential velocity of the mass m l = wx l ft. per sec. 

Kinetic energy of rotation = -^m^wx^) 2 ft. pdls. 



The kinetic energy of rotation of the body will be the sum of 
the kinetic energies of all the elementary masses m lt ra 2 , m 3 . . . 
situated at distances x^, x 2 , o? 3 . . . respectively from the axis. 

Hence the total kinetic energy 

^ -m l w 2 x l 2 + -m 2 wx 2 2 + -m 3 wx 3 2 + . . . 



ft. pdls. 
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wiiere I is the moment of inertia of the body about the axis of 
rotation. 

If the whole mass of the body was considered to be concen- 
trated at a point situated at a distance k from the axis, the 
circumferential velocity of this point = kw ft. per second. 

Hence the total kinetic energy = -M/c 2 ^ 2 ft. pdls. 

2i 

Then I - MA: 2 

and k is defined as the " radius of gyration " of the body. 

(2) Considering the case of a lamina immersed in a liquid to 
a certain depth. Then the pressure at any depth is px, where x 
is the depth and p is the weight of unit volume of the liquid. 

Let the whole area be made up of a large number of small 
elementary areas, a,, a 2 , a 3 . . . situated at depths x v x 2 , x% . . . 
respectively. 

Pressure at the depth x l = px l 

Thrust on the area a x = pa l x l 

The resultant thrust on the whole area will be the sum of all 
of the thrusts on the elementary areas. 

Resultant thrust = /o{#i#i + a 2 x 2 + #3^3 + } 

= pAx 

where x is the depth of the centroid of the area below the surface. 
Moment of the thrust on the area a t ~= p#i#i 2 - 

The moment of the resultant thrust on the whole area will be 
the sum of the moments of all the thrusts on the elementary 
areas 

Total moment - p{o>iX^ + a 2 ^ 2 2 + a as 2 + } 

= />! 

where I is the moment of inertia of the area about the free surface. 
If z is the depth of the " centre of pressure/' that is the point 
at which the resultant thrust acts 

_ Total moment 
liien 



Resultant thrust 

^L 

pA.% 



x 
where k is the radius of gyration of the area about the free surface. 
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d OY be 



121. Let P be a point on a lamina about which tl 
dementary area a. (Fig. 57.) V *" ' ' '" 

Let G be the centroid of the lamina, and GX, GY, be two axes 
at right angles to one another, drawn in the plane of the figure. 
The co-ordinates of P with reference to the axes GX and GY 
are x and y. 

Let O be any point in the lamina, and the axes O^jj 
drawn parallel to the axes GX and GY respectively, i 

The moment of inertia of the elementary area Ti ab*uf the 
axis GY is ax 2 , then the moment of inertia of the whole area 
about that axis is 

or 



vl 





FIG. 57. 

Also the moment of inertia of the elementary area a about the 
axis OY is a(x + I) 2 where I is the distance between the two 
parallel axes GY and OY. 



Hence 



OY 



= I 



GY 



I) 2 

+ ZLalx + "Lai 2 
+ ZlLax 
21 A# + 



.......... (1) 

Since Ax = as the axis GY passes through the centroid. 
Similarly if m is the distance between the axes OX and GX, 

then I ox - I GX + Am 2 ....... (2) 

Let GZ and OZ be axes drawn perpendicular to the plane of 
the lamina through the points G and O respectively. 
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Then I oz - 2a OP 2 



ON 2 ) 

But Sa OK 2 = So# 2 + AZ 2 

and Sa ON 2 = 2a*/ 2 + Aw 2 

Hence I oz = a(# 2 + y 2 ) + A(Z 2 + m 2 ) 

- 2a GP 2 + An 2 

- I GZ + An 2 ........ (3) 

where ra is the distance between the axes GZ and OZ. 

It is evident from relations 1, 2, and .3, that if the moment of 
inertia of an area about an axis passing through the centroid 
is known, the moment of inertia about any parallel axis can be 
found by adding the term Ad 2 where A is the area and d is the 
perpendicular distance between the two parallel axes. 

Referring again to Fig. 57, we see that 

I GZ - Sa GP 2 



= I G y + I ox 

Hence, if two axes are drawn at right angles to each other 
through the centroid and in the plane of the lamina, the sum of 
the moments of inertia about these axes will give the moment 
of inertia of the lamina about an axis drawn perpendicular to the 
plane of the figure and passing through the centroid. 

Now, any number of pairs of rectangular axes can be drawn 
passing through the centroid, in the plane of the figure, but for 
any one pair the sum of the moments of inertia is constant. 
Thus, if the moment of inertia about one of these axes is a maxi- 
mum, then the moment of inertia about the axis at right angles 
to it must be a minimum. 

In dealing with questions on moments of inertia, we can there- 
fore work with three well-defined axes. These axes are mutually 
perpendicular and pass through the centroid. Two of these axes 
must be drawn in the plane of the lamina and are such that the 
moments of inertia about them are greatest and least respectively. 
These axes are spoken of as the " Principal Axes of Inertia. " 

A principal axis can also be an axis of symmetry, and if an area 
has one axis of symmetry, this will give one principal axis, and 
the other principal axis can be determined by drawing it through 
the centroid and perpendicular to the axis of symmetry. 

122. Let OX and OY be two rectangular axes drawn through 
the centroid in the plane of a given lamina (Fig. 58), and let 
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OP and OQ be another pair of rectangular axes inclined to the 
first pair at an angle a. 

If G represents the position of an elementary area a, and the 
co-ordinates of G are a? and y with reference to the axes OX and OY, 
then the moment of inertia of the lamina about OX = Sag/ 2 = X, 
and also I OY = Sao? 2 = Y 




Fro. 58. 
With reference to the axes OP and OQ, 

IVf /~^T 2 T> 
QJ> ~ JU> VrJU = X 

I - Sa GH 2 - Q 



and 



L OQ 



Now 



GL - GM - ML 

- GM - KN 

= y cos a x sin a 

and GH - OK + KL 

- OK + NM 

= x cos a + y sin a 
Then GL 2 - (y cos a - a? sin a) 2 

-- y 2 cos 2 a + a? 2 sin 2 a 2 xy sin a cos a 

- y 2 cos 2 a + x 2 sin 2 & xy sin 2a 
Also GH 2 - (a? cos a + / sin a) 2 

a? 2 cos 2 a + 2/ 2 sin 2 u.+ xy sin 2a 

Hence P - Ea GL 2 = cos 2 aSm/ 2 + sin 2 aSa# 2 - sin ! 

- X cos 2 a + Y sin 2 a Z sin 2a 
where Z = "Laxy 

Also Q = Sa GH 2 - sin 2 aZa?/ 2 + cos 2 aZaa? 2 + sii 

= X sin 2 a + Y cos 2 a + Z sin 2a 

Then P - Q - X(cos 2 a - sin 2 a) - Y(cos 2 a - sin 2 a) - 2Z sin 2a 
= (X - Y) cos 2a - 2Z sin 2a 
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If the axes OP and OQ are so chosen that they are the prin- 
cipal axes of inertia, then, if P is a maximum, Q must be a minimum, 
and P Q will be a maximum. 



For P Q to be a maximum - j - - = 

da 

That is, - 2(X - Y) sin 2a - 4Z cos 2oc = 

or Z = - (X - Y) tan 2a 

2 

Thus, if P and Q are the principal moments of inertia, 

P - Q = (X - Y) cos 2oc + (X - Y) sin 2oc tan 2oc 
(P - Q) cos 2a = (X - Y)(cos 2 2a + sin 2 2a) 

= (X-Y) 

Then X - Y = (P - Q) cos 2a 
Also X f Y = P + Q 



X = P f 1 + cos 2o ^ , n f 1 ~ cos 2 

v. J V. 4 

= P cos 2 a + Q sin 2 a 
Also Y - P ( l ~ C 2 S 2a } -)- Q I 1 + C 2 S 2a } 

- P sin 2 a -I- Q cos 2 a 

Therefore if P and Q are the greatest and least moments of 
inertia respectively, taken about a pair of rectangular axes which 
pass through the centroid, the moment of inertia I about any 
other axis passing through the centroid is given by the relation 
I = P cos 2 a + Q sin 2 a, where a is the angle between that axis 
and the axis of greatest moment of inertia. 

123. The Momental Ellipse. Let OX and OY be the principal 
axes of a plane figure and P and Q be the principal moments of 
inertia, P being greater than Q. Let OR be any axis making an 
angle with OX. If I is the moment of inertia of the figure about 
OR, 

Then I = P cos 2 + Q sin 2 

Let the lengths OP, OR, and OQ be measured, to the same 
scale, along the axes OX, OR, and OY respectively, such that 



and 
A being the area of the figure. 
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= 

r 2 A 

= ? cos 2 + sin 2 
A A 

cos 2 sin 2 9 



Then 



r 2 cos 2 r 2 sin 2 , 

5 1 o A 




FIG. 59. 

Let the co-ordinates of the point R, with reference to the axes 
OX and OY, be x and y. 

Then r cos -= x and r sin = y 

Therefore , + ~? = 1. 

p 2 ? 2 

This is the equation to an ellipse whose semi-axes are p and y, 
and the point R must lie on this ellipse. It follows, therefore, 
that if P and Q, the principal moments of inertia, are known, 



then p and 



/A 
= ^y g, 



the semi-axes of the momental ellipse 



can be calculated. This ellipse can then be drawn, and if any 
radius be drawn and its length measured to the same scale as 

A 

p and q, the moment of inertia about that radius = -s. 
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If the principal moments of inertia are equal, then P =- Q, and 
consequently p - q. The momental ellipse becomes a circle of 
radius p, and therefore the moment of inertia about any axis 
drawn through the centroid in the plane of the figure is constant. 

124. The Rectangle. Let OX and OY be two axes drawn 
parallel to the sides and passing through the centroid. These 
are axes of symmetry, and are consequently principal axes of 
inertia. 

Consider an elementary strip of breadth $y drawn parallel to 
the axis OX and at a distance y from it. 
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FIG. 60. 

The moment of inertia of this strip about OX - ay 2 8y where 
a is the breadth of the rectangle. 

b 



Moment of inertia of rectangle about OX = 



~*** y~- 



ay* 



Then I nv = 



ox 



= a I " b l f dl J 
J -5 



3 4 



12 



By dividing the rectangle into strips of breadth S#, drawn parallel 

ba 3 
to the axis OY, it can be shown in a similar manner that I OY = - 
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Let KL be another axis drawn parallel to OX and at a distance 
y from it. 

TK T ab * j; 2 

Then I^T = : - -4- ob */, 



db{^ 



Putting y l - -, this becomes the moment of inertia about the 



side AB, and 



( b 2 b*\ 
I AB = ab | + - j 



Let KM be an axis drawn parallel to OY and at a distance x l 
from it. 

Then I KM = ^ + ab x\ 



a 



Putting x l = ~, this becomes the moment of inertia about the 

JL 



side AD, and 



I AD = ab |^ + ~ J 




FIG. 61. 



The figure shows the rectangle placed in isometric projection, 
OZ being the axis drawn through the centroid perpendicular to 
the plane of the figure. 
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Then I oz = I ox + I OY 



12 



Let PN be an axis drawn parallel to OZ at a distance z t from it. 

2 

Then I PN - I oz + db z 



_ 

Va 2 6 a 
+ -p thi 
^r 



+ -p this becomes the moment of inertia about 

4c ^r 

an axis BQ which is perpendicular to the plane of the figure and 
passes through a corner. 



a 2 6 2 a 2 



- 



If E and F are the mid points of the sides AB and AD respec- 
tively, and ER and FS are axes drawn perpendicular to the plane 
of the figure through these points : 

_ b , ,fa 2 6 2 #h 

Putting z, - g , I ER - &|_ + - + -} 

= ~ 

T> A T , r 2 6 2 2 ^ 

Putting Sl = -, I w = 6(_ + 55 + -j 

= ~ 

125. Example 1. Draw the momenta! ellipse for a rectangle 
2" x 5" and use it to find the moments of inertia about axes 
which pass through the centroid and make angles of 30, 45, 
and 60 respectively, with the smaller side of the rectangle. 

J_ 
12 

- 20-83 
J_ 
12 

3-333 



Then p = I QX = _ x 2 x 5 3 



and Q = I OY = x 5 x 2 s 
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and 
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p = 



= 0-6928 



Q 



These are the semi-minor and semi-major axes of the momental 
ellipse. 




r Z' 

FIG. 62, 



* 



(i) 

(2) 
(3) 



10 



= 0-78 I 30 - __ 



0-91 



= 1-14 



I 10 

45 (0-91) 2 

10 



= 10-44 



= 12-08 



= 7-69 

These results may be verified by calculation for 
I a = P cos 2 a + Q sin 2 a 

I 30 - 20-83 cos 2 30 + 3-833 sin 2 30 
= 16-45 

I 45 . = 20-83 cos 2 45 + 3-333 sin 2 45 
= 12-09 

I^p = 20-83 cos 2 60 + 3-333 sin 2 60 
= 7-718 
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Example 2. For the given section find the greatest and least 
moments of inertia. Draw the momental ellipse for the section 
and use it to find the moment of inertia about the axis OR. 



Y! 



ZTX 



il 



\ I 



/ 



/ 



ObQ 

I 



y 

X 



/ 



FIG. 63. 



= 5-342 = Q 



= 63-48 = P 
The area of the section = 5-75 

and - '"a 



5-75 



1-038 



Also 



fi0 . 



0-445, I 60 . 



29-03 
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126. The Parallelogram and the Triangle. 

(1) Let a be the base and h the height of a parallelogram, and 
let OX be an axis drawn parallel to the base through the centroid. 




FIG. 64, 

Consider an elementary strip of breadth % drawn parallel to 
the axis OX and at a distance y from it. 
The moment of inertia of this strip about OX = ay 2 $y. 

The moment of inertia of the parallelogram about 
fe 

= ^ r Qnfl du 



OX 



V-o 



h 
f!Z 

Iox = * j/ 2 dy 

J A 



A 
-2 



12 



(2) Let a be the base and h the height of a triangle. 

C 





V 

i 




a, 

FIG. 65. 
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Consider an elementary strip of breadth $y drawn parallel to 
the base at a distance y from it. 
If / is the length of this strip, 

I ^a 
h y h 

and I = j (h y) 

fit 

Area of strip = I 8y = r(h y) $y 

li 

Moment of inertia of the strip about AB = y (h y)y 2 $y 

ft 

a C^ 
For the whole triangle I AB = T \(h - y)y* dy 

" Jo 



h!2 



12 

Let OX be an axis drawn parallel to the base and passing 
through the centroid of the triangle. 

_, T T ah(h\ z 

Then I AB = I ox + (-, 

= f^!_^! 
02E ~ 12 18 



~ 36 

Example. Find the principal moments of inertia of the section 
of an angle iron 3J" x 3J" x \", and draw the momenta! ellipse 
for the section. 

XT 13 -71^3 04J 7 

Now T2/ = _. x _ + _x2 = 3^ 

Then ?7= *| X JL = 1=1.058* 

The centroid O is evidently situated on the axis OX, and its 
perpendicular distances from the sides AB and BC are each 
1-058". 
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XT T , 

NOW I AB - - x 3 x + - x -i- - x _ x + 5 

= 7-271 
I OL = 7-271 - 3-25 x (1-058) 2 

= 3-632 
Evidently I OK = I ot = 3-632 

The axis OX, being an axis of symmetry, is a principal axis, 
and by means of lines drawn parallel to OX the section can be 
divided into triangles and parallelograms. 

I 







FIG. 66. 



For the triangle ADE, 



Base = -=, height = 7 =, area = - 
V2 2V2 8 



Distance of centroid from axis OX 



3 



19 



\/2 6\/2 6\/2 
1 1 / 1 \ 3 1 / 19 \ 2 

J[ __ = x X ( I 4- X I 

ox 36 -v/2 ^2V2/ 8 VeyV 



1 361 

~ 1152 + 576 

- 0-628 

For the paiallelogram EDFB 

i 
Base 



U U. 

7=, height = 7-, area = - 
V2 VS 2 
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(12) Find the greatest and least radii of gyration of the section, 
Fig. 73, No. 8. 

(13) Find the principal moments of inertia of the section, 
Fig. 73, No. 9, and find the lengths of the major and minor axes 
of the momental ellipse. 

(14) Find the moment of inertia of the section, Fig. 73, No. 1, 
about an axis passing through the centroid and making an angle 
of 45 with OX. 

(15) A circular lamina of mass 5 Ibs. and radius 5 ft. rotates 
uniformly about an axis perpendicular to its plane and just 
touching its circumference. Find the kinetic energy of rotation 
if the lamina makes 50 revolutions per minute. 

(16) If the lamina in Question 15 rotates uniformly about a 
tangent and makes 50 revolutions per minute, what will be the 
kinetic energy of rotation ? 

(17) Find the radius of gyration, about an axis passing through 
the centre and perpendicular to its plane, of a circular lamina 
of radius a, when the density d is such that d = kx where k is 
a constant and x is the distance from the centre. 

(18) In Question 17, if d = k(a a 1 ) where x is the distance from 
the centre, what will be the radius of gyration about the same 
axis ? 

(19) Find the moment of inertia of the "rustum of a cone about 
its axis, the height being 8 inches, radius of the top 3 inches, 
and the radius of the bottom 5 inches. A cubic inch of the material 
weighs 0-26 Ib. 

(20) ABCDE is a figure made up of a square ABCD, 5 inches 
side, and an equilateral triangle ADE, 5 inches side, the vertex, 
E, of the triangle lying outside the square. Find the greatest 
and least moments of inertia of the figure, and hence find the 
moment of inertia about BD, the diagonal of the square. 

(21) If I is the moment of inertia of an area about a straight 
line in the same plane passing through its centre, and I is its 
moment of inertia about a parallel line in the plane, there J*,, 
rule which enables us to calculate I if we know I . Prp^ the 

rule : If for a circle I is ^r 4 , what is I about a tang^ nt to the 
circle ? (B. of E., 1913.) 
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132. The work of this chapter will be devoted to the considera- 
tion of areas, centroids, and moments of inertia of irregular figures. 

The Trapezoidal Rule. Let the base line be divided into a 
certain number of equal parts and ordinates erected to the curve 
from the points of division. The area is thus divided into a 
number of strips of equal breadth, and for n strips there will be 
n+ 1 ordinates (Fig. 74). 




i i 

t i 


Ui 

f 


lJ 

i 


1 


i 


i ! 

i t 



FIG. 74. 

Let these ordinates be denoted by y lf y 2 , y 3 . . . y n+1 

Let h be the breadth of a strip. 

Considering the first strip, an enlarged view of the upper portion 
of which is shown in Fig. 75 ; by drawing the chord AB the strip 
may be approximately taken as a trapezium, the area of which 

is 2^/1 + 02)- 

If the other strips are taken in the same way, the whole area 
will be approximately equal to the sum of all these trapeziums. 
h. v li e x h, v h. 



Area = ~i 


h 






4- 7/ 2 ) + ~(?/ 2 + y 3 ) + (y 3 + y 4 ) + . . . -(y n + y n+l ) 



- ' 0n)} 



where A - sum of the first and last ordinates 
and li ~ sum of the remaining ordinates. 
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133. The Mid-ordinate Rule. If the mid-ordinate is drawn 
meeting the curve at C (see Fig. 75), and the tangent ECF is drawn 
to the curve at that point, the strip may then be taken approxi- 
mately as a trapezium, the top side of which is the tangent ECF. 
In this case the lengths of the parallel sides of the trapezium are 
not known, but it is evident that the mid-ordinate is half the sum 
of the parallel sides, and therefore the area of the strip is hy{ 
where y{ is the mid-ordinate. It should be noticed that this is 
equivalent to taking the strip as being approximately a rectangle 
the height of which is the mid-ordinate. 



B 




V, 



FIG. 75. 

If the other strips are treated in the same way, the whole area will 
be approximately equal to the sum of all these equivalent rectangles. 

Area = h(y[ + & + & + . . . y' n ) 

= breadth of strip x sum of the mid-ordinates ... (2) 

For good work it is not safe to use these rules separately, but 
it is better to take the mean of the results obtained by working 
with each. The reason for this may be seen from a study of 
Fig. 75. Using the trapezoidal rule for that strip will give a 
value for the area in excess of the true value by an amount equal 
to the area ACB. Using the mid-ordinate rule for the same 
strip will give a value for the area which is less than the true 
value by an amount equal to the sum of the areas AEC and BFC. 
The errors thus involved are opposite in nature, and by taking 
the mean of the two results there is the tendency for these errors 
to neutralise each other. 

134. Simpson's Rule for an Odd Number of Ordinates. 

Let the base line be divided into an even number of parts and 
the ordinates drawn to the curve from the points of division 
(Fig. 76). The figure is thus divided into an even number of 
strips of equal breadth. 
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Let h be the breadth of a strip, 2n the number of strips, and 

l<i> y*>y* v y*n> y*n+i the ordinates. 

Considering the first two strips, the ordinates for which are 
y v i/ 2 , and t/ 3 . Let OX and OY, the axes of reference, be so 
chosen that the ordinate y% coincides with the axis OY. There- 
fore, with reference to ;hese axes the co-ordinates of the points 

A, B, and C will be ( h, y^ y (0, z/ 2 ), and (h y 7/ 3 ) respectively. 
Let that part of the curve which passes through the points A, 

B, and C be represented by the equation y = a + bx + ex 2 where 
a, 6, and c are constants. 

These constants can be expressed in terms of the ordinates. 

For when x = h, y = y l9 and y l = a - bh + ch 2 
when x = 0, y - j/ 2 , and y 2 = a 
when x = h, y == 7/ 3 , and ?/ 3 = a + bh + ch 2 




FIG. 76. 



Then 



and c=^{y 1 -2y z - 

Denoting the area of the first two strips 

f h 
Then A i H yd 

J -h 



by A x , 



(a + 6^? + ex 2 ) dx 



h 
-ft 
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This gives the area of the first two strips in terms of the ordi- 
nates y l9 1/ 2 , and ?/ 3 . Taking the other strips in pairs and treating 
each pair in a similar manner, 

h , . . 

+ 2/3> 



A = 



Hence total area 






where A = sum of the first and last ordinates 
B = sum of the even ordinates 
C - sum of the remaining odd ordinates. 

It should be noticed that as this rule has been obtained by 
adding the strips in pairs, it can only be used when the figure is 
divided into an even number of strips and then there must be 
an odd number of ordinates. 

135. Simpson's Second Rule. There is no such general rule 
that can be applied when the figure is divided into an odd number 




FIG. 77. 

of strips, for the nature of the rule must depend upon the number 
of strips taken at a time. 
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Let three strips be taken together, and let the axes of reference 
be so chosen that the axis of y comes midway between the ordi- 
nates y 2 and y 3 (Fig. 77). 

The curve must pass through the four points A, B, C, and D, 
and will be of the form y = a + bx + ex* + da? where a, 6, c, and d 
are constants. 

When x - - ' y = y l y l = a - -6ft + -eft 2 - dh 3 . . (1) 

^ j & o 

h _ i i 2 i 3 

h ! 1 ,., 1 _ .. 

=" 5 y = Vs 2/3 = + o Wi + ^ c/i " + rf/i ( 3 ) 

^w A < O 

3ft 3 17 9 70 27 

IT *~" 7/ ~~ 7V 7/ ^^= /T'j I - ~~/y// ' I ' f*/^" - 1 - 

!*j 12 4 i 

and these equations can be solved for the constants. 

fir 

Area of the three strips =- I y dx 

J -r.ft 



a + bx + ex 2 + dx*) dx 



r i i i ~i- 

- \ax + 5 6^ + ~6'0? 3 + 7 <iz 4 

L ^ 4 J-3/t 



A, = 3aft + T 
4 

Thus to express Aj in terms of the ordinates, it is only necessary 
to find the constants a and c. 

g 
Adding (1) and (4) y l + i/ 4 = 2a + ~cft 2 

Adding (2) and (3) 7/ 2 + ^ 3 - 2a + -eft 2 

^ 

Then y l + y - y z - 

1 , 

or c = {^i ~ 2/2 



Also 9(?/ 2 + y 3 ) - (?/! + ?/ 4 ) = 16a 



or a = { - 
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9t/ 3 - yj + (^ -y z -y 3 



J. 



3h 



If A 2 be the area of the next three strips, 
Sh 



and 



A = -- 



3/i 

A = - 



where 3w is the number of strips into which the figure has been 
divided. 



Hence 



Total area = A x + A 2 + A 3 + . . . A M 



8 



A = sum of the first and last ordinates 

B- 2/ 2 + 2/3+ 2/5+ 2/6+ - 2/3n-l + 2/ 



where 



This rule cannot be used in the same general manner as the first 
rule, since from the nature of its formation, in taking three strips 
at a time, the number of strips into which the figure is divided 
must be a multiple of three. 

In actual practice the result is too approximate if the figure is 
divided into a number of strips less than 10, and for a number 
greater than 10 Simpson's second rule only provides for the few 
cases when the number of strips is 15, 21, 27, etc. 

136. The Prismoidal Rule. Simpson's first rule can be applied 
to find the volume of the frustum of a pyramid or a cone, a wedge, 
or to any solid in which the area of a section taken parallel to 
the base is proportional to the pquare of the perpendicular dis- 
tance of that section from the base. 

Taking the case of the frustum of a rectangular pyramid of 
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height h, the sides of the base being a and b. Let H be the height 
of the imaginary vertex, and let k and / be the sides of the 
rectangular section at a distance x from the base. 







Then 

ds b ~ ~HT' 

Thus the area of section = kl. 




a 




FIG. 79. 

If the curve connecting x and A is drawn between the limits 
x = and x = h (Fig. 79), the area under this curve will give the 
volume of the frustum, but the curve is a parabola, and as 
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Simpson's rule is derived from such a curve, the rule can be 
applied by dividing the area into two strips of equal breadth. 

The breadth of each strip is -. 



Let the ordinates be y v y 2 , and j/ 3 . 



Then 
where 



The volume 



-(y + 4?/ 2 + y 3 ) 



y l = area of the base 

7/3 = area of the top 

7/2 = area of the mid-section. 



137. The Centroid. In dealing with a closed, irregular figure, 
the figure can be enclosed in a rectangle and two adjacent sides 
of this rectangle can be taken as the axes of reference. The 
position of the centroid of the figure can then be determined with 
respect to these axes. 




A X 



FIG. 80. 



Let an irregular figure (Fig. 80) be enclosed in a rectangle OABC, 
and let the base OA be divided into n equal parts, and the figure 
divided into n strips of equal breadth by lines drawn through the 
points of division, perpendicular to OA. Let b be the breadth 
of each strip, and y ly 7/ 2 , t/ 3 . . . y n the mid-ordinates of the strips. 

Taking the first strip and treating it as a rectangle, 

Area of the strip = by 



Distance of centroid of the strip from OY 



b 

2 



Moment of the strip about OY 
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Taking the second strip and treating it as a rectangle, 
Area of the strip by% 

Distance of the centroid of the strip from OY = 

& 

o 

Moment of the strip about OY = -& 2 2/2* 

2 

The whole area will be obtained by taking the sum of all these 
strips. 

A- %i + 2/2 + 2/3-1- . . . y lt ) 

The moment of the whole area will be obtained by taking the 
sum of the moments of all these strips. 

... _- JL -. rt O i rt O i n iv ~~~~ JL 

MOY - b ^ + 2 6 ^ + 2 



If 5 is the perpendicular distance of the centroid from the 
axis OY, 



2 2/i + 2/2 + 2/3 + 2//> 

If the area is made to rotate about the axis OY describing a 
surface of revolution, 



M oy 



V oy = 



Let the side OC be divided into n equal parts and the figure 
divided into n strips of equal breadth by lines drawn through 
the points of division, parallel to the axis OX. Let a be the 
breadth of each strip, and x lt # 2 , o? 3 . . . x n the mid-ordinates 
of the strips. 

Then A = a(x^ + x% + # 3 + . . . M H ) 

a 2 

M OX ^ 2" (^1 + S 2 + 5 3 + - ( 2 N - l )n] 

If y is the perpendicular distance of the centroid from the 
axis OX, 

- MOX 
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If the area is made to rotate about the axis OX describing a 
surface of revolution, 



V ox = 



= rca 2 ^ + 3a; 2 + 5x s + . . . (2n l)x n } 

138. The Moment of Inertia. Considering the figure (Fig. 80) 
to be divided into vertical strips, each of breadth b, and y lt y z , 
V* - y being the mid-ordinates of the strips. 

Taking each strip as a rectangle, 

Moment of inertia of the first strip about the axis OY = I 1} 



and I I = i 3 ?/! + %! x ( ~ 

1 



For the second strip I 2 - b*y 2 + % 2 x \^} 






For the last strip I n = b 3 y n + by n x ^ n ~ j 



n n 

(2n-l) 2 



The moment of inertia of the whole figure about the axis OY 
will be obtained by taking the sum of the moments of inertia 
of all these strips. 

b 3 b 3 

I OY= jg (2/1 + 2/2 + 2/3+ 2/} + ^ (2/1 + %2 + 2 %3 

+ ...(2 -!)**/} 
= j2 A +J^i +%2+ 25I/3+ (2w-l) 2 t/ n } 

If the figure is divided into horizontal strips each of breadth 
a, and x lt x 2 , x s . . . x n are the mid-ordinates of the strips, 

Then 

a 3 a 3 






+ . . . (2 -!)*} 
A + r {*! + 9aJ 2 + 25a? 3 + . . . (2n 
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139. In dealing with irregular figures, the work is rendered much 
simpler by adopting a tabular method of working, and this will 
be seen by a consideration of the following example. The given 
irregular figure (Fig. 81) is contained in a rectangle whose base 
is 9 inches and height 6 inches. The figure is divided into 10 
vertical strips each of breadth 0-9 inches, and 10 horizontal 
strips each of breadth 0-6 inches. The mid-ordinates of these 
strips have been measured, and are given in the tables below. 

(1) Working with the vertical strips : 



y n 


(2-l)& 


(2-l)"Sk 


2-46 


2-46 


2-5 


3-96 


11-88 


35-6 


4-52 


22-60 


113-0 


5-10 


35-70 


249-9 


5-73 


51-57 


464-1 


5-94 


65-34 


718-7 


5-53 


71-89 


934-6 


4-38 


65-70 


985-5 


3-02 


51-34 


872-8 


1-79 


34-01 


646-2 


42-43 


412-49 


5022-9 



The breadth of the strip b = 0-9 
Then Area = 42-43 x 0-9 
= 38-19 sq. in. 



0-9 412-49 

* " 



= 4-374 in. 

V oy = TT x (0-9) 2 x 412-49 
= 1059 cub. in. 

(0-9) 3 tn tn (0-9 

lor-Sr x 42 - 48 ^ 

= 917-8 inch units 



x 5022-9 
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(2) Working with horizontal strips : 



* 


(2n - l)x n 


(2n - l)j? w 


2-00 


2-00 


2-0 


5-22 


15-66 


47-0 


6-62 


33-10 


165-5 


8-44 


59-08 


413-6 


8-95 


80-55 


724-9 


8-88 


97-68 


1074-5 


8-29 


107-77 


1401-0 


7-12 


106-80 


1602-0 


5-02 


85-34 


1450-8 


2-98 


56-62 


1075-8 


63-52 


644-60 


7957-1 



The breadth of the strip a = 0-6 
Then Area - 63-52 x 0-6 
= 38-12 sq. in. 

__ 0-6 644-6 
y IT X 63-52 

= 3-045 in. 

Vox = * x (0-6) 2 x 644-6 
= 729-1 cub. in. 

(0-6) 3 
IGX = -~ x 63-52 + 

= 430-8 inch units 



x 7957-1 



140. The Derived Figures. Let an irregular figure be enclosed 
in a rectangle, and two adjacent sides OM and OL be taken as 
the axes of reference (Fig. 82). 

Let P be the point where the axis OX touches the boundary 
of the figure. 

Let the irregular area be divided into a large number of hori- 
zontal strips each of breadth y. 
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,t the length of one of these strips be AB, the perpendicular 
.^stance of this strip from the axis OX being y. 

The area of the strip = AB 8y 

The moment of the strip about OX - AEy $y 

Let QT be the projection of AB on LN and the lines PQ and 
PT drawn cutting AB in A l and Bj respectively. 




FIG. 82. 



Then if h is the height of the rectangle, 
By similar triangles -r- = l l 



y 



or 



and 



y AB - h 



since AB - QT 



Hence the moment of the strip about OX =- hA l B l $y. 
The moment of the irregular area about OX would be obtained 
by taking the sum of the moments of all these strips, 



and 



M ox = SAB y 



Now SA^j 8y is the area of the figure obtained by joining 
all the points derived in the same manner as A x and Bj for 
different positions of the horizontal line AB between the limits 
y ~ and y = h. This figure is spoken of as the " first derived 
figure." 

Then M ox = h x area of the first derived figure 
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If y is the perpendicular distance of the centroid from the 
axis OX, 

M ox 



Then jj 



area 

h x area of the first derived figure 



area of the figure 

Let RS be the projection of A t B t on LN and the lines PR and 
PS drawn cutting A^! in A 2 and B 2 respectively. 

By similar triangles -r- = - 

ii y 

Then h A 2 B 2 = y RS 

- y AjBj, since RS = A.^B 

- ? AB, since y AB - h A^ 

and h* A 2 B 2 = if AB 

Hence 7* 2 A 2 B 2 ST/ - AB if $y 

But AB 7/ 2 Sy is the moment of inertia of the strip about 
the axis OX. The moment of inertia of the irregular area about 
OX would be obtained by taking the sum of the moments of 
inertia of all these strips, 

and I os = SAB tf *y 



Now SA 2 B 2 &/ is the area of the figure obtained by joining- 
all the points derived in the same manner as A 2 and B 2 for 
different positions of the horizontal line AB between the limits 
y = and y = h. This figure is spoken of as the " second de- 
rived figure/' 

Then I ox = Ti 2 x area of the second derived figure 

If K is the point where the axis OY touches the boundary of 
the irregular figure and vertical lines are drawn across the 
figure, then by working with the projections of these lines on NM, 
the other pair of derived figures can be obtained, 

Jc x area of the first derived figure 

and so *= - , . u ~ - 

area of the figure 

I OY = k 2 x area of the second derived figure 
when Jc = OM, the length of the rectangle. 

141. Working with the irregular figure given in the previous 
example, and let this figure be divided into 10 horizontal strips 
of equal breadth and the mid-ordinate of each strip drawn. 
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Find for each mid-ordinate the corresponding points on the de- 
rived figures (Fig. 83), and in this way the corresponding mid- 
ordinates of the derived figures can be found. 






*J 


T " 

x n 


2-00 


0-11 


0-01 


5-22 


0-78 


0-12 


6-62 


1-58 


0-42 


8-44 


2-98 


1-06 


8-95 


4-01 


1-79 


8-88 


4-82 


2-66 


8-29 


5-35 


3-46 


7-12 


5-30 


3-95 


5-42 


4-24 


3-59 


2-98 


2-84 


2-70 


63-52 


32-01 


19-76 



Breadth of strip = 0-6" 

Area of figure = 63-52 x 0-6 - 38-12 sq. in. 

Area of first derived figure = 32-01 x 0-6 = 19-21 sq. in. 

Area of second derived figure = 19-76 x 0-6 = 11-86 sq. in. 

- 19-21 



- 3-024 in. 

I ox - G 2 x 11-86 

427-2 inch units 

Dividing the irregular figure into 10 vertical strips (Fig. 84), 
and working in the same way with the mid-ordinates of these strips : 



y. 


//,/ 


y/ 


2-46 


0-14 


0-01 


3-96 


0-58 


0-09 


4-52 


1-15 


0-28 


5-10 


1-78 


0-64 


5-73 


2-59 


1-16 


5-94 


3-30 


1-82 


5-53 


3-61 


2-36 


4-38 


8-28 


2-48 


3-02 


2-60 


2-21 


1-79 


1-72 


1-64 


42-43 


20-75 


12-f.O 
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Breadth of strip = 0-9" 

Area of figure = 42-43 x 0-9 = 38-19 sq. in. 

Area of first derived figure - 20-75 x 0-9 = 18-67 sq. in. 

Area of second derived figure = 12-69 x 0-9 = 11-42 sq. in. 

18-67 

- 4-399 in. 
I OY =- 9 2 x 11-42 

= 925-1 inch units 



EXAMPLES XVII 

(1) The following values of y and x being given, tabulate 
and y 8x in each interval. If y S# be called SA, tabulate the 
values of A if A is where x - 0. (B. of E., 1905.) 



X 





01 


0-2 


0-3 


0-4 


0-5 


0-6 


0-7 


0-8 


0-9 


y 


1 128 


1-501 


1-691 


1-820 


1-947 


2-071 


2-193 


2-314 


2-431 


2-547 



(2) By tabulation give approximately a table of values of 
-p and \y dx if the following values of x and y are given. 
(B. of E., 1908.) 



X 





0-OL 


0-02 


0-03 


0-04 


0-05 


0-06 


0-07 


0-08 


0-09 


y 


1-2679 


1-3640 


1-4603 


1-5774 


1-7002 


1-8391 


2-0000 


21918 


2-4281 


2-7321 



(.3) The following values of x and y being given, tabulate 
in each interval, also SA = y # and A = \y dx. (B. of E., 1910.) 



X 





01 


0-2 


0-3 


0-4 


0-5 


0-6 


0-7 


0-8 


y 


6-428 


7-071 


7-660 


8-192 


8-660 


9-063 


9-397 


9-659 


9-848 



(4) The diameter of a circle of 5 inches radius is divided into 
20 equal parts, and ordinates are drawn to the circle from each 
point of division. Calculate the lengths of these ordinates. Find 
the area of the circle (1) using the Trapezoidal Rule, (2) using 
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(5) The following values of a and y give the co-ordinates of a 
number of points on a curve. Plot the points and draw the curve. 



x inches 





0-8 


1-9 


31 


4-3 


5'5 


6-6 


7'9 


9'0 


y inches 


2'00 


210 


> V 2'32 


2-69 


3-11 


3-09 


4-30 


5-17 


6-00 








y.\ 















Take the area bounded by the curve, the ordinates at x = 
and x = 9, and the axis of x. By dividing this area into 18 vertical 
strips of equal breadth, find (1) the area, (2) the distance of the 
centroid from the axis of y t (3) the volume of the surface of re- 
volution generated as the area rotates about the axis of y, (4) 
the moment of inertia of the area about the axis of y. 

(6) Divide the area in Question 5 into 12 horizontal strips of 
equal breadth, and find (1) the area, (2) the height of the centroid 
above the axis of x 9 (3) the volume of he surface of revolution 
generated as the area rotates about the axis of x, (4) the moment 
of inertia of the area about the axis of x. 

(7) In the figure of Question 5 take P, a point on the axis of x, 
so that #.= 4 5. Use this point to draw the first and second derived 
figures. Find the areas of these figures and use your results to 
find (1) the height of the centroid above the axis of x, (2) the 
moment of inertia of the area about the axis of x. 

(8) In the figure of Question 5 take Q, a point on the axis of y, 
so that y = 2. Use this point to draw the first and second derived 
figures. Find the areas of these figures, and use your results to 
find (1) the distance of the centroid from the axis of y, (2) the 
moment of inertia of the area about the axis of y. 

(9) The following values of x and y give the co-ordinates of a 
number of points on a closed curve. Plot the points and draw 
the figure. 



x inches 





0-5 


I'O 


1-5 


2'0 


2-5 


3'0 


3-5 


4'0 


4-5 


5-0 


5T> 


G'O 


G'5 


7'0 


7 '5 


8'0 


/ inches 


2-0 


3'32 


0-35 


4-35 


0'09 


5'QO 





5'53 


0-09 


5-88 


0'3() 


6-0 


0-59 


570 


1-05 


4-71 


3'50 



By dividing the figure into 16 vertical strips of equal breadth, 
find (1) the area, (2) the distance of the centroid from the axis of 
y, (3) the volume of the surface of revolution generated as the figure 
rotates about the axis of y t (4) the moment of inertia about the axis 
oft/. 

(10) By dividing the figure of Question 9 into 12 horizontal strips 
of equal breadth, find (1) the area, (2) the height of the centroid 
above the axis of x, (3) the volume of the surface of revolution 
generated as the figure rotates about the axis of x, (4) the moment 
of inertia about the axis of x. 
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(11) In the figure of Question 9, take P as the point of contact of 
the bounding line of the figure and the axis of x. Use this point to 
draw the first and second derived figures. Find the areas of these 
figures, and use your results to find (1) the height of the centroid 
above the axis of x, (2) the moment of inertia about the axis of x. 

(12) In the figure of Question 9, take Q as the point of contact of 
the bounding line of the figure and the axis of y. Use this point to 
draw the first and second derived figures. Find the areas of these 
figures, and use your results to find (1) the distance of the centroid 
from the axis of y, (2) the moment of inertia about the axis of y. 

(13) Draw a circle of 3 inches radius, and let PT be a tangent 
to the circle, P being the point of contact. Using this point P, 
draw the first and second derived figures. Find the areas of these 
figures, and use your results to find the height of the centroid 
above the tangent PT, and the moment of inertia about that tan- 
gent. Verify your results. 

(14) The co-ordinates of five points A, B, C, D, and E are (1-5, 0), 
(3-5, 0), (6, 3-5), (2, 6), and (0, 2-5) respectively, and these are the 
five angular points of a polygon ABCDE. Plot the points and 
draw the polygon. Let P be the mid-point of the side AB. Using 
this point, draw the first and second derived figures, and find 
their areas. Use your results to find the height of the centroid 
of the polygon above the side AB and the moment of inertia about 
the side AB. 

(15) The top of a reservoir is a rectangle of sides 2a and 26, 
the depth is ft, and the sides are inclined to the horizontal at 45. 
Prove that the volume contained by the reservoir is 



(16) A wedge has a rectangular base 24 inches by 16 inches and 
the height is 6 inches. The faces corresponding to the larger 
sides of the base are inclined to the horizontal at 45, while those 
corresponding to the smaller sides are inclined to the horizontal 
at 60. Find the volume of the wedge. 

(17) In Question 16, what would be the height of the wedge so 
that the top surface becomes a straight line ? What is the length 
of this edge and what is the volume of the resulting wedge ? 

(18) The basis of Simpson's Rule is that if three successive 
equidistant ordinates (distant h apart), y v y 2 , y 3 , are drawn to 
any curve, the three points may be taken as lying on the curve 
y = a + bx + ex*. Imagine y 2 to be the axis of y, so that ( ft, f/x), 
(0, 2/2)* an d (^ 2/3) are the three points. Substitute these values 
in the equation, and find a and c. Integrate a+ bx+ ex 2 between 
the limits ft and ft and divide by 2ft. This gives the average 
value of y. Express it in terms of y l9 y 2 , and y 3 . (B. of E., 1907.) 



CHAPTER XVIII 

142. Lengths of Curves. If P and Q are two points taken very 
close together on a curve, the length of that part of the curve 
between P and Q being 8s. Then 8s can be taken approximately 
as the hypotenuse of a right-angled triangle, the base of which 
is 8x and the perpendicular 8y. The smaller 8% is made the more 
.nearly true does this approximation become, and it becomes 
actually true when 8cc is made infinitely small. 

Then 8s 2 = So; 2 + 8y 2 

(IT r 



^ i 

and also 
In the limit when 8x is made infinitely small, 



V + W 






Thus, to get .9, the length of a certain portion of the curve, 
the first of these expressions must be integrated with respect 
to x between assigned limits, or the second expression must be 
integrated with respect to y between assigned limits. 



Then 







Example 1. Find the length of the arc of curve of y 2 = Sap 
between the limits x 1 and x = 3. 

y = 

d y - 

ox 
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Then /i + f^V = /i TQ- 

ps . 

dx 



I 

a 



a 
Let z = 1 + 

dz = I8dx 

I f55 

and s 1 j 

1J 19 

i r 



i r n 55 

"" 27 r J 19 



= 12-05 

Example 2. Find the length of the arc of the curve t/ 2 
between the limits x = 2 and # = 4. 

The limits for y are ^ = 4 and y = 4 V2. 

?v 2 
Now x - |- 

^ = ^ 

dy 4 



16 V 

1 f4V2" 

Then 5=^1 Vl6 + y*dy 

Put y* = 16 sinh 2 

and Vl6 + y z = 4 cosh 

dy = 4 cosh rfO 

Then s = 4 [cosh 2 d0 

= 2 [(1 + cosh 20) dQ 
= 2 [0 + i sinh 201 
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y+A/16 + 1/ 2 yVl6 



4 



- 2 [log. 



16 



4 + 4\/2 16A/6 16V2-1 

- log 1 

b 4 +16 16 J 



o f lnor A/2 + V3 

ge 



= 2(0-2648+ 1-0353} 
= 2-6002 

143. The Sag in a Telegraph Wire. Let I be the half span, 
d the sag, and s the whole length of the wire, and suppose that 
the resulting curve is a parabola whose equation is # 2 = 4m/. 




O 
FIG. 85, 

Now when x = /, y = d. 

Hence / 2 - 4ad 

and a = -n 



Also 



^ = 4^ 
dy _ x 
dx 2a 



4a 2 



r* / 

Then length of wire = $ = 2 A/ H 

J o > 

= - A/ 



4a 2 



do; 



Put ^ 2 - 4a 2 sinh 2 

Then A/4a 2 + a? 2 - 20 cosh 
and <fo = 2a cosh rf 
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Hence s = 4a 



= 2a 



cosh 2 



(1 + cosh 20)d0 
2a[0 + I sinh 201 



. , t ac* + 4a 2 

2a sinh- 1 -\ 3 

2a 4a 2 



c 2 + 4a 2 "| 
4a 2 J 



V a; 2 



2a 



L 



= 2a["log f {a+ Va 2 + 1 } + aVa 2 + ll 



where 
Now 



a 



2a 



and since d is very small compared with I, y. is very small com- 
pared with 1, and (1 + a 2 )i =* 1 + -a 2 approximately. 



Hence s = 2a[log/l + a + ^) + a(l + ^ 

L \ ^ / \ 



22 



2 



= 2a 2a + -a 3 neglecting the higher powers of a 



21 



13 



Then 
and 
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This result can be obtained in quite a different manner. For 
since the sag d is very small compared with the half-span I, the 

cLij 
curve is one of very small slope, and -p is therefore very small 

for any value of x between and I. 



Hence 



U + (-r 
I \dx 



= 1 + ^ 



approximately 
rr 



Then 



s = 



2-*) die 



= 21 



P 
12 2 



and 



d - 
2 



144. /Jrm.9 of Surfaces of Revolution. Let PQ be a small arc of 
the curve of length 8s, and this may be approximately taken as 
a small chord of length 8s. (Fig. 86.) 




OC 



FIG. 86. 



The area described as this chord rotates about the axis of x 
is the small part of a conical surface. This area cavn be taken as 
the difference between the curved surfaces of the two cones, 
one whose slant side is CQ and the radius of the base is 
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QS, and the other whose slant side is CP and the radius of the 
base is PR. 

Area of elementary surface - rc(CQ QS - CP PR) 

= n{l8y+y8s + 8s 8y} 

By similar triangles ~ - / 

I os 

and I 8y = y 8s 

Hence SS - 2mj 8s 

Area of the whole surface = 2rc ^ y 8s 

S - 2n\y ds 



LJ c o f ds j t, ds L d v\ 

Hence S = 2-K \ if -7- dx. where -7- = V 1 + ( -r^ 

J/ dx dx * \dxJ 

and also S - 2?r I y ^ dy, where -f -= A/I + ( J^ ) 

J& dy rf/ v \dy/ 



Example. Find the area of the surface described by the arc 
of the curve y 2 - 8#, between the limits x = 2 and a? = 4, rotating 
about the axis of ^. 

The limits for y are y - 4 and ?/ = 4\/2. 

?/ 2 

/M _ \' 

*-- 



Hence S = 



t^ 



= -j J 2/V16 + y 2 dy 

Put z - 16 + t/2 

Then dz = 2 y dy 
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and 



4 L3 



I [(16 + iflfl 4 2 
o L -1 4 



6 

327t 

3 
79-36 



(3 A/3 - 2V2} 



145. Let the whole arc of a curve be divided into a very large 
number of small elementary arcs. 




O 



Let l v Z 2 > / 3 



FIG. 87. 



#2* #3 



be the lengths of these arcs, 
their distances from the axis OY, 
and y l} y 2 , ?/ 3 . . . their distances from the axis OX (Fig. 87). 

Let the whole area rotate about the axis OX and S ox be the 
area of the surface of the resulting surface of revolution. 
The elementary length Z x will describe a surface of area 
The elementary length Z 2 will describe a surface of area 
The total surface will be the sum of all these elementary 
surfaces. 

Hence S ox - 27r{/ 1 2/ 1 + l$. 2 + Z 3 7/ 3 . . . } 



where ,9 is the whole length of the curve and y is the height of 
the centroid of that length of curve above the axis OX. 
If the whole area rotates about the axis OY, then 



S oy = 
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Example. To find the area of the curved surface of a spherical 
cap of height h and radius of base r. 




Let a be the radius of the sphere. The whole surface of the 
sphere can be produced by the semicircle rotating about the 
vertical diameter or the axis OY. The surface of the spherical 
cap is produced by the arc AC rotating about the axis OY. 

Choosing the centre of the circle as origin, the equation to the 
circle is x* + y* = a 2 , while the limits of y for the arc AC will 
be y = a h and y = a. 

Since a? 2 + y* a 2 

Then 2# + 2?/ ~ = 



and 



dy 



1 + 



x 



x* 



Now 



3 OY 



a,' ds 



= 27U iX- 

Ja~A a? 

l 

Ja- 



" 27m 



ft 

[a (a 
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r 2 = a 2 - (a - h) 2 

a=i{r 2 +/i 2 } 



146. T7w? Cycloid. 




Let a be the radius of the rolling circle. 

Then OQ - arc PQ = a0 

If x, y are the co-ordinates of P, 
Then x - OQ - PR 

= #0 a sin 

0(0 - sin 0) 

Also y - CQ - CR 

= a a cos 
- 0(1 - cos 0) 

The curve is evidently symmetrical about a vertical centr 
line and for half the curve, the limits of are to ir radians 
the limits of y are to 20, and the limits of x are to na. 

dx 

AlSO -jTj = 0(1 COS 0) 



dy 
35 

dif 
dx 



= a sin 

sin 
~ 1 - cos 
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(a) To find the area. 
Area = \y dx 

a(l - cos 0) x a(l - cos 0) dft 

= r/ 2 I *(! - 2 cos + cos 2 20) d0 
Jo 

- a 2 I *{l - 2 cos + | (1 + cos 20) jdO 

F30 1 1 2lr 

^-.a 3 ^-2 sin 0+ 7 sin 20 

L2 4 J 



(6) To find the volume of the surface of revolution generated 
as the area rotates about the base. 



TT \a*(I - cos 0) 2 x a(l - cos 0) dO 
Jo 

I (1 - 3 cos -f 3 cos 2 - cos 3 0) rfO 
Jo 

Ml -3 cos + ~ (1 + cos 20) -7 (cos 30 + 3 cos 0)) 
Jo I 2 4 'J 

f 2ir r K I K O 1 ^ 

^-^coso + ncosae-icossewe 

Jo lia 4 2 4 J 

1 ^ - sin + 7 sin 20 - sin 30 1 
L2 4 4 12 J 



-= no? 



(c) To find the height of the centroid of the cycloidal area 
above the base. 

By symmetry the centroid is evidently situated in the vertical 
centre line. Let y be the height. 

Then V ox = 2:rA?7 



27H 

5a 
T 
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(d) To find the length of the cycloidal curve, 

dy sin 



dx 1 cos 6 



sin 2 6 



(dy\ 2 

U/ 4 ~ (1 - cos 0) 2 

_ 2(1 - cos 6) 
(1 - cos 0) 2 

2 



1 COS 
2 



(l-cosO)* 

XT f /, A 

Now * --= lA/1 + (- 

J Y \OiC- 

1 - cos 0) 



(1 - cos 0)* 
f 2 " 

II (1 COS 

Jo 

f 2 " 6 
sin-d0 

Jo * 

r 0n 2 " 

- - 4a L cos 2 L 



o 

r 2 " 

20 



== 4a{cos TT cos 0} 
- 8a 

(e) To find the area of the surface of revolution generated as 
the curve rotates about the base. 



Now 



_ cos 



A/2 
a(l - cos 0) x - i- - , x a(l - cos 0)d0 
1 - * 



(1 - cos 







sin 3 JJ 
^ 
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3 

COS* - - COS - 



\ 



(/) To find the height of the centroid of the cycloidal curve 
above the base. 

By symmetry, the centroid is evidently situated in the vertical 
centre line. Let y c be the height. 

Then 




147. Polar Co-ordinates. If P is a point whose rectangular 
co-ordinates are x, y> its position with respect to the axes 
of reference can also be determined by means of a distance r 
measured from the origin along a radial line which is inclined to 
the axis OX at an angle 0. r and 6 are spoken of as the polar 
co-ordinates of the point, (Fig. 90.) 




FIG, 90. 



The relations between the rectangular and polar co-ordinates 
can be very easily determined. 
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For x = r cos 0, and y r sin 

also x* + if - r 2 

These relations can be used to transform the equation of a 
curve from one system to the other. 

For example, the equation of a parabola in rectangular co- 
ordinates is y 2 = 4<ax. 



Then 



r 2 sin 2 = 4ar cos 

cos 
sm 2 ! 

Sa cos 



r = 40 



1 - cos 20 

148. The Area of a Curve in Polar Co-ordinates. Let P and Q 
be two points on a curve, taken very close together. (Fig. 91.) 



Y 




JLI 



o 



FIG. 91. 



The polar co-ordinates of P being r, 0, and of Q (r + Sr), (0 + 80). 
Let PR be drawn perpendicular to OQ. Then if 80 is small 
the following relations are approximately true, 

OR = : OP = r 
RQ = Sr 
and PR = r 80 

Area of the sector OPQ = area of triangle OPR + area of 

triangle RPQ 

= \r* sin 80 + \r 80 8r 

4 2 

When 80 is taken to be very small this area becomes - r 2 80* 

2 
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The area of the sector OAB (working with t and 2 as the 
limits for 6) will be the sum of the areas of all these elementary 
sectors. 

Area of sector AOB = ^T 1 " \r 2 80 



r 2 dQ 

J0! 

when 80 is made infinitely small. 

Tojind the length of the curve. 
For a very small arc PQ 

PQ 2 - QR 2 + PR 2 

That is S* 2 = Sr 2 + r 2 SO 2 



Then -^ - 

8,9 

or ^- = 

When 80 becomes infinitely small, 

dx 



. 






Hence to get 5, the length of a certain part of the curve, the 
first expression must be integrated with respect to and the 
second with respect to r ; in each case the integration being taken 
between given limits, 



and 



or 




. 149. Example 1. To find the area and the length of the 
cardioid, the equation of which is r a(l cos 6). 
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To draw the curve, give 6 some well-known values and calculate 
the corresponding values of r. 









7U 
If 


TC 

2 


27T 

3 


7T 


4rc 
IF 


37T 

2 


5n 
3 


2vr 






a 




Sa 




3a 




a 




r 





2 


a 


" 


2a 


T 


a 


2 







FIG, 92, 

The curve is evidently symmetrical about the horizontal axis, 
and therefore the whole area will be twice the area of the top half. 

Area =* 



a-[ (1 - cos O) 2 d% 

Jo 

a-[ (1 - 2 cos + cos 2 0) d% 

Jo 



2 cos H 

a *\ ^ - 2 sin + i sin 20]' 
4s J 



Since 



r = a(l cos 0) 



a sin 



TH . = o 2 (l - 2 cos + cos 2 0-f sin 2 6) 
2a 2 (l - cos 0) 



50 
dr\ z 



POLAR C 

Length =2J 



150. Example 2. ^ 
polar co-ordinates, an 



r* cos r 
Then 

Now r = 

evidently occi 
To draw tl 
the correspo 
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I cos 2 6 dQ 
+ cos 3 6) 2 

:os 2 6 dO 



/sin 3 



/sinaj y 
Vcos 3 ^ J 
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(3) Find the length of the curve y 2 = 4# between x = and 
0=1. 

(4) Find the area of the surface of revolution produced by that 
part of the curve y 2 = 4# between x = and x = 1, rotating about 
the axis of x. 

(5) Use the results of Questions 3 and 4 to find the height 
of the centroid of the arc of the parabola y 2 = 4# between x = 
and x - 1 above the axis of x. 

(6) Find the height of the centroid of a semicircular arc of 
radius a above the diameter. 

(7) Find the length of the curve y 2 - 9# 3 between x = 1 and 
#= 2. 



(8) Find the length of the curve x* + y* = 4 between a? = 
and x = 8. 

(9) Find the area of the surface of revolution produced by 

2 

that part of the curve # 3 + y* = 4 between a? = and a? - 8, 
rotating about the axis of x. What is the height of the centroid 
of this part of the curve above the axis of x ? 

(10) Find the length of that part of the curve y = 2# # 2 
between x = and # = 1. 

(11) Find the length of that part of the curve y = log c x between 
x = 1 and # = 2. 

(12) Express the equations of the following curves in polar 
co-ordinates : 



/f\\ n n 9/0 0\ 

[ */ 1 ^uftltu . fttl/Y>u .,__ <9/w I 

(3) a 2 */ 4 - #V 2 - x 2 ) 

(13) Trace the curve r 2 - 16 sin 2 6+25 cos 2 0, and find the area 
enclosed by it. 

(14) Transform the equation of the curve (x 2 + y 2 ) 2 9(# 2 - y 2 ) 
into polar co-ordinates. Trace the curve, and find the area of 
a loop. 

(15) Trace each of the following curves between = and 

(1) r0 = 4 

(2) r6* - 4 

(3) r0 = 4 

For each curve find the area of a sector between - and = TC. 
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151. When a beam is subjected to some system of loading, the 
beam is slightly bent out of its horizontal position. The bending 
action depends upon the extent, the character, and the position 
of the loads, and also this bending action varies at different 
sections of the beam. If A is the section of a beam (Fig. 94) 
situated at a distance x from the point of support, and R is the 
reaction of the support, then all the forces to the right of A help 
to produce the bending action at A. 



W, 



FIG. 94 



Let W t and W 2 , situated at distances a and 6 respectively from 
the end of the beam, be the loads on that part of the beam to the 
right of A* 

The bending action at A is measured by the algebraic sum of 
the moments of R, W x , and W 2 , and this is defined as the " Bending 
Moment " at A. 

Thus the bending moment at A = R# - W 3 (# a] W 2 (o? 6). 

In general, the bending moment at any section of a beam may 
be defined as the algebraic sum of the moments of all the external 
forces acting on that part of the beam, to the right or to the left 
of that section. 

Example 1. A beam 30 feet long is supported at the ends. 
It is divided into three equal spans, which carry uniformly dis- 
tributed loads of | ton per foot run, 1 ton per foot run, and ton 
per foot run respectively. Find expressions for the bending 
moment at any point in each span, and draw the bending moment 
diagram. 
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If Rj and R 2 are the reactions at the supports 
Then 30R a = 5 x 25 -f 10 x 15 -j~ 7-5 x 5 
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Also 



R 2 = 10 tons 

L& 

30R X = 7-5 x 25 + 10 x 15 + 5 x 5 




FIG. 95- 

(1) Considering a section situated between A and B at a dis- 
tance x feet from the end. The forces acting to the right of this 

section are : 

5 

(a) R 2 = 10 tons vertically upwards at a distance x ft. 

x x 

(b) - tons acting vertically downwards at a distance - ft. from 

M 2 

the section. 
Bending moment - "To"^ r ft- tons, and this expression can 

only be used when x has values between and 10 ft. 

(2) Considering a section situated between B and C at a dis- 
tance x feet from the end. The forces acting to the right of this 
section are : 

g 

(a) R 2 = 10 tons acting vertically upwards at a distance x ft. 

l^u 

(b) 5 tons acting vertically downwards at a distance (x 5) ft. 

(c) (x 10) tons acting vertically downwards at a distance 

\(x - 10) ft. 
Bending moment = -rr-^ 5(# 5) - (x 10) 2 ft. tons and 

\L Jj 

this expression can only be used when x has values between 
10 ft. and 20 ft. 
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(3) Considering a section between C and D situated at a dis- 
tance x ft. from the end. The forces acting to the right 
of this section are : 

(a) ll a = 10 tons acting vertically upwards at a distance x ft. 

\2i 

(b) 5 tons acting vertically downwards at a distance (x 5) ft. 

(c) 10 tons acting vertically downwards at a distance (x 15) ft. 

o 

(d) 7 (<# 20) tons acting vertically downwards at a distance 

I (* - 20) ft. 
Bending moment = ~ x - 5(x - 5) - 10(0 - 15) - f (x - 20) 2 ft. 

\Z o 

tons, and this expression can only be used when x has values 
between 20 ft. and 30 ft. 

Taking these three expressions for the bending moment and 
giving x values suitable to each, values of the bending moment 
can be calculated for different sections of the beam. 



Between A and 13. 


Between B and C. 


Between C and D. 


a; ft. 


M ft. tons. 


xft. 


M ft. tons. 


* ft. 


M ft. tons. 








10 


79-17 


20 


83-33 


2 


19-83 


12 


88-00 


22 


72-67 


4 


37-67 


14 


92-83 


24 


59-00 


6 


53-50 


16 


93-67 


26 


42-33 


8 


67-33 


18 


90-50 


28 


22-67 


10 


79-17 


20 


83-33 


30 






M = p 
125 



The bending moment is evidently greatest at a section situated 
in the middle span and for that span 



Kir _ K\ _ i / 7 , _ 1ft\2 
~~ vit'i/ ^~~ c/y it*/ AW j 

5 - (a? - 10) 

- 

- 1 r ^ f f 

- 93-83 ft. tons 



<M 
dx 



12 



For a maximum value 

That is, when 

and ! 



- 
dx 
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Example 2. A beam 30 ft. long, supported at the ends, carries 
a load which increases uniformly from at one end to 1 ton at 
the other end. Find the expression for the bending moment at 
any section and draw the bending moment diagram. What is 
the greatest bending moment and where does it occur ? 



_. r 


15 


"i 


K 

'j&n. 


I 


i 


i . 

ID ] 


R 




The total load on the beam is given by the area of the 
load diagram ABC and it acts at the centroid of that diagram. 
Hence the total load is 15 tons acting at a distance of 10 ft. 
from B. 

The reactions of the supports are evidently 



and 



R a = 5 tons at A 
R = 10 tons at B 



Considering a section D of the beam situated at a distance 
x ft. from A. 

The forces acting on that part of the beam to the left of 
D are : 

(a) H l = 5 tons acting vertically upwards at a distance x ft. 

(6) That part of the load, the magnitude of which is given by 
the area of the load diagram ADE ; this acts vertically 
downwards through the centroid of the area ADE. Hence 

the magnitude of this force is tons and the distance 

uU 

X 

from D is - ft. 

u 



Bending moment = 5x ^ ft. tons. 

180 
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If as be given any value between and 30 ft. the value of the 
bending moment at any section can be calculated : 



xit 





3 


6 


9 


12 


15 


18 


21 


24 


27 


30 


M. ft. tons . . . 





14-85 


28 '80 


40-95 


50-40 


56-25 


57*60 


53*55 


43-20 


25-60 






Now 



180 



60 



M is a maximum when 

That is, when 
or 



m 

dx 







x z = 300 

as = 10V3 = 17-32 ft. 
= 57-73 ft. tons 



152. Let P be any section of a beam carrying some system of 
loads. The only force action at P is the action between the par- 
ticles ; while at that section there is acting a vertical external 
force which is the equilibrant of all the forces acting on that part 
of the beam to the right, or to the left, of the section ; this force 
is spoken of as the " {Shearing Force/' at the section. Now the 
portion of the beam to the right of the section is in equilibrium 
against vertical translation, but it would have the tendency to 
rotate, and the magnitude and direction of this rotation is deter- 
mined by the bending moment at the section. At the section 
there are elastic forces induced by the external loading, and these 
forces produce at that section a couple whose magnitude is equal 
to that of the bending moment, but the direction is opposite. 
These elastic forces consist of pulls decreasing uniformly to zero 
and thrusts increasing uniformly from zero. Hence the algebraic 
sum of the moments of all these pulls and thrusts, taken with 
reference to some fixed axis of the section, must balance the 
algebraic sum of the moments of the external forces acting on 
that portion of the beam to the right, or to the left of the 
section ; or, 

Moment of resistance of the section = bending moment at the 
section. 

The axis about which the moment of resistance is taken 
is called the neutral axis of the section and is that axis, or that 
fibre of the beam which is in an unstrained condition. Thus, in 
brief, at a given section, the shearing force is the equilibrant of 
all the external forces acting on that portion of the beam to the 
right, or to the left of that section. The bending moment is the 
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algebraic sum of the moments of all the external forces acting 
on that portion of the beam to the right, or to the left, of that 
section. The moment of resistance is the algebraic sum of the 
moments of all the induced tensile and compressive stresses, 
taken about the neutral axis. 

153. Let Fig. 97 represent a portion of a bent beam, so taken 
that the form assumed is a circular arc of radius equal to the 
radius of curvature. C is the centre of curvature. 




The top part of the beam is in tension and the lower part is 
in compression, while there is one surface in an unstrained con- 
dition, known as the Neutral Surface. The intersection of the 
neutral surface with a certain section of the beam gives the neutral 
axis of that section. 

Let ab be a fibre situated at a distance y from the neutral 
surface. This fibre is in a strained condition, and 



The strain in ab 



increase in length 
original length 

& 

ac 
be 
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But the figures bch and ghc are similar, 
Hence * = * . 



Then the strain in ab = where R is the radius of curvature 

measured from the neutral surface. 

But stress = E x strain, where E is Young's Modulus, 



Then 



Stress in ab = E ~ 



or 




Neutral 



' 



FIG. 98. 

Let AB (Fig. 98) be any section of a beam, and considering a 
thin horizontal strip of that section, the breadth of the strip 
being 8y, the length of the strip *, and y the height above the 
neutral axis, 

Then Stress at height y = E ^- 

Total force on the strip = Stress x Area 



E 



where 8A = 2 y = Area of the strip. 
Total force acting on the whole section = 
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Where y is the height of the centroid of the area above the neutral 
axis and A is the whole area. 

But since a plane section always remains plane, the total force 
acting on that section must be zero, or the resultant pull must 
be equal to the resultant thrust. 

E 

Hence ^ Ay = 

XV 

or 2/^0 

Therefore the neutral axis must pass through the centroid of the 
section. 

Referring again to the elementary strip, 

V 
Total force on the strip = E ~ z Si/ 

Jiv 



- 

V 

Moment of this force about the neutral axis = ^ y 2 SA 

tt 

Ev 1 
The moment of resistance for the whole section - ^ ^ t/ 2 SA 



- 
R 

where I is the moment of inertia of the section about the neutral 
axis. 

Now the moment of resistance - Bending moment, 

E 

Hence M - I 

ME 

or T R 

Also, since R is the radius of curvature and the slope of the 
beam is very small, j 



Then M = EI 

dx- 

In general, for any section of a loaded beam, if 
I == moment of inertia of the section about the neutral axis 

M = bending moment at the section 

E = Young's Modulus for the material 

R = radius of curvature at the section 

p == stress induced in the strained fibre 

y distance of that strained fibre from the neutral axis 
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Then 



and also 



M-Elft 

do? 2 



154. The Deflection of Beams. (I) A cantilever of length Z ft. 
carrying a load W tons at one end. 




W 



FIG. 99. * 

Let A be a section situated at a distance x ft. from the fixed 
end. 

Bending moment at A - W(Z x) ft. tons. 
Hence E 



El 2* W[ lx - -x* } + Const 
dx \ 2 / * 

But at O, where x = 0, -^ = 0, since at that point the direction 

ax 

of the beam is horizontal. Therefore Const = 0. 



2 
and Ety - wQi a - ia?) + Const 

But at O, where x = 0, t/ = 0. Hence Const = 

TU 

Then = 

W 



This gives the deflection at any point distant x ft. from the 
fixed end. The deflection is evidently greatest when a = I. 



TV, 
Then 
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155. (2) A cantilever of length I carrying a uniformly distributed 
load of w tons per foot run. 





"1 















X 



FIG. 100. 



Let A be a section situated at a distance x ft. from the fixed 
end. The load on the portion of the cantilever to the right of A 

is w(l x) tons, and this acts at a distance of -(I x) ft. from A. 
Bending moment at A - ^(l - x) 2 ft. tons. 



Hence 



and El ^ = ^(l*x - Ix* + \x*) + Const 

dx 2\ 3 / 

But at O, where x - 0, -^ = 0. Then Const = 

ax 



Then 

But at O, where x - 0, y - O t Then Const = 

? 



Const 



and 



y 



2EI 

> 



This gives the deflection at any point distant x feet from the 
ixed end. The deflection is evidently greatest when x = I. 



TK 

Then 



U 



8EI 



vhere W = wl, the total load on the cantilever. 
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156. (3) A beam of length I ft. supported at both ends and 
carrying a concentrated load W tons at the middle. 



w 



Y 


/ 

i 


>w 


I 

i 






O 




X 


FK 


>. IOI. 





The reaction at each support is -W tons. 

Let the centre of the beam be the origin, and let a be the length 
of the half span. 

Let A be a section situated at a distance x ft. from O. 

W 

Bending moment at A - (a - x) ft. tons 



Hence 

and 






But at O, where x = 0, -^ - 0. Then Const - 

ax 



dx 2 

W /I 



2 



Then Ely ~ (\ ax* - \ aA + Const 

j \j o / 

But at O, where x = 0, y - 0. Then Const - 
and 



W /I . l . 

i - ax* ^ 



2EI \2 
W 



This gives the value of y for any point distant x ft. from the 
centre, and y is greatest when x = a. 

Wo 3 
6EI 

WZ 3 . .. / 
= 48EI' 
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This also gives the maximum value of the deflection. 
In order to obtain 8, the deflection at any point, 



(Sax* - a; 3 ) 



Wa 3 W 



GEI 12EI 
W 



157. (4) A beam of length I ft. supported at both ends and 
carrying a uniformly distributed load of w tons per foot run. 



u/a 




The reaction at each support is wa tons, where a is the length 
of the half span. 

Let the centre of the beam be the origin, and let A be a section 
situated at a distance x ft. from O. 



TV 



Bending moment at A = wa(a x) (a x) 



w 



= ~ (a 2 - a; 2 ) ft. tons 



Then 



and 



But at O, where x = 0, -^ = 0. Then Const = 

dx 



- 

dx 2 



3 



Then 



Const 
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But at O, where x = 0, y = 0. Then Const = 

and y 



This gives the value of y for any point distant x feet from the 
centre, and y is greatest when x ^ a. 



24EI 

5wl* 
84F 

s\w 

~ 384EI 

where W = wl tons, the total load on the beam. 
This also gives the maximum value of the deflection. 
In order to obtain S, the deflection at any point, 

8 = 2/mo* - V 
_ 5wa* w 
~ 24EI 24EI ( ' 



158. (5) A beam of length I ft, fixed at both ends, carrying a 
concentrated load W tons at the middle. 

The effect of keeping each end horizontal is the same as applying 
at each end a couple of magnitude u y which acts in a clockwise 
direction. Also, since at the ends and at the centre the direction 

dtt 

of the beam is horizontal at these points, = 0. 

cuv 

W 

The vertical reaction at each point of fixing is tons. 

2 

Let a = the half span, and let the centre of the beam be taken 
as the origin. 
Let A be a section situated at a distance x ft. from O. 

W 

Bending moment at A = (a x) u ft. tons 

2 



Hence 



and El -^ ( oa? - -x*\ ~ux+ Const 

ax 2 \ 2 / 
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But at O, where x = 0, -/ = 0. Then Const = 

ctoc t 



2 



2 



At the end, that is, where x = a, -f- = 

Oil? 



and 



or 



u 



Wa 
4 



u, 





_ ^ 

\. -Wo- 
BM dia^rara ^xj t 

FIG. 103. 
This gives the actual magnitude of the fixing couple 



W 

= (ax 



Elt/ = ? (i ax* - \ aA + Const 

4* \J o / 



Then 

But at O, where x = 0, y = 0. Then Const = 

W /I 1 

and 



w 
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This gives the value of y for any point distant x feet from the 
centre, and y is greatest when x = a. 

W 



Wa 3 
24KI 

\W . I 

since a = - 



192EF ~"~ " ~ 2 

This also gives the maximum value of the deflection. 
In order to obtain 8, the deflection at any point, 

* = yM-y 

Wa 3 W 



W 



W 

Since the bending moment at any point is (a x) u and 

Wa 

4 

W Wa 

Then M = (a sc) 

W, 



Thus when x = a, M = -;Wa ; when a? = 0, M = -Wa ; and 

4 4 

when x = -, M = 0. 

2 

Therefore the bending moment increases uniformly from -Wa 

T$ 

at the point of fixing to + T Wa at the centre of the beam, and 

4 

at a point half-way it vanishes. 

159. (6) A beam of length I feet fixed at both ends, carrying 
a uniformly distributed load of w tons per foot run. 

The effect of keeping each end horizontal is the same as applying 
at each end a couple of magnitude u, which acts in a clockwise 
direction. Also, since at the ends and at the centre the direction 

dsij 
of the beam is horizontal, at these points -p = 0. 

The vertical reaction at each point of fixing is wa tons, where a 
is the length of the half span. 
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Let the centre of the beam be taken as the origin, and let A 
be a section situated at a distance x ft. from O. The portion of 
the load on that part of the beam to the right of A is w(a x) 
tons. 

Bending moment at A = wa(a x} - w(a x) 2 u 

M 

w 
= - ( 2 - x 2 ) - u ft. tons 









Y 

' -_ 


, 
-* -x- +-+-*- a-x *- 

_ ' 




BM diagram 



FIG. 104. 



Hence 
and 



2 2 



dx 2 
dy 



- fia + Const 



But at O, where x = 0, -/ - 0. Then Const = 



3 



At the end, that is, where x = a, -~- = 



and 



or 



u 



wa* 
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This gives the actual magnitude of the fixing couple, 



~~ Q" \u * -" ^ ; 

Then EL/ - ~ f J a V - \ aA + Const 

b \2 4 / 

But at O, where x = 0, y - 0. Then Const = 
and i/ = 



This gives the value of y for any point distant x feet from the 
centre, and y is greatest when x = a. 

w 

ymax '-" a ~~~ a 



wcfi 
24EI 

wl* 



WP 
"~ 384EI 

where W = wl, the total load on the beam. 

This also gives the maximum value of the deflection. 
In order to obtain S, the deflection at any point, 

5^ <?/ 47 

"~ Umax U 

tva* w 






Since the bending moment at any point is ~( 2 x 2 ) u and 

2i 
wa 2 



Then 



wa? 
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Thus when a? a, M = ; when # = 0, M = - 

3 6 
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and 



when x = 



a 



0-577a, M - 0. 



Therefore the bending moment curve is a parabola, and the 
bending moment increases from at the point of fixing to 



3 



wa* 

IT 



at the centre of the beam, while at a point situated at a 



distance 0-577a from the centre of the beam the bending moment 
vanishes. 

160. Let A and B be two sections of a beam taken very close 
together (Fig. 105), 8# being the distance between these sections 
and w 8x the load on this elementary length of the beam. 



>M 





_E u 



O - 



FIG. 105. 

Let M be the bending moment at A and M + 8M the bending 
moment at B. Also F is the shearing force at A. 
Taking moments about O, 

1 

M + 8M = M + F S# w 8# 2 

2 

or SM = F So; 

taking w 8# 2 to be negligibly small in comparison with F 8#. 
When 80? is made infinitely small, 

<M 

dx 

that is, the shearing force at a section is the rate at which the 
bending moment is changing with respect to the length. 

161. Let CD and C 1 D 1 be two sections of a beam, So? apart 
(Fig. 106), the bending moment at CD being M, and at Cjl^ 
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M + SM. Considering a fibre situated at a distance y from the 
neutral axis, z being the breadth of this fibre. 




M 



M+&-1 



r*x- 



D, 



FIG. 106. 

For the section CD, if p is the stress in the fibre, 

M 
2> = -j-2/ 

Thrust on the fibre = pz 8?/ 

M . 




Then 



If AB is a fixed line in the section drawn parallel to the neutral 
axis, at a distance y l from it, and if R 2 be the resultant thrust 
on that part of the section above AB, 



Then 



, 



y* 



and this may be taken as acting from left to right. 
For the section C 1 D 1 , if p is the stress in the fibre, 

~, M + 8M 

Then p= ^ y 

Thrust on the fibre = pz $y 

M+SM . 



and if R x is the resultant thrust on that part of the section 
above AB, Va 

Then I 



^Lt 

\ 



and this may be taken as acting from right to left. 

Hence the small portion of the beam contained by the two 
parallel sections C I D l and CD, So? apart, and a horizontal plane 
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situated at a distance y i from the neutral surface (Fig. 106 (2)) 
is acted upon by two horizontal forces. 

y % ^ actm fr m ri ght to 



R = - 



-IT Ug 

- 



acting from left to right. 



The result is a horizontal force R x - R 2 , tending to make this 
portion of the beam slide over the horizontal surface which is 
situated at a distance y L from the neutral axis. This tendency 
to slide is resisted by the shearing action at that surface, and if 
q is the intensity of the shearing stress there, 

Then qz l So? =- R x R 2 

SM 
I 



When ?/ is made infinitely small, 

SM 1 
?= ^ F 

Ot6 A^ 

When 8# is made infinitely small, 



where F = -^, the shearing force at the section. 

Example 1. A beam of circular section, to investigate the distri- 
bution of shear stress over a section at which the shearing force is F. 




FIG, 107, 



u 
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Now 



Then 
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z 1 - 2R cos 6 X 
t/i = R sin 6 X 
z = 2R cos 6 
y =-- R sin 
dy R cos 8 d8 

F 



FR 2 f 3 cos2esinede 

I COS 1 J 

*1 

FR 2 T cos 3 Ol"i 



I cos Q! 



FR 8 cos 3 6j 
I cos Oi x 3 



cos- 5 



1 --! 



31 

FR 2 
31 

JL*. 

4F / tf\ . T TrR 4 

= TT^l 1 IK since I -= -7 
3:rR 2 \ ^J 4 

Taking a circle of 3 inches radius and calculating the values 
of q corresponding to horizontal sections situated at distances 
0, \", I", etc., from the centre. 



4F / ir \ 
For any section q 11 i 1 

*77C > Q / 



i ), where k 



4F 



yi 





\ 


1 


H 


2 


2| 


3 


q 


k 


35, 
36 fc 


* 


8. 

4 fc 


1" 


H/ c 
36 /C 
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Example 2. A beam of rectangular section, depth 6, breadth a. 
To investigate the distribution of shear stress over a section at 
which the shearing force is F. 



Now 
and 



r*~- a! 

! i 




L 



FIG. 108. 



z = 2, = a 



V 
ff~fr 



-iij 



Frr/ 2 -| 



6F/6 2 



Taking a rectangle 6 inches deep and 3 inches in width and 
calculating the values of q at horizontal sections situated at 
distances 0, 7/ , I", etc., from the neutral axis. 



80S 
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6F 



For any section q = -73 (9 y z ) 



where k = 



6F 



2/1 





i 


1 


u 


2 


n 


3 


q 


9A- 


8-75/c 


8/c 


6-757,; 


5k 


2-75A; 






162. The following method for investigating the distribution of 
shear stress over a section will be found to give a very convenient 
relation to use providing the section is such that the height of 
centroid of any portion of it above the neutral axis can be easily 
determined. It can therefore be used with great advantage to 
any beam section which can be taken as being made up of 
rectangles. 

Referring to Fig. 106 and considering the section CD. 

If p is the stress at AB and p is the stress at KL 



Then 



/yj /yi /y) 

P Pi 1 Pi 

. = -i and p = 

41 11 * II 

y 2/1 y\ 

Thrust on the fibre KL = pz 8y 



2/1 

and if R 2 is the resultant thrust on that part of the section 
above AB, 

^L y2 

Then 11. = - 1 ^ 



== Aff where A is the area of that 
Vi 

part of the section above AB and y is the height of the centroid 
of that part of the section above the neutral axis. 

Considering the section C 1 D V if p% is the stress at A^ and p 
is the stress at KL 



Then 



- and p 

y Vi 



and if R x is the resultant thrust on that part of the section 
above AB 
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These two horizontal forces R x and R 2 acting in opposite direc- 
tions on the parts of the sections C X D X and CD above AjBj and 
AB respectively, are equivalent to a single horizontal force 
R x R 2 acting in the direction of R x . This will tend to make 
the portion of the beam under consideration (Fig. 106 (2)) slide 
over the surface ABB^A^ If q is the intensity of the shear 
stress at that surface 

Then qz l So? = R x R 2 

But R x - R 2 - ^S A - i Ay 



Vi 2/1 



Hence 



If SM is the increase in the bending moment occurring between 
C and C lf 

Then at C -=- =- 

J Vi 

n _ M + SM . 
and at C x = ^-= 

SM p z - Pl 
Hence -7- = 



SM , 
and g -y- x ^ j 



FA ? 7 



where F is the shearing force at the section. 



310 



PRACTICAL MATHEMATICS 



Example 1. To investigate the distribution of shear stress 
over the given section. 



IT 

I I 



i i * 

_U_J 

D 

! 
i 
i 

t 



*> 



f~ 



_SKear Stress^ 
Diagram. 




FIG. 109, 

(1) For the flange, let q be the shear stress at a distance y 
from the neutral axis. 

Then 



and 



Is, 



F B/D2 

"~ 



21 \ 4 



D 



and this relation will only hold for values of y between and 

d . D , d F 

-, when y - q = 0, and when ^ = -, ? = 

(2) For the web let q be the shear stress at a distance y from 
the neutral axis. 



Then AS- |(D-,z)xi(D + 



and 
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and this relation will only hold for values of y between - and 0. 



F B 

and when y = 0, g- - - x - (D a - d*) + 



It should be noticed that, in passing from the flange to the 

F 

web, the shear stress increases suddenly from ~y (D 2 rf 2 ) to 

ol 

FB 

(D 2 ^ 2 ), and a consideration of the shear stress diagram 



for this section will show that the web practically takes all the 
shear. 

Example 2. To investigate the distribution of shear stress 
over a square section in which the diagonal is horizontal. 




Let 2d be the length of the diagonal, and let q be the shear 
stress at AB, at distance y from the diagonal. 

Then AB - 2(d - y) 

Area of the triangle ABC (d-y} 2 
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and -y+(d- 



TT 

Hence q = 

J 



3 



Hence q = when y = d and when y = - ; and # is greatest 

when d* + dy 2y* is greatest. 

Differentiating this with respect to y and equating the result 
to zero, 

c/ - < = 



or y = 7 rf 

4 

T , . . . F 3d 

The maximum value of q -~ ? x x 

01 4 



Fd 2 
and at the centre q =- - 7 ^ 

163. Twisting Moment. Let a cylinder of length Z and radius r 
be fixed at one end and a twisting moment T applied at the other 
end. Let AB be the position of a generator of the cylinder before 




FIG. in. 



the twisting moment has been applied. If is the angle of twist, 
the point A moves to the position C, and the generator AB takes 
up the position CB on the surface of the cylinder (Fig. 111). 
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Now Shear strain = -T^L 

AB 

= tan 9 

= 9, if 9 is a small angle. 

Thus 9 radians measures the shear strain at the surface of the 
cylinder. 
Also AC = /9 = rO 

, r0 

and 9 = 

But shear stress = N x shear strain where N is the modulus of 
rigidity. 
Then f 8 - N9 



^ 

where f s is the shear stress at the surface of the cylinder. 

Let q be the intensity of the shear stress at a point in the 
cylinder whose radial distance is x. 

NG 

Then q = -y- x 

x 



Let this shear stress take place over an elementary ring of 
width So:, situated at a radial distance x. 



Area of elementary ring = 

Total shearing force =* q x area 

.!2F/ tfl Jto 

r " 
The moment of this force about the axis of the cylinder 



o {*? 

Hence T = twisting moment - fA a? 3 dx 

f Jo 

7C Q / 

-fL 

70 /i where d is the diameter. 
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If I is the moment of inertia of the circular section about the 
axis of the cylinder, 

Then I - ^ 

& 

and T-=?/. 



Now 6 = 

r 



L 

Nr X 



2/T 

radians 



.r 
= rri radians 

NI 

Let the cylinder be hollow, and let r t and r z be the internal 
and external radii respectively. 

Then T-^E 



= JL ~ / 
16 \ d ) Ja 



where d 2 and d l are the external and internal diameters respec- 
tively. 

If I is the moment of inertia of the section about the axis of 
the cylinder, 

Then I - (r* r*) 

and T - \ 
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Now 6 = 



I 2r,T 

x 



Nr, 7c(r*-rJ) 

2ZT 

rr-j jr radians 



""\' 2 ~~ ' i> 

IT A' 

radians 



If a shaft is making n revolutions per minute, and H is the 
horse-power transmitted, 



12 x 33000 

7cnT 

*" 6 x 33000 

where T is the twisting moment or torque in inch pounds. 

AI rp 6 x 33000H . t 

Also T - - inch Ib. 

Tin 

and these two relations can be combined with those already 
obtained for solid and hollow cylindrical shafts. 



EXAMPLES XIX 

(1) A beam 30 ft. long is supported at the ends A and B. It 
carries loads of 5 tons, 10 tons, and 8 tons at points situated at 
distances of 5 ft., 16 ft., and 22 ft. respectively from A. Find 
the reactions at the supports and the values of the bending 
moment at points situated at distances of 10 ft., 18 ft., and 25 ft. 
from A. 

(2) A beam 20 ft. long is supported at the ends and is divided 
into two equal lengths. The first length carries at its centre a 
load of 10 tons, while the second length carries a uniformly dis- 
tributed load of 1 ton per foot run. Calculate the values of the 
bending moment at points situated at distances 5 ft., 10 ft., and 
15 ft. from one end. 

(3) A beam 20 ft. long is supported at the ends and is divided 
into two lengths of 8 ft. and 12 ft. The first length carries a 
uniformly distributed load of 1 J tons per foot run, and the second 
length carries a uniformly distributed load of f ton per foot run. 
Find expressions for the bending moment at any point for each 
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length and draw the bending moment diagram. What is the 
maximum bending moment and where does it occur ? 

(4) A beam 30 ft. long is supported at the ends A and B ; C is a 
point 10 ft. from A. The part AC of the beam is unloaded, while 
the part BC carries a load which increases uniformly from at C 
to 2 tons at B. Find expressions for the bending moment for the 
two parts of the beam and draw the bending moment diagram. 
What is the maximum bending moment and where does it occur ? 

(5) A beam 30 ft. long is supported at the ends A and B ; C is a 
point 12 ft. from A. The part AC carries a uniformly distributed 
load of 1 1 tons per foot run, while the part CB carries a load which 
decreases uniformly from l tons at C to at B. Find expres- 
sions for the bending moment for the two parts of the beam and 
draw the bending moment diagram. What is the maximum 
bending moment and where does it occur ? 

(6) A cantilever of length Z ft. is loaded at the free end with 
W^ons; it also carries a uniformly distributed load of w tons per 
foot run. Find the bending moment, the slope and the deflection 
at a point P, which is situated at a distance x ft. from the point 
of fixing. What is the deflection at the free end ? 

(7) A beam of length 2a ft. is supported at the ends and is 
loaded with W tons at the centre ; it also carries a uniformly dis- 
tributed load of w tons per foot run. P is a point situated at a 
distance x ft. from the centre of the beam. Find the bending 
moment, the slope, and the deflection at P. 

(8) A beam of length 2a ft. is fixed at both ends and is loaded 
with W tons at the centre ; it also carries a uniformly distributed 
load of w tons per foot run. Find the magnitude of the fixing 
couple. If P is a point situated at a distance x ft. from the centre 
of the beam, find the bending moment, the slope, and the deflec- 
tion at P. For what value of x is the bending moment zero ? 

(9) A cantilever of length / ft. carries a load which decreases 
uniformly from w tons at the fixed end to at the free end. 
Find the bending moment, the slope, and the deflection at a 
point situated at a distance x ft. from the fixed end. What is 
the maximum deflection ? 

(10) A beam of length 2a ft. is supported at the ends and 
carries a load which decreases uniformly from w tons at the centre 
to at the ends. Find the bending moment, the slope, and the 
deflection at a point which is situated at a distance x ft. from 
the centre. What is the maximum deflection ? 

(11) A beam of length 2a ft. is fixed at the ends and carries a 
load which decreases uniformly from w tons at the centre to at 
the ends. Find the magnitude of the fixing couple. If P is a- 
point situated at a distance x ft. from the centre, find the bend- 
ing moment, the slope, and the deflection at P. What is the 
bending moment at the end ? 
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(12) A cantilever AB, of length I ft., A being the fixed end, 
carries a load of W tons at a point C distant b ft. from A. Find 
expressions for the bending moment, the slope, and the deflection 
for the two parts AC and CB of the cantilever. What is the 
deflection at C, and the deflection at B ? 

(13) A beam AB, of length 2a ft., is supported at the ends and 
carries equal loads, each W tons, at points D and E on either side 
of the centre C and at distances b ft. from it. Find expressions 
for the bending moment, the slope, and the deflection for the 
two parts CE and EB of the beam. What is the greatest deflec- 
tion, and what is the deflection under one of the loads ? 

(14) ACB is a cantilever of length I ft. A is the fixed end and 
C is a point situated at a distance b ft. from A. The part AC 
carries a uniformly distributed load of zv tons per foot run, while 
the part CB is unloaded. Find expressions for the bending 
moment, the slope, and the deflection for the two parts AC and 
CB of the cantilever. What are the deflections at C and B ? - 

(15) ADCEB is a beam, of length 2a ft., supported at the ends 
A and B ; C is the centre and D and E are points situated at 
equal distances 6 ft. on either side of C. The part DE of the 
beam carries a uniformly distributed load of w tons per foot run, 
while the remainder is unloaded. Find expressions for the bend- 
ing moment, the slope, and the deflection for the two parts CE 
and EB of the beam. What is the maximum deflection and what 
is the deflection at E ? 



,,*x a i T * i * ** i 

(16) If = -r-~, -= = S and j- = w. Let w be a constant, find 

c doc cLv (Lx 

S. Let S = W, a constant, when x = /. Find M and let M = 

dii 
when x = Z, c is a given constant, find -~ and let its value be 

CuK 

when x = 0. Find y and let its value be when x = 0. (B. of E., 
1908.) 

(17) There are two cantilevers of equal length and of the same 
cross section. The first carries a load which decreases uniformly 
from 2 tons at the fixed end to at the free end, and the second 
carries a uniformly distributed load of w tons per foot run. What 
must be the value of zv so that the free ends of the cantilevers 
will be deflected to the same amount, and what is the ratio of the 
deflections at the mid points ? 

(18) If the section Fig. 63 is subjected to a shearing force of 
1000 lb., what is the intensity of the shear stress at the neutral 
axis ? What are the intensities of the shear stresses at the under 
edge of the flange and at the top of the web ? 

(19) If the section Fig. 73, No. 5, is subjected to a shearing 
force of 1000 lb., what is the intensity of the shear stress at the 
neutral axis (1) when the web is vertical (2) when the web is 
horizontal ? 
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(20) Find the intensity of the shear stress at the neutral axis, 
if the section Fig. 73, No. 8, is subjected to a shearing force of 
1000 Ib. 

(21) If the section Fig. 73, No. 9, is subjected to a shearing 
force of 5000 Ib., what is the intensity of the shear stress at the 
neutral axis, and what fraction is it of the average shear stress 
for the whole section ? 

(22) A hollow circular section, external radius 5 inches, internal 
radius 3 inches, is subjected to a shearing force of 2000 Ib. What 
is the intensity of the shear stress at the diameter ? 

(23) What is the diameter of a steel shaft which will stand a 
twisting moment of 16,000 inch pounds, the maximum shear stress 
being 10,000 Ib. per sq. inch ? If a hollow steel shaft of 4 inches 
external diameter will stand the same twisting moment, what is 
its internal diameter ? If the length of each shaft is 9 ft., what 
is the angle of twist in each case ? N = 13 x 10 6 Ib. per sq. inch. 

(24) A hollow steel shaft is subjected to pure twisting and 
transmits 5000 H.P. at a speed of 95 revolutions per minute. If 
the shear stress must not exceed 10,000 Ib. per sq. inch and the 
internal diameter is to be 75 per cent, of the external diameter, 
find the external diameter. 



CHAPTER XX 

164. A differential equation is an equation connecting x> y and 
a differential coefficient, or differential coefficients of y with 
respect to x. The order of a differential equation is the order of 
the highest differential coefficient occurring in it. Thus an equa- 

Qfll 

tion of the first order is one containing -~, one of the second order 

would contain -r~ while an equation of the nth order would con- 

. . d n y 
tain --2 



A differential equation can be obtained by the elimination of 
the constants in a law connecting x and y, and the following ex- 
amples will show how differential equations can be obtained in 
this way. 

(a) If xy =-= a 

Then x -/- + y - 

dx l/ 

(&) If x*+if^tf 

Then 2x+2y-/-^0 

ax 

dii 

+^-o 

(c) If y =- ax + 



Now x - = ax + 2bx 2 

dx 

Hence x -~ - y = bx 2 

dx u 



dx* 

and # 2 -r - 2o? - + 2r/ = 

a? * 

319 
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Then + 

a- 2 o 2 oj; 

a? y dy 



or 

a- 2 



a 2 

Hence l/! 

Wence fe a 

and / 2 



(e) If 



or 2// -- xy ~sy -r--n(-r = 

** <ic ^ dr 2 J 

d 2 w 

^2/^-4 + 

J dx 2 



and -7- + y 



- 

_.-, ,. .. dx " dx 2 dy n 

Differentiating . -, -- h -r- = O 

dx 






dx 
dy 

- 



If x z + y* = 2ax + b 

dt/ 

2x + 2y = 2a 



or x + y ^ 

dx 



Differentiating l + T/^+f^) =O 
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It will be seen from these examples that if one constant is 
eliminated a differential equation of the first order is formed, 
while the elimination of two constants produces a differential 
equation of the second order. Therefore the solution of a dif- 
ferential equation of the first order may contain one arbitrary 
constant, while the solution of a differential equation of the second 
order may contain two arbitrary constants. Confining our work 
to differential equations of the first order, the two types which 
occur most frequently in actual practice are those equations in 
which the variables can be separated, and those equations which 
can be solved by the use of an integrating factor. 

165. When the Variables can be Separated. Equations of this 
type are such that all the terms involving x can be placed with dx 
on one side, and all the terms involving y can be placed with dy 
on the other side. Then one side can be integrated with respect 
to x and the other side with respect to y. 

These equations have the form, or can be reduced to the form, 



where X is a function of x and Y is a function of y, 
and 



\ X dx - - (V dy + Const ..... (1) 



-+Const ...... (2) 



fit/ 

Example 1. Solve the equation x -~ -= y + xy. 

__ du . ^. 

Now x -= y(x + 1) 




and 

ax x-\- 

dx+ Const - 

Jy 



x + log, x + c --= log e y 




X 

and y = xeP x e 

= Axe x where A = e 

x 
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Example 2. Solve the equation aty - 4# 2 = (x*y* - 9t/ 2 ) 

Now o% 2 - 4) - t/ 2 (tf 2 - 9) ^ 

_! ___ L <%f 
a: 2 -9~-4 dx 



f (l +|( JL -- * )\ dto - f (l + -J- - -1-j % + Const 
JL 2 \iC-3 iC+3/J Jl y-2 y + "2j J 



x - 3 . W - 2 



Example 3. Solve the equation 

sin 2 a? sin 2 y cos 2 # cos 2 w -^ = 

o# 

rf^y 
Now sin 2 a; sin 2 i/ == cos 2 a? cos 2 y -j- 

CwC 

and tan 2 x = cot 2 v - 

J dx 

Itan 2 x dx -= Jcot 2 y dy + c 

l(sec 2 a? 1) dte = ucosec 2 T/ 1) dy + c 

tan a? a; = cot y y + c 
tan # + cot y # + y = o 

166. T/^ 7s o/* </^ Integrating Factor. The integrating factor 
is used to solve differential equations of the form, or differential 
equations which can be reduced to the form, 



where P and Q can either be constants or functions of x, but they 
must be independent of y. 

Now e* ** when differentiated with respect to x gives 
For z - e w where w = J P dx 
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, dz tn - dw r* 

and = e w and -y- == P 

dw dx 

, , , dz dz dw 

but = 

cte dz# do? 



Then 0"" = 2/ pP<fo: + * 



Thus, if the differential equation is multiplied throughout 
by e* Pdx , the left-hand side becomes the result which would 
be obtained by differentiating ye ** , 

and %i x 



or 



Integrating, ye** ** = 1 Q^^ d^ + Const 



is known as the integrating factor. 

dii 
Example 1. Solve the equation -~ + 2xy = x. 

Now IP dx = 2|^ cic 

= a; 2 
The integrating factor is &* 

Hence ye** = Ix^dx + c 



To find Itf^ 2 eir, put x* - s 

Then tfo == 2o? dc 

If 1 

and the integral becomes ~|^ dz = -^* 

/ 

Therefore ^ = -^ + c 

2 

and t/ = - + ce~* 

Z 
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Example 2. Solve the equation -^ + y cos x = cos 3 x. 

Now I P dx = I cos x dx 

sin x 
The integrating factor is e sin * 

Hence ye siux = U slnaj cos 3 # do?+ c 

To find U sina! cos 3 a? dte, put z = sin a3 

Then dz = cos a? cZa:, and cos 2 x = 1 z 2 

and U 8lna; cos 3 x dx = p (1 - * 2 ) d^ 

= l^ 25 dz \z 2 & dz 

- ^ - {z*e* - 2(ze* - \<* dz) } 



Therefore ?/<? sto x = c - e sln * (1 - sin #) 2 

and y = ce~ sta a - (1 - sin x) z 

Example 3. Solve the equation x -j^- + y = x 2 sin 

dec 

Then -~ + - = x sin ^ 



x 

r 
and 



a? 

The integrating factor = e logea! 

== a? 

Hence xy = jo? 2 sin a? dx + c 

*=* a? cos x + 2 \x cos x dx +c 
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= a; 2 cos x + 2 {x sin x Isin x dx} -r c 

= x 2 cos x + 2x sin x + 2 cos x + c 
= (2 - x 2 ) cos x + 2x sin x + c 

167. Ttie Motion of a Projectile. One law of air resistance is 
that, if R Ib. is the resistance, d ft. is the diameter of the projectile, 
and v ft. per second is the horizontal component of the velocity 
at any instant. 

Then R - 2d*(v - 850) 

If m Ib. is the mass of the projectile, 

R = x acceleration 

g 

2d 2 (v - 850) = - - ^ 
u* 



dt m 



!; 



i>-850 m 

log e (t> - 850) = 



m 



Let z; ft. per second be the initial horizontal muzzle velocity 
Then, when t = 0, v = v , and Iog e (v 850) = C. 



Hence log e (u - 850) - log,( - 850) = - -2 t 



v - 850 2gd* ^ 

IQCT = 2 I 

be v - 850 m 

v - 850 -&j 
a - 850 " * 

and v = 850 + (V Q - 850)0 " ^ f 

^5 
This gives the velocity at any instant, but v = -r 

Civ 

^ - 850 + ( - 850)^""^" ' 

<YY\{I^ 850^ - fy / 

Integrating, 5 = 850< /2 - e m + C 
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m(v - 850) 



But when * = 0, s = 0, and = 

m(v - 850) 



Hence 



s = 850* + 



This gives the horizontal distance in terms of the time of flight. 

As an exercise, let the diameter of the shot be 12 inches and 
the mass 850 Ib. The shot starts with a horizontal muzzle 
velocity of 2700 ft. per second. 

2gd* = 2 x 32-2 = 64-4 



0-07577 



m 
m 



= 13-20 

s = 850* + 13-2(t> - 850) (1 - e - - 07577 ') 
- 850* + 24420(1 - a), where a = e~ 



t 


a 


1 - a 


24420(1 -a) 


850* 


,9 





1 














2 


0-8594 


0-1406 


3433 


1700 


5133 


3-106 


0-7903 


0-2097 


5122 


2640 


7762 


4 


0-7386 


0-2614 


6383 


3400 


9783 


6 


0-6348 


0-3652 


8917 


5300 


14017 


6-212 


0-6246 


0-3754 


9168 


5299 


14467 


8 


0-5455 


0-4545 


11100 


6800 


17900 


9315 


0-4937 


0-5063 


12370 


7916 


20286 


10 


0-4687 


0-5313 


12970 


8500 


21470 


12 


0-4027 


0-5973 


14580 


10200 


24780 


12-42 


0-3901 


0-6099 


14890 


10550 


25440 


14 


0-3461 


0-6539 


15970 


11900 


27870 


15-52 


0-3083 


0-6917 


16900 


13190 


30090 


16 


0-2975 


0-7025 


17150 


13600 


30750 


18 


02557 


0-7443 


18180 


15300 


33480 


18-63 


0-2437 


0-7563 


18470 


15830 


34300 


20 


0-2197 


0-7803 


19050 


17000 


36050 


22 


0-1888 


0-8112 


19810 


18700 


38510 


24 


0-1623 


0-8377 


20460 


20400 


40860 


24-86 


0-1519 


0-8481 


20710 


21130 


41840 


26 


0-1394 


0-8606 


21010 


22100 


43110 


28 


0-1191 


0-8801 


21490 


23800 


45290 


30 


0-1030 


0-8970 


21910 


25500 


47410 


31-04 


0-0951 


0-9049 


22110 


26380 


48490 
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(1) Taking an initial vertical velocity of 100 ft, per sec. 

Then 0-10W-i# 

= J(100 - 16-1J) 

The highest point is reached after 3-106 sees, and the full time 
of flight is 6-212 sees. 



t 


16-lt 


100 - 16-1* 


y 


s 








100-0 








2 


32-2 


67-8 


135-6 


5133 


3-106 


50-0 


50-0 


155-3 


7762 


4 


64-4 


35-6 


142-4 


9783 


6 


96-6 


3-4 


20-4 


14017 


6-212 


100-0 








14467 



(2) Taking an initial vertical velocity of 200 ft. per sec. 

i 

Then u = 



- *(200- 16-K) 

The highest point is reached after 6-212 sees, and the full time 
of flight is 12-42 sees. 



t 


16-1* 


200 - 16-1* 


y 


s 








200-0 








2 


32-2 


167-8 


335-6 


5133 


4 


64-4 


135-6 


542-4 


9783 


6 


96-6 


103-4 


620-4 


14017 


6-212 


100-0 


100-0 


621-2 


14467 


8 


128-8 


71-2 


569-6 


17900 


10 


161-0 


39-0 


390-0 


21470 


12 


193-2 


6-8 


81-6 


24780 


12-42 


200-0 








25440 



(3) Taking an initial vertical velocity of 300 ft. per sec. 



Then 



y = 300* - - gt* 
= *(300 - 16-1*) 
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The highest point is reached after 9-315 sees, and the full time 
of flight is 18-63 sees. 



t 


16-12 


300 - 16-12 


y 


s 








300-0 








2 


32-2 


267-8 


535-6 


5133 


4 


64-4 


235-6 


942-4 


9783 


6 


96-6 


203-4 


1220-4 


14017 


8 


128-8 


171-2 


1369-6 


17900 


9-315 


150-0 


150-0 


1396-2 


20286 


10 


161-0 


139-0 


1390-0 


21470 


12 


193-2 


106-8 


1281-6 


24780 


14 


225-4 


74-6 


1044-4 


27870 


16 


257-6 


42-4 


678-4 


30750 


18 


289-8 


10-2 


183-6 


33480 


18-63 


300-0 








34300 



(4) Taking an initial vertical velocity of 400 ft. per sec. 
Then y - 400f - igf 2 

= 2(400 - 16-12) 

The highest point is reached after 12-42 sees, and the full time 
of flight is 24-84 sees. 



2 


16-12 


400- 16-12 


y 


s 








400-0 








2 


32-2 


367-8 


735-6 


5133 


4 


64-4 


335-6 


1342-4 


9783 


6 


96-6 


303-4 


1820-4 


14017 


8 


128-8 


271-2 


2169-6 


17900 


10 


161-0 


239-0 


2390-0 


21470 


12 


193-2 


206-8 


2481-6 


24780 


12-42 


200-0 


200-0 


2484-0 


25440 


14 


225-4 


174-6 


2444-4 


27870 


16 


257-6 


142-4 


2278-4 


30750 


18 


289-8 


110-2 


1983-6 


33480 


20 


322-0 


78-0 


1560-0 


36050 


22 


354-2 


45-8 


1007-6 


38510 


24 


386-4 


13-6 


326-4 


40860 


24-84 


400-0 








41840 



(5) Taking an initial vertical velocity of 500 ft. per sec. 

Then y = 5002 - Jg2 2 

2t 

= 2(500 - 16-12) 
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The highest point is reached after 15-52 sees, and the full time 
of flight is 31-04 sees. 



/ 


IG-lt 


500 - 16-lf 


y 


s 








500-0 








2 


32-2 


467-8 


935-6 


5133 


4 


64-4 


435-6 


1742-4 
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Fig. 112 shows the curves obtained by plotting the values of 
s horizontally and the values of y vertically. 

168. If the voltage in an electric circuit is v volts, the current 
is C amperes, the resistance R ohms, the self-inductance L henries, 

then v = RC + L -^- where t is time in seconds. 
ut> 

(1) To express C in terms of / when v is constant. 

Now v = RC + L^ 

at 

T>r T^ 

v RC = L-T- 
at 

^ L dC 

11 R dt 



and "~ = ^r\dt + Const 



dC___ 
L, 



Integrating, logJ C) = =?"' + Const. 

\K / Lt 

(a) Let the initial condition be C = when t = 0. 

v 
Then log c - Const 

Hence log fl f ^ - Cj - log e ^ = - 



L 



u " c 



and C = ^ 

It should be noticed that as t becomes large e~^ becomes small, 

v 
and therefore C tends to the value . 

(6) Let the initial condition be C = C when t = 
Then - log e (g - c) - ^ + Const 
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and logerp C ) = Const 



R~ _R< 

L- r L 
R 

v ^ 






v 



. B< 

^Q 



(2) To express C in terms of t when v = V Q sinpt. 
Then RC + L-^- =- i; sin pt 

, dC R., t; . 

and -T- + ~C - smpf 

a< L L ^ 

Now i 



The integrating factor is therefore e L 

T> A n "D* 

j^t y r jyt 
and C^ L = YI^ L sinjrf d<+ Const 

^R . 



/R \ 

(y sin^/ jp cos JOM + Const 

^ 



(a) Let the initial condition be C = when t = 0. 



Then = - _p . + Const 
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Rt 

and "-* VoLelj ^ R ~ : " "" "^ ' V(}Lp 



7 jLjf} 



Hence C = R 2 (R sin * ~ 



sin (pi- 0) + TF _ 
2 ^ R-+L 2 |j 



where = tan"" 1 ~- 

v 

_Rt 

It should be noticed that as t becomes large e L becomes 

small, and therefore C tends to the form . = sin (pt 0), 

A/R 2 



a periodic function of the same frequency as v 9 but of amplitude 



V R 2 + 

(b) Let the initial condition be C - C when t = 0. 



Then C^ L - lv> T0 (R sin p/ pL cos /) + Const 

R 2 -|- L 2 J> 2 v r r r 

and c= - + Const 



(R Sin ^ ~ 
andC = R ^n t - L cospf) + (c o 







169. To investigate the motion of a body falling from rest under 
the action of gravity, the resistance of the air being taken into 
account. 

(1) When the air resistance is proportional to the velocity of 
the body. 
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If R Ib. is the resistance of the air, then R = kv where k is a 
constant and if m Ib. is the mass of the body. 

mg R = m x acceleration 
dv 

j do kg 

and - -4- i) = 

dt m 

Now 

7 

and the integrating factor is therefore e 

OM f Vkt 

Hence ve m = g\e m dt+ Const 

= -re + Const 
k 

but when t = 0, v = 0, since the body falls from rest. 

777 

Then = r + Const 

K 

ok m gkt M 
- I it/ tb 

and ve m = 7-^ m -,- 

A; A; 



It should be noticed that as t becomes large, e m becomes 
small, and therefore the velocity of the body tends to the limiting 



, m 
value 7-. 
A; 

^ 
Now 



Integrating, s = - 

but when t - 0, s = 0, then - ^ + Const 

g& 



, m/. m 

and ^ = 
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(2) When the air resistance is proportional to the square of the 
velocity of the body. 

If R Ib. is the resistance of the air, then R = kv* where k is a 
constant ; and if m Ib. is the mass of the body, 

mg Rg = m x acceleration 

, 7 9 dv 

and mg gicv* = m -r 

dv f_ fa; 2 j 

where a 2 = 
m 

dv 



Hence g\ dt + Const = I- 

J Jl- 



av 



1 4- au 



But when t = 0, t> = 0. Hence Const = 
1 1 + a . 



, 
and 

lo ge 

be 



- at; 

+at; _ 
at; 

t) = 



1 e zaot - 
v = - 



a e^ + 1 

= - tanh agt 
a G 



A/T- 
^ A; 




^ AT- tanh 
^ A; 

giving the velocity of the body in terms of the time. 

XT ds 1 A - 

Now w - = - tanh 

d a 

Integrating s - -y Iog 6 cosh ag* + Const 

o 
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But when t 0, s = 0. Hence Const = 

and s = ~r- log. cosh agt 

be 6 



i u * 

-^ log. cosh ^/- 

. To integrate tanh agt, put ocg = a?. 
Then I tanh a.gt dt = tanh x dz 

_ 1 fsinh a? 

== - I , Cct2/ 

^J cosh x 

= log, cosh a? 
a 6e 

Since the numerator is the differential coefficient of the de- 
nominator, 

hence I tanh agt dt = log e cosh agt 

J *g 

170. To investigate the motion of a body projected vertically 
upwards with an initial velocity V Q , the resistance of the air being 
taken into account. 

(1) When the air resistance is proportional to the velocity of 
the body. 

If R Ib. is the resistance of the air, then R = kv where it is a 
constant and if m Ib. is the mass of the body, 

then mg Rg = mass x acceleration 

do 



- dv kg 

311(1 + 



Now 

m J ?/i 

kgt 

and the integrating factor is therefore e m 

TCQJ /* KQt 

Hence ve~ = g\e m dt+ Const 

= _ _- em + Const 
A; 

but when t = 0, v = % since r; is the velocity of projection 
then v - T- + Const 

/ 
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M m m M 

and ve m VQ^ -e m 



tf \ 

ve m ^v--re m I) 



koi m 

^v Q --r 



_W m / _foA 
and v - v& - j (l - e m ) 

XT ds -TST m A J 

Now v==: ^ VQ " 



my* -M m/ m -^\ ,. 
Integrating s = 7^ e m p u + r--<? m ) + Const 



o 



but when t = 0, s = 0, = - _ + Const 

Ag 



- 

and 



k 
-&* 



m ( m\ /, 
"3i(' + FA 1 - 

At the highest point the velocity is evidently 0, 

_M m , JSSL\ 

and z^ m =-( I e m ) - 
K\ / 

-SS m/ 
or v Q e m - ( 1 - 



W Q + m 
m . fa* + m 



and 

and this gives the time taken to reach the highest point. By 
giving t this value in the expression for s, the vertical distance 
of the highest point above the point of projection can be de- 
termined. 

c- 

Since - 
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*p, 7 nv | wo i uv \ i ^ "f i iiv i ""'n ~T" W 



7 m ckv Q + m\ c m \ m* . k\ 
h = rr \ ~^r M ! 7 f - Ty log e - 

o 1. iv y v. */ t/Q ~j" KYL} K g 

tYL ftfti -\- f tn \ C kl) *\ "W?^ ^*77 -4- 

= J I J ^ I Jog 

Ag \ & J \kv Q + /^/ A; 2 ^ be m 

__ mt; m 2 
T7t TXi ^Se 



m 2 . kv + m 



m . lev* 



(2) When the air resistance is proportional to the square of the 
velocity of the body. 

If R Ib. is the resistance of the air, then R = kv* where k is a 
constant, and if m Ib. is the mass of the body, 

then mg R = m x acceleration 

, 7 dv 

and mg gkv- =-- m -j- 



fc 

= 8(1 + <x?v 2 ), where a 2 = 
^ ' m 

Hence I- ^-^ -= g\dt + Const 

Jl + a 2 a 2 e j 

Integrating - tan"" 1 at; = gt+ Const 
a 

Since the initial velocity of projection is t; , then when t = 0, 

v = V Q> and - tan^ 1 at; = Const. 
a 

Hence gt == -{tan"" 1 at; tan*" 1 at;} 

a 



OLgt = tan"" 1 * 2 , 
and tan 



1 -I- a 2 t; t; 

(1 + a 2 t; t;) tan oigt = at; OLV 
V(K + a 2 t; tan agt) = at; tan 

at; tan 



a(l + at; tan <y.gt] 

- tan (0 oigt), where tan 
a 
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At the highest point the velocity is evidently 0, 
and tan cngt = <W Q 

agt = tan- 1 aw 

t = tan"* 1 <M Q 
<*& 

ds 1 

Also v = = - tan (0 &gt) 

at a. 

and s - -I tan (0 - agt) dt + Const 

= r I g e sec (0 - agt) + Const 

<x.*g 

but when t = 0, s = 0, and = ^~ lo Se sec + Const 

Hence 5 = ~j-{log e sec log c sec (0 a, 

sec 



J^ cos (9 - agf) 
a 2 ^ ge cos 6 

The vertical distance of the highest point above the point of 

1 

projection will be obtained when t = tan" 1 aa ; that is, when 

& 

- Kgt. 

Then h = -5- log,, sec 



but tan = aa and sec = \/i + 

Hence h = 5^- log, (1 + oc 2 r$ 

171. The Compound Interest Law. 
T/ dy 

Then I = n \dx + Const 

J 2/ J 

and log,, ?/ = nx + c 

! 

! , where A ^ 
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If P is the principal at any time t years and compound interest 
at r per cen 1 :. per annum is payable at every instant, then 
f (P -)- SP) would be the principal at (t + Bt) years and 8P is the 
interest on P for Bt years at r per cent. 

TT *T ?? & 

Hence 8P - 

SP Pr 

or 



St 100 

and when Bt is made infinitely small, 

dP Pr 

dt ~ 100 



Then 1-^- - \dt + Const 



IP 



rt. 

loge p " Too + Const 

Let P be the principal at the beginning, then when t = 0, P = P , 
and log c P = Const. 

log, P - log e P 



100 

P rt 

P *~ 100 

P Jt 

rt 

and P = P e 

Example. In what time would a certain sum of money invested 
at 2 J per cent, per annum double itself if the interest is payable 
at every instant. 

In this example P = 2P 

and e ioo = 2 

x 0-4343 = 0-3010 
30-10 






0-4343r 

69-33 
r 

27-73 years, when r = 2 J per cent. 
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172. The Slipping of a Belt on a Pulley. Let a be the angle 
of lap and T l and T 2 the tensions in the belt at P and Q respec- 
tively (Fig. 113). 




FIG. 113. 

Considering an elementary length of belt subtending an angle 
86 at the centre, and let the tensions on either side of this length 
of belt be T and T + ST. 

The normal pressure N of this length of belt on the rim of the 
pulley will be found by resolving T and T + ST in the direction OR. 

Thus N = (T + ST) cos (oo - y) + T cos (00 - 



= (2T + ST) y, taking SO as being small 

= T S0, taking ST as being small 
Force of friction = normal pressure x coefficient of friction 

= wTS0 

When the force of friction is just equal to ST, slipping begins. 
Then ST = wT S0 

ST 

S0 = W1 



or 



and 
Hence 



jrri 



-XT = uT 9 when S0 is infinitely small 
f^ - u frf0 + Const 



log/T = wO + Const 

At P, 6 = and T = T x log/J^ = Const 
At Q, 6 = a and T = T 2 log e T 2 = a + Const 
log/r.-log/Tj-iia 
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T 

log, = wa 



and T 2 = T^ 

If sy ft. per sec. is the speed of the rim of the pulley and H is 
the horse-power transmitted, 



H- 

Also T 2 - T x = T^ - 1) 

Hence H - - 

nence a. - 



550H 
and T 



Also T =. 



v(e m - I) 
550H e 



2 v(e ua - x 
550H 



173. The Variation of Atmospheric Pressure with the Altitude. 
Let p Ib. per sq. ft. be the pressure of the air at a place h ft. above 
some datum level, and let (p + 8p) Ib. per sq. ft. be the pressure 
of the air at a place (h + S/i) ft. above the same datum level. 

The pressure of the air at distance h ft. = pressure of the air 
at distance (h + S/i) ft. + the weight of S& cubic ft. of air. 

If w is the weight in Ib. of a cubic foot of air at a distance 
h ft. above the datum level, 

Then p = p + 8p + w h 

or Sp = w Wi 

and -~ *= w, when 87* is made infinitely small. 

(1) If the temperature remains constant, 
Then po = Const, and w = cp 

dp _ 

- = c!d/&+ Const 

log e p = ch + Const 
but when h = 0, p = p Q , and Iog e jp = Const 
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Hence log e p - logj? - - ch 

-~ -ch 



P 

Let p Ib. per sq. ft. be the pressure and w Ib. the weight of a 
cubic foot of air at datum level. 

7t ) 

Then W Q = cp Q , or c =- 

Po 



and p == 

(2) When the temperature does not remain constant, 

i_ 
Then pv n = Const, and w = cp* 1 



K 1 dp - - 



n 



+ Const 

i 

~ ^> 

= ch + Const 



^ ) i *" 

but when h = 0, p = p , - - Const 

1 

?i 

n / i l i T \ i 

T IPo "" jP ~ / " c ^ 



,1- 

but when h - 0, p = p Q and w? = Ti? 
Then W Q = cjp ^ and c -= y- 



Hence h -- 

w - 1 r 

Also pjy = RT ; where T is the absolute temperature 

A P V T 

and - - ,=- 

Po ^o io 



P / V \ n -. /PV ^0 

( ) - 1 , or ( -i- ) = ~ 
v 



L x 

but 
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T PfPY- 

Then m- I ) 

A o Po W 

i 



Hence fc = -JL- fe 

w 1 ze> 



174. The Work done by an Expanding Gas. If W is the work 
done in foot-pounds, p is the pressure in Ib. per sq. ft. and v is the 
volume in cub. ft. 

_ dW 

Then p = -y- 

or W = 1 p dv 



Let the gas expand from volume v 1 to volume i> 2 , the pressure 
falling in consequence from p l to p 2 - 
If the law of expansion is pv n = Const 

Then p = ct>~ n 

r v 2 
and W = c\ v~ n dv 



n 



= ^i p i fi _ /'EiV' 1 ! 
w - 1 L \u 2 / J 



If the law of expansion is pv = Const 

Then p - 

r v 



and W = c\ 

"2 
1 



f 2 cfo 

? J Vi - 

r I" 2 

log^ 
L J. 



v* 
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175. The Hypothetical Steam Engine Diagram. Steam is ad- 
mitted into the cylinder at constant pressure p l9 the volume in- 
creasing from to v v 




pv 



FIG. 114. 

Work done = p^o 

Let the steam then expand to volume v 2 according 
? n = Const. 

Work done = \ 1 ( ) 

n 1L \iv J 

If pz is the back pressure, Work done during exhaust = 
Total work done - p,v, + ^\{ 1 - r l ~ n ] - 

^ Q) I V J 

Iv ~~ JL 

If p e = mean effective pressure, 

Total work done = 

and 



to the law 



t where r = 

V* 



If the law of expansion is pv = Const 
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V 

Then p e v 2 = py^ + p l v l log, -8 - 

v i 



EXAMPLES XX 

Solve the following equations, evaluating the constants by 
using the special condition given in each case. 
,_. du a; 3 1 
Ofa^y*^!' S 1 11 ^ 1 * when a? =0 

(2) (a? 3 */ + y) -j- = # 2 2/ 2 + a? 2 , given y - 0, when a? =0 

f/ 8 - 1 . 

= 2 > when 0=0 



dJ?/ ?/ 2 -4- 1 
(4) - a1T Siven t/ = 0, when a? = 2 



(5) ^ = sin (a; + y) - sin (*-/), given y = |, when a? =0 

(6) -j^ = sin 2 (x+ y) sin 2 (x y), given /=-:, when x = 

CW/ *Jb 

dl/ 

(7) Cos 2 a? ~+ y -=\ 9 given y -0, when # -0 

(8) -p + 2xy = ^, given ?/ - --, when a? = 1 

uJll 

(9) (a )2 y 2 ) -J- - tr^/, given T/ = 1 ; when a? = 1 

(10) 4 . ifcliS., given y-1, when or - 1 
v x cte a;(a?+ 2/) 

(11) a? 2 -JT =- ^ 2 + / 2 , given i/ == -, when a? = 1 

t/t2/ ^2 

(In Questions 9, 10, and 11 put y => o?, then -^ = v + x j-. 

CkU tiWy 

Express the equation in terms of v and a?, and solve 
by separating the variables.) 

df + I = Sin ^' 
ffat 
(13) ^~ + ?/ = sin 2#, given y = 1, when a? 
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(14) Vl a 2 y; + y = 1, given y - 2, when x = 

flkl/ 

(15) -r-+ y tan a; sec a?, given y 0, when a? = 

CuZ/ 

(16) -T-+ y tan a? = sin 2 2#, given / = 0, when a? = 
cue 

dn ^ 

(17) -~ + i + g ^ = t/tl2 ' given ^ = > when x ** 

(18) Show that the differential equation -~ + /# m = y n x* 

dz 
reduces to the form ~ + (1 n)s # m = (1 n)x* if 2 = y*~ n 

CtiC 

(19) Apply the result of Question 18 to solve the differential 
equation a? -f(+ $ 2 y = y 3 subject to the condition that y =- I 

when x = 1. 

(20) Plot the values of s and t given in paragraph 167 on 
squared paper between t = 20 and t 28. Use the graph to find 
the time of flight necessary for a horizontal range of 40,000 ft. 
What is the angular elevation at which the projectile must be 
fired to give this range ? 

(21) The projectile in paragraph 167 is given an elevation of 
2 

tan"" 1 - ; that is, for the horizontal muzzle velocity of 2700 ft, 
y 

per sec., the vertical velocity must be 600 ft. per sec. Find the 
horizontal and vertical components of its velocity, 36 seconds 
after projection. What is the magnitude of the velocity at this 
instant and in what direction is it travelling ? 

(22) A body of mass 5 Ib. is projected upwards in a resisting 
medium with an initial velocity of 200 ft. per sec. ; the resistance 
of the medium being kv Ib., where v is the velocity of the body 
and k is a constant. If the body takes 3-5 seconds to reach its 
highest point find the value of k (k lies between 0-04 and 0-05). 
What is the greatest height to which the body will rise and what 
will be the velocity of the body 2 seconds after projection ? Take 
g = 32-2 ft. per sec. 2 . 

(23) A body of mass 5 Ib. is projected upwards in a resisting 
medium with an initial velocity of 200 ft. per sec. ; the resistance 
of the medium being Any 2 Ib., where v is the velocity of the body 
and A: is a constant. If the body takes 3*5 seconds to reach its 
highest point, find the value of k (k lies between 0-0004 and 
0-0005). What is the greatest height to which the body will 
rise, and what will be the velocity of the body 2 seconds after 
projection ? Take g = 32-2 ft. per sec. 2 . 
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(24) A body of mass m Ib. falls from rest in a resisting medium, 
the resistance of which is kv Ib., where v is the velocity of the 
body and k is a constant. If after the 1st second the velocity 
is 20 ft. per sec. and after the 2nd second it is 35 ft. per sec., 
show that the body after falling for a great length of time 
will tend to have a velocity whose value is 111-9 ft. per sec. 

fe- 82-2 /.*.*.) 

(25) In dealing with the strength of thick cylinders, if p is the 

radial compressive stress and / the hoop tensile stress at a point 
whose distance from the axis is r, 

fJ'Y) 

Then p + /= 2a and p + r ~ =/ where a is a constant. If at 

the internal surface p = p when r -= r and at the external sur- 
face p ^ Pi when r r l? express p in terms of r. 

(26) In a hollow cylinder of nickel steel subjected to internal 
pressure p, and no pressure outside, when the material is all 
yielding, if p is the radial compressive stress and / the hoop 
tensile stress at a point whose distance from the axis is r, and 
if / h ap = b where a and b are constants for a particular kind 

of steel, and if we also have the usual relation r-~- + p+f=~- 0, 

find p as a function of r. If the inside radius r a is 3 inches and 
the inside p l is 30 tons per sq. inch, what is r , the outer radius. 

(Take for nickel steel a - ?, b - 30.) (B. of E., 1911.) 

4 

(27) A quantity of gas expands from 2-5 cubic ft. to 9 cubic ft., 
the law of expansion being pv n const. If the pressure at the 
beginning of the expansion is 80 Ib. per sq. inch, find the work 
done during expansion : (1) when n == 1-064G, (2) when n -= 1-131. 

(28) In the previous example, if the law of expansion is 
pv = const. Find the work done during expansion. 

(29) Let p denote the population of England and Wales in 
millions and t the time in years that has elapsed since 1801. If 
the increase of population per year is proportional to the popu- 
lation that is, it follows the compound interest law express p 
in terms of t. If p was 8-9 in 1801, and it was 36-1 in 1911, what 
is p likely to be in 1921 ? (B. of E., 1914.) 

(30) If y = Aef what is -~ ? An electric condenser, of capacity 

dx 

k farads and leakage resistance R ohms, has been charged and 
the voltage v is diminishing according to the law -57- = r^. 



Express v in terms of the time, t seconds. If k is 0-8 x 10~ 6 
farads ; if v is noted to be 30 and 15 seconds afterwards it is noted 
to be 26-43, find R. (B. of E., 1912.) 
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(31) In the atmosphere, if p is pressure and h height above 
datum level, if w = cp l /v where c and y are constants, and if 

-J? = w, find an equation connecting p and h. What is the 
dft 

above c if p = twR ? Assume p = p Q and f = where A = 0. 
R is a known constant for air. Find an equation connecting 
h and t. (B. of E., 1904.) 

(32) Water leaves a circular basin very slowly by a hole at the 
bottom, every particle describing a spiral which is very nearly 
circular. Let v be the speed at a point whose distance from the 
axis is r and height above some datum level h. Assume no 

" rotation " or " spin "that is, i(~ + ~) - and show that 
r 2\r drJ 

s* 

this means v = - where c is some constant. Now at the atmo- 
r 

v 2 

spheric surface + h = C where C is a constant. Find from 
2g 

this the shape of the surface that is, the law connecting r and h. 
(B. of E., 1905.) 

(33) If v volts is the voltage in an electric circuit, C amperes 
the current, R ohms the resistance, L henries the self-inductance, 

1C* 

and t seconds the time, then v = RC + L - 

at 

If v is constant and equal to 8 volts, R = 075 ohms, and 
L = 0-08 henry, express C in terms of /, knowing that when 
t = 0, C = 0. What would be the value of C when t = 0-1 sec. ? 

(34) If v volts is the voltage in an electric circuit, C ampbres 
the current, R ohms the resistance, L henries the self-inductance, 

and t seconds the time, then v = RC + L -r 

at 

If v = v Q sin pt where V Q and p are constants, and if R = 50 
ohms, L = 0-1 henry, V Q = 100 volts, and p = 500, express C in 
terms of /, knowing that when t = 0, C = 0. To what value does 
C ultimately tend if t is taken sufficiently great ? 



CHAPTER XXI 



176. If y = A sin nx + B cos nx, 

(lit 

-~ = nA cos nx ?iB sin no? 
oo? 



= w 2 A sin nx n 2 B cos no; 
dx 2 

n 2 (A sin no? + B cos nx } 



d 2 ?/ 
Thus the solution of the differential equation -r~ + n 2 y = can 

be assumed to be i/ = A sin nx + B cos nx where A and B are 
constants. 

If y = Ae + Ee~*> 

'- 
dx 



- n 2 ?/ 

d 2 ?/ 
Thus the solution of the differential equation -^ n*y = can 



be assumed to be y = Ae + B^~ na: where A and B are constants. 

rf 2 ?/ 
Also for the differential equation ~ - n 2 y a general solution 



= kef can be assumed, k being a constant. 
For if y = 



Hence y = fee 08 is a solution of the equation ^ = n?y if a 2 => w 2 

Gk^ 

or a = n, 

and t/ = Ae -f B^"^ 8 is the complete solution 
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Also y -- kef is a solution of the equation -7-^ n 2 x if 
a 2 = - n 2 or a = w, ^ 

and y = A^ flw: + B<?- inaJ is the complete solution 
but y = A(cos nx + i sin nx) + B(cos nx i sin no:) 
(A + B) cos nx + i(A B) sin nx 
C cos ra? + D sin no: where C and D are constants 



177. The general solution y = kef can also be assumed for the 
Eferential e 
For if y = 



differential equation -r-| + 2a- + b-y - 0. 

dx dx 



Then + 2a + b*y = a 2 A:^ + 2a aA:^ + 6 2 Jte" 

2 00? U 

= fc^(a 2 + 2aa + 6 2 ) 

= 0, if a 2 + 2aa + J 2 - 

Hence y = A:^ will be a solution of the equation -=-4 + 2a-~- 
* * 2 dx 



+ b*y = 0, providing a has the values which will satisfy the 
quadratic equation a 2 + 2aa + b 2 = 0. 

Let a x and oc 2 be the two roots of this equation. 

Then y = A&* lX + B^ 2X will be the complete solution of the 
differential equation. 

For since a x and oc 2 are the roots of the equation a 2 + 20oc 
+ i 2 = 0. 

Then aj + 2aa x + i 2 - 

and a^ 4- 2aa 2 + & 2 - 

If y - Ae !* + Be **, 

-^ - a^^i 35 + 
ete 



Then 



= 
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Solving the quadratic equation for a, 

a 2 + 2aa + a 2 = - b 2 + a 2 

a + a = Va 2 -' 6 2 
and <* = - a 




a 



a 2 

The form of the solution of the differential equation depends 
entirely upon the nature of the values of o^ and oc 2 that is, upon 
the relation between the quantities a and b. 

(1) If a = 0, 

Then a x = bi, and a 2 = bi 

and y = A i6 * + B^- i5a! 

= C cos bx -h D sin &# 

(2) If a -6. 

Then a x and <x 2 are ea h equal to a, and T/= ^- aa5 (C+ Do?) 
is the complete solution. For let a and a + h be the values 
of a x and oc 2 respectively, A being small, 

Then y = Aer aa! + 

= ^ (A + 



and if ^ is taken to be very small, 



- e-* (C + Dx) 

This result can be proved by direct differentiation. 
For y = e -**(C 



- a 



Then + 



{Dtr** - ^-(C + Vx)} 

^e^ x (C + Vx) 
+ a*e-**(C + Dx) + 2aVe- 
(C + Do?) + a*e-* (C + Vx) 







(3) When a< ft, Va 2 - A 2 becomes imaginary, and a x and oc 2 
become complex quantities. 



and 



a x = a + iV6 2 - n 2 ", or - a + di 



a a 



a, or a 
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?/= Ae 



or 



' (C cos dx + D sin dx) 

1 (C cos V& 2 a 2 x + D sin 



178. Simple Harmonic Motion. This is defined as the motion 
of a body in which the retardation is proportional to the distance 
the body is from some given position ; and if x is this distance 



and t is the time, the equation of motion will be -p- = n 2 #, 

where n 2 is the constant of proportion. 

The solution will be x = A sin nt + B cos nt, where A and B are 
constants which can be evaluated if the initial conditions are 
known. 

(1) Let the initial conditions be x and v = i; when t = 0. 
Since x = A sin nt + B cos nt 

and x == when t = 0, Then B = 0. 

Hence x = A sin nt 

dx 



also 
but 



v = 



nA. cos 



v --= t; when 



= 0. Then 



The final solution is x = sin nt. 

n 




FIG. 115. 

If a circle be drawn of radius -2 and OP is a radius inclined at 

n 

an angle nf to the vertical diameter, then Pj, the projection of 

yt 

P on the horizontal diameter, is such that OPj - -5 sin nt 
(Fig. 115). w 
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If a particle P describes a circular path of radius ft. with 

IV 

uniform angular velocity n radians per second, the projection 
of this circular motion on the horizontal diameter will satisfy 



the condition that x = sin nt, and consequently -r-* = n 2 x. 

n en* 1 

The body describes a complete oscillation, after passing from 
O to P 2 , from P 2 through O to P , and from thence backwards 

again to O. This would take the same time as a complete revolu- 
tion in the corresponding circular motion. 

The periodic time = time of one complete revolution 

n 
The frequency = number of complete oscillations per second 

/" n 

J ~!2K 

(2) Let the initial conditions be x = a and v = when t = 0. 
Then x = A sin nt + B cos nt 

and x = a when t = 0, then B = a 

AI dx 

Also 



i) ^ = nA cos n riB sin n 
eft 

and v =* when < = 0, then A = 

The final solution is x = a cos nt. 




FIG. 116. 

If a circle be drawn of radius a and OP is a radius inclined at 
an angle nt to the horizontal diameter (Fig. 116), then P x , the 
projection of P on the horizontal diameter, is such that OP X 
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== a cos nt, and this satisfies the condition x = a cos nt, and con- 
sequently -p- = n 2 x. 

Here again the motion of the body is the horizontal projection 
of the motion of a particle describing a circular path of radius a 
with uniform angular velocity n radians per second. 

2-7T 

The periodic time 



Frequency 
Amplitude 



n 
n 



= a 



(3) Let the initial conditions be x = a and v = V Q when t = 0. 



Then 
and 

Also 
and 



x = A sin nt + B cos nt 

x = a when t = 0, then B = a 

& x A 

t; = _ = nA cos nt nB sm nt 

at 
v = VQ when t = 0, then A = 



The final solution is x = sin nt+ a cos 



=v; 



sn 



e) 



where tan 6 = 
v n 




FIG. 117. 

/ TzTv 

If a circle be drawn of radius -y a 2 + ( ) and OQ is a radius 
inclined at an angle e to the vertical diameter, while OP is another 
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radius making an angle nt with OQ (Fig. 117), then Q x the pro- 
jection of Q on the horizontal diameter, is such that 

OQ^V^+^TS^ 

a 



a 

Q t is evidently the initial point. 
P x , the projection of P on the horizontal diameter, is such that 

OPji -- 'Y a 2 h ( J sin (nt + e), which satisfies the condition 

fv \ 2 d?x 

a* + ( -} sin (/if + e), and consequently -pr = n 2 x. 

Here again the motion of the body is the horizontal projection 
of the motion of a particle describing a circular path of radius 

a 2 + (~ j with uniform angular velocity n radians per second. 



Periodic time = 
n 

Frequency = 



Amplitude - \l a 2 + ( - 
^ \n* 

The angle e is spoken of as the Epoch of the simple harmonic 
motion. 

179. The resultant of two simple harmonic motions of the same 
period and in the same straight line is a simple harmonic motion. 

Let x l = Aj sin (nt + ej 

and # 2 = A 2 sin (nt + e 2 ) 

be the two simple harmonic motions. 

Then x l + x% = A x sin (nt + e^ + A 2 sin (nt + e 2 ) is the resultant. 

Let OR be drawn making an angle nt with the vertical line 
OY (Fig. 118). Let OP X and OP 2 make angles e x and e 2 respec- 
tively with OR ; also OP l = A x and OP 2 =-- A 2 . Complete the 
parallelogram, of which OP X and OP 2 are adjacent sides, OP 
being the diagonal of this parallelogram and Q the horizontal 
projection of P. 

Then OQ - OQ 2 + Q 2 Q 

.= A 2 sin (nt + e 2 ) + A x sin (nt + ej 
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But OQ = OP sin (nt + E), which is a simple harmonic motion, 
of amplitude equal to the length of OP and the epoch E = angle 
ROP. __ 

Then OP = A/A;; + A* + 2A 1 A 2 cos (e 2 - l ) 




FIG. 1 1 8. 

Let PiR x and PR be drawn perpendicular to OR and PjS 
parallel to OR 
Then OR = OR X + RjR 

= A! cos ! 4- A 2 cos e 2 
and PR = PS + SR 



Now 



tanE = 



A 2 sin e 2 + A x sin e l 

PR 

OR 

A! sin e 1 + A 2 sin e 2 

AJL cos e l + A 2 cos 6 2 

180. The Vibration of a Spring. Let h be the stiffness of the 
spring that is, a force of 1 lb., will elongate the spring h ft. If 

cc 
the spring is elongated x ft. the force required will be r lb. 

Let a body of mass m lb. be hung from this spring and then 
displaced from its equilibrium position and then let go. 

If there are no frictional resistances to the motion of the body, 
the only force acting on the body will be the resistance of the 
spring, and when the body is at a distance x ft. from its equili- 

T 

brium position this resistance is r lb. 
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x 1H 

*T* =:= " 

h g 



A 

and -7-r - - - x 

at* mh 

a 

= n*x, where n 2 =-= - 

mil 

Then a? = A sin nt + B cos nt 

Let the initial displacement of the body from its equilibrium 
position be d ft. 

The initial conditions are x = d and v = when t - 0. 

Then a? = d when t =0, hence B = d, 

dflr 

also = -J- = nA cos TI nB sin nf 

dt 

but = when t = 0, hence A = 0. 

Finally, a? - d cos Tif . 

The body vibrates with simple harmonic motion the amplitude 
of which is d ft. 

*^Tr 

The periodic time ^ 

r n 



sees. 
g 

The frequency or the number of vibrations per sec. = 

- A/ 

2?c * mh 

181. Theory of Struts. Euler's Formula?. In this work we have 
to find the buckling load that is, the least load which can be 
applied at the ends of the strut to just cause the strut to bend. 
There are three distinct cases to consider : 

(1) When the strut is free at both ends. 

(2) When the strut is fixed at both ends. 

(3) When the strut is free at one end and fixed at the other. 

Case /. When the strut is free at both ends. 



w 




Let W be the load on the strut and y the deflection at a point 
A situated at a distance x from the end O. 
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Bending moment at A = Wy 

but bending moment = El ^ 

It 



dx* 
Hence EI = 



W 
El^ 

W 

= 7i 2 jy, where n 2 = ^77 

Hil 

The solution of this is : 

y = A sin 720? + B cos nx 
But when x = 0, y == 0, then B = 

and y = A sin ncc 

but when a? = Z, ?/ = 0, then A sin nZ = 

Now A cannot be zero, for if so bending would not occur. 
Hence sin nl = 

and nl can have the values 0, TU, 2-n;, STT . . . STC. Confining our 
attention to the least value TT, for the zero value is clearly in- 
admissible. 



2 
l^ 

I* 



_ 

El ~ 

A 
and W = 

V 

Case II. When the ends are fixed. 

In this case there must be acting at each end a fixing couple 




of magnitude u and this keeps the direction of an end of the 
strut in such a condition that the slope there is zero. 
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Bending moment at A = u Wy 



Then El = u - Wy 

ax* 



W / ^ i, u 

= ~~Ei^~ a )' where a = ^ 

W 

- n% - a), where n 2 = ^rf 



T - , , , 

If s = y a then -r- =- - ana -5-:, = -7 
^ 2 



TT 9 

Hence -r~ == n 2 ^ 

aa; 2 

The solution of this is : 

z = Asmnx+'B cos nx 
and ?/ a=-Asinno?+B cos nx 

then -7^ = nA cos nx nB sin nx 

ax 

dii 

but when x == 0, ~^- = 0, then A = 

aa? 

and T/ a = B cos nx 

Also, when 12? = 0, y = 0, then B = a 

Then y a = a cos n# 

?/ = a(l cos wo?) 

when x = /, y = 0, then a(l cos nl) == 

That is 1 cos nZ = 0, or cos nl = 1 

Hence rcZ must have the values 0, 2rc, 4?u . . . 

Considering the least value, 2jc, for the zero value is clearly 
inadmissible. 



4 * 2 

n ^~F 

W 4if 
EI~ P 

. ... 47T 2 EI 

and W = jg 



III. When one end is fixed and the other end free. 
The free end must be so constrained that it will always be in 
the same vertical line as the fixed end, while it should be free to 
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take up its proper direction when bending occurs. Let the free 
end be considered to slide in a frictionless guide, the normal 
reaction at the guide being Q. 




Considering the fixed end as the origin. 
Bending moment at A = Q(/ x) 



'-\y (*-*)}' 



where n 2 = TT*. 



Let 



Q 

z^y-yfV 

fa dy Q_ 

dx " dx + W 



Then 



The solution of this is : 






z = A sin nx + B cos nx 



when 
also 

when 
Hence 



y T^(/ a?) = A sin nx + B cos rc# 

x = 0, */ = 0, then B = - ^ 

du Q . ^ . 

-3T + 7T7 = nA cos nx ^B sin nx 

dx W 

a? = 0, -=^ = 0, then wA = ^= 
ao? W 

Q ,7 x Q Q/ 

^(J 0?) = -^rr Sin 710? ^rr COS Titf 

W 7 wW W 



Qi . 



Q/i 

wh 



sin nx I cos nx 



THE RANKINE-GORDON FORMULA 361 

But when x = I, y = 0, then - sin nl I cos nl = 

n 

or tan nl == nl 

This equation must be solved by means of a graph and neglect- 
ing the zero value, the least value of nl which satisfies the equation 
is found to be 4-493 radians or 257J. 

Then n 2 / 2 - (4-493) 2 

= 2-04771 2 

W/ 2 

Then ^ - 2-04771 2 

_ 2-0477u 2 EI 
and W p 

182. The Rankine-Gordon Formula for Struts. For a very short 
strut where buckling plays no part, the breaking load should be 
A/, where / is the crushing strength of the material and A the 
cross sectional area. For a very long strut where crushing plays 

no part, the buckling load should be ^ where c is a constant 

depending upon the nature of the ends. 

Then if W is the load under which a strut of any length gives 

way, and if W =- J 

1 L J 

^ C'7T 2 EI 

When / is small, W becomes A/ approximately. 
When I is great, W becomes - approximately. 
This formula therefore makes W approximate to A/ for very 
short struts, and to 75 for very long struts. 

V 

Thus W = 



where C = ~^\ 9 a constant depending upon the material and the 
CTT-E r r 

nature of the ends of the strut. 

Now I = Afc 2 where k is the radius of gyration of the section 
with respect to that axis about which bending is most likely to 
take place that is, the axis about which I is least. 

Then W - 
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If p is the intensity of the breaking load per square inch of 
section, 

W 

Then p = -r- 

r A 

f 
and p = J 



f 
When the ends are free c == 1 and C = J 



7T 2 E 
f 

When the ends are fixed c = 4 and C - % 

47T iii 

When one end is fixed and the other end is free c = 2-047 and 

C = J 

2-0477i 2 E 

Example. A hollow cast-iron column 24 feet long has to carry 
safely a load of 50 tons. The external radius is 5 inches, find the 
internal radius, (1) when the ends are free, (2) when the ends 
are fixed, (3) when one end is free and the other fixed. /=- 36 
tons per sq. in., E = 6000 tons per sq. in., factor of safety = 6. 

Let x be the internal radius. 

Area = 7u(25 a? 2 ) sq. in. 
Moment of inertia = (625 x*} inch units 

.*+ 

4 

Allowing for the factor of safety, the column must be designed 
to carry a load of 300 tons. 

Then p = r^ tons per sq. in 



(1) When the ends are free, 



C = 9 = 6-08 x 10- 4 

7T 2 X 6000 

300 36 

and 



7u(25 - a? 2 ) 6-08 x 10~ 4 x (288) 2 x 4 

+ 25 + a? 2 

_ 36(25 + a? 2 ) 
~ 226-8 + a? 2 
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Then 2-653(226-8 + x 2 ) = 625 - x* 
x* + 2-653a: 2 = 23-4 
x z + 1-327= 5-016 
x* = 3-689 
x = 1-921 

(2) When the ends are fixed, 

GO 



, 300 36 

and 



7t(25 - x 2 ) 50-45 



25 + a: 2 

_ 36(25 + a; 2 ) 
75-45 + X* 

Then 2-653(75-45 + x z ) = 625 - x* 

x* + 2-653a; 2 = 424-8 
x 2 + 1-327 - 20-65 
x 2 = 19-32 
x = 4-395 

(3) When one end is free and the other fixed. 

36 



2-97 x 10~ 4 
3-1)4771' x OUUO 

srn 
and 



x 6000 

300 36 



7c(25 - x*) 98-56 

+ 25TaT2 

36(25 + a; 2 ) 
123-6 + X 2 

Then 2-653(123-6 + a; 2 ) = 625 - x* 

x* + 2-653a? 2 = 297-2 
X 2 + 1-327= 17-30 
a; 2 = 15-97 
x = 3-996 

183. Damped Vibrations. A body of mass m Ib. is suspended 
from a spring of stiffness h that is, a force of 1 Ib. will extend the 
spring by h feet. The body is displaced from its position of 
equilibrium and then allowed to oscillate in a resisting medium, 
the resistance of which is proportional to the velocity of the body, 
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When the body is at a distance x feet from its position of 

SC 

equilibrium the resistance of the spring is T lb., while the resistance 

of the medium is kv lb., where & is a constant depending upon 
the nature of the medium ; both of these forces tend to urge 
the body back to its equilibrium position. 

/T \ 

Hence the total resistance to the motion is ( j + kvj lb. 

and 7- -h kv --= -- x acceleration 

h g 



gk dx g 

or --. + *- + JL. 

at* m at hm 

This can be expressed as 



at 2 at 

where 2a = - and ft 2 = - 

m hm 

Let x = Ae"' be the solution of this equation. 
Then a 2 + 2aa + & 2 = 

a+a- Va 2 - 6 2 
and a, = - a + Va 2 b 2 



a 2 - - a - V a 2 - 6 2 
The complete solution is x = A.ef it + Be *' 

Case I. When b > a. Let a = 1, and 6 2 = 10. 
Then a = - 1 V^~9 

= -1 3i 
Then - Ae ( - 1 + 3i + Be ( - 1 - 3 *" 

= e-'(Ae i3< + Be-* 3 ') 

= e~'(C cos 3t + D sin 3/) 

where C and D are constants depending upon the initial 
conditions. 

(a) Let the initial conditions be x = and v = 9 when t = 0. 

x = <H(C cos m + D sin 3t) 
(If 

v = ~3i " ~ e ~^ C cos st + D sin 3 ^ + e ~*( ~ 3C sin st + 3D cos 8 *^ 

But when t = 0, x - 0. Then C = 
Also, when f = 0, v = 9. Then D = 3 
x Se** sin 3f is the complete solution 
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(b) Let the initial conditions be x = 3 and v = when t 
x = eH(C cos 3t + D sin 3t) 

f\T 

" *~^ c cos 3 * + D sin 3 + e ~' "" 3 c sin 3 * 
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v ^ 



Hi 



0. 



cos 



But when t = 0, a? = 3. Then C - 3 

Also, when t - 0, t; - 0. Then 3D - C - 0, or D - 

x - eH(3 cos 3t + sin 3t) 

= VlOe-t sin (3f + a), where a = tan- 1 3 
- 3-162 e- 4 sin (3< + 1-248) 

(c) Let the initial conditions be x = 3 and v = 9 when t 
tr = ^"^(cos 3t + D sin 3t) 

dsc 
v = -g- = - e- e (cos 3f + D sin 3<) + e~'( - 3C sin 3< + 3D 

But when = 0, x = 3. Then C = 3 

Also, when Z = 0, v = 9. Then 3D - C = 9, or D = 

a; = e-' (3 cos 3< + 4 sin 3<) 

- 5<H sin (3 + (J), where p - tan- 1 1 

To 

sin (3t + 0-6435) 



0. 



cos 3t) 



4 




FIG. 122. 



Fig. 122 shows the three relations plotted for values of t be- 
tween and 3. They each represent periodic functions of con- 
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tinuously diminishing amplitude, but in each case the periodic 
time is the same. 

Periodic time = = 2-0944 sees. 
o 

Q 

Frequency = = 0-4775 

Case II. When a - b. Let a = b * 2. 
Then <x= -2 

x - e~ 2 '(A + Et) 

where A and B are constants depending upon the initial con- 
ditions. 

(a) Let the initial conditions be x = and v = 10 when t 0. 

(AMJ 

yi __. _ __ 

But when t - 0, x - 0. Then A = 
Also, when t - 0, v - 10. Then B = 10 
Hence x = 10te~ 2 ' 

(b) Let the initial conditions be x = 5 and v = when < = 0. 



v = _ 2e~ 2< (A + Bf) + Be- 2 ' 
at ' 

But when < = 0, x = 5. Then A = 5 
Also, when t = 0, v = 0. Then B - 2A = 0, or B = 10 
Hence x = e~*(5 '+ Wt) 

= 5e- 2 '(l + 20 

(c) Let the initial conditions be * = 5 and y = 10 when = 0. 
x = *- 2 'A 



v = = - 2e- 2 '(A + BO + Be- 

But when < = 0, x = 5. Then A = 5 
Also, when t = 0, v = 10. Then B - 2A = 10, or B = 20 
Hence x = e~ 2 '(5 + 200 
- 5e~ 2i (l + 4fl 
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Fig. 123 shows the three relations plotted for values of t between 
and 2. In each case the maximum displacement of the body 
from the equilibrium position is quickly attained, and then the 
body goes slowly back to its equilibrium position although it 
never reaches it. 




1-6 



FIG. 123. 



Case HI. When a>b. Let a - 3, and b 2 - 8. 
Then a = - 31 

= - 4 or - 2 

and x - Ae~ 2t + Be~* 1 

where A and B are constants depending upon the initial conditions. 
(a) Let the initial conditions be x = and v = 8 when t = 0. 
x - Ae-* + Ee-** 



v 



-T- 
at 



But when t = 0, x = 0, and A + B = 
Also, when t = 0, v = 8, and - 2A - 4B = 8 
Hence A = 4 and B = 4 



x 
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(b) Let the initial conditions be as 4 and v = when t = 0. 
x = Ae- 2t 



^-^ 
at 

But when t = 0, x - 4, and A + B = 4 
Also, when t - 0, v = 0, and - 2A - 4B = 
Hence A = 8 and B = - 4 

x = 8e- 2 * - 4e~ 4 ' 

= 4(2e- 2 - e-*) 

(c) Let the initial conditions be x = 4 and v = 8 when t = 0. 
8 = Ae~ 2t + Be- 4 ' 



But when f = 0, a; = 4, and A + B = 4 
Also, when t - 0, v - 8, and - 2A - 4B - 8 
Hence A = 12 and B - - 8 

x = 




0-5 



l-O 

FIG. 124. 



2-0 



Fig. 124 shows the three relations plotted for values of t between 
and 2. In each case the maximum displacement of the body 
from the equilibrium position is quickly attained and then the 
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body goes slowly back to its equilibrium position although it 
never reaches it. 

184. Forced Vibrations. A study of the curves obtained 
from the examples given in the previous paragraph indi- 

d?x dx 

cates that the equation -^ + 2a -rr + b 2 x = represents a motion 

dt (it 

which is damped that is, it gradually dies away. In some 
cases this motion is oscillatory, while in other cases it is 
not. If the whole system has a vibration of known frequency 
forced upon it and it is necessary to make a study of this 
forced vibration, it is as well to remember that when the 
natural or damped vibration dies away, this forced vibration 

ft I 1 ft T* 

will remain. Let the equation -^ + 2a -^- + b*x = c sin pt 

CM/** dl> 

represent the motion of a body which has a forced vibration of 

27T 

periodic time impressed upon it. When the natural vibration 

dies away, the motion of the body will be one solely due to the 
forced vibration, and as the periodic time remains unchanged this 
motion will be given by x = A sin pt + B cos pt, and this solution 
must satisfy the complete equation of motion and the values 
of the constants A and B must be determined so that this 
will be so. 

//'I 1 

-37- = 1>A cos pt pB sin pt 



_ _ 

T> , . ^ ^ dx 79 

But c sin pt = -TTT -1- 2a -57 + b 2 x 
r at 2 dt 

=* p 2 A sin pt p 2 B cos pt + 2a(pA cos pt pB sin pt) 

h i 2 (A sin pt + B cos pt) 
- ( - p 2 A - 2ap 1 K + 6 2 A) sin pt+( p 2 B + 2apA 

+6 2 B) cospt 
Equating coefficients of sin pt, 

(6 2 - p 2 ) A - 2apB = c ...... (1) 

Equating coefficients of cos pt, 

2apA + (6 a - p 2 )B = ...... (2) 

and relations (1) and (2) can be solved as a pair of simultaneous 
equations for A and B. 

A(6 2 - p 2 ) 2 - 2ap(b* - p 2 )B - c( 
4a 2 p 2 A + 2ap(b* - p 2 )B - 

and {(6 2 - p 2 ) 2 + 4a 2 p 2 }A = c( 

2 A 
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Hence A = -rp 

T> 2apA 



As an example, let a = 2, & = 3, c = 3, and p = 2. 



Then -TT + 4 -7- + 9# = 3 sin 2t 

dt 2 at 

Let a; = A sin 2f + B cos 2f. 

ft T* 

Then ~ - 2A cos 2t - 2B sin 2f 

at 



and -r-s = 4A sin 2t 4B cos 

at" 



cos 2i 

and 5A - 8B = 3 

8A + 5B = 

A 15 R 24 
A= 89' B= ~89 

Thus x = sin 2t cos Zt 

oy o7 

o 

= ^-{5sin2f- 8 cos 2t} 

O*J 

o o 

=- , sin (2t a), where tan a = - 

185. A condenser of capacity k is charged so that the potential 
difference of the plates is v . The two plates are connected by 
a wire. 

If Q is the quantity and C the current, 

Then Q = kv 9 and C = -?- 

&b 

If the connecting wire is of resistance R but of negligible in- 
ductance, 



Then 5 = - 4 

dt Ilk 
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Let v = Ae* be the solution of this equation. 

dv 



Hence a = 



t 
and u = Ae~ kn 



But when = 0, v == t; , and t> = A 

< 

Thus = t' 6 r fcK is the relation expressing v the voltage in 
terms of t the time. 
If the connecting wire is of resistance R and inductance L, 



Then Q = /a', C^ , 

at at 

Thus C=^ - 



TT Tlf 

Hence v = Rft -37 

di 

R efo t; 



- 
and 

rff 2 L dt 

Let i; = Ae ai be the solution. 
Then 



Hence a a + T<*- + TT= 

Li A/'JL 

9 R R 2 1 R 2 

a + r" 00 ^ TT2 ^ " 7T 
L 4L 2 /kL 



Thus giving the required values of a. 
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It should be noticed that the form of the final solution depends 
upon the nature of the values of a; that is, according as R 2 is 

greater than, equal to, or less than . The method of procedure 

i/ 

is exactly the same as that adopted for the analogous differential 

d*x dx I0 
equation -^ + 2a^- + b 2 x = 0. 



EXAMPLES XXI 
Solve the following differential equations : 



Ail 



(11) -T-J = 20a;, where x ft. is distance and t sees, is time, 

represents the equation of motion of a body. Find an expression 
giving x in terms of t, when the initial conditions are (1) t = 0, 

ft t* ft'Y 1 

on = 0-5, and -j- = ; (2) t = 0, a; - 0, and -,- - 4 ; (3) jf = 0, = 0-5, 
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(12) -p = 20#, where x ft. is distance and t sees, is time, repre- 

sents the equation of motion of a body. Find an expression 
giving x in terms of t when the initial conditions are : (1) t -= 0, 

fjnp fJ'Y* 

x - 0-5, and = ; (2) t~ 0, x - 0, and ~ = 4 ; (3) *^ 0, 

. r7# 
x -= 0-5, and -7- = 4. 

# 

/7 "I"* (iT* 

(13) + 4 -5- + 2(te = 0, where x ft. is distance and t sees, is 

time, represents the equation of motion of a body. Find an 
expression giving x in terms of t when the initial conditions are : 

dx dsT 

(1) t =- 0, x - 0-5, and -J-. - ; (2) t - 0, rr - 0, and ' --- 4 ; 

wZ Ctt 

dx 
(3) = 0, a? = 0-5, and -7- = 4. What is the periodic time of the 

motion ? 



(14) -y^ + 4-^- + 4c?? 0, where a? ft. is distance and / sees, is 

fit Ct't 

time, represents the equation of motion of a body. Find an 
expression giving x in terms of t when the initial conditions are : 

fJ'Yi (\T 

(1) t = 0, x --= 0-5, and -y- = ; (2) t - 0, x = 0, and -j- = 4 ; 

Cvt r/ 

x7/y> 

(3) / = 0, ^ == 0-5, and =-- 4. In each case find the maximum 

at 

value of x and the time at which it occurs. 



dx 

(15) -y^ + 4 + 3x - 0, where x ft. is distance and t sees, is 

Clt"* Ctt 

time, represents the equation of motion of a body. Find an 
expression giving x in terms of t when the initial conditions are : 

dtf d'p 

(1) t = 0, x = 0-5, and -5- = ; (2) t = 0, a: - 0, and -f = 4 ; 

y-7/yi 

(3) = 0, x = 0-5, and -T- = 4. In each case find the maximum 

ctt 

value of # and the time at which it occurs. 

(16) A force of 10 Ib. extends a spring by 1-6 inches. A mass 
of 8 Ib. is suspended from such a spring and is displaced 2 inches 
from its equilibrium position and then let go. If x ft. is the 
distance of the mass from the equilibrium position at any sub- 
sequent time, t sees, find the equation of motion for the body 
and then find an expression giving x in terms of t. What is the 
periodic time of the motion and how many complete oscillations 
does the body make per minute ? (g 32-2 f.s.s.) 
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(17) A force of 10 Ib. extends a spring by 4 inches. A mass of 
8 Ib. is suspended from such a spring in a medium whose resistance 
to the motion is 2v Ib. where v ft. per sec. is the velocity of the 
body at any instant. The body is displaced 3 inches from its 
equilibrium position and is then allowed to oscillate in the medium. 
If x ft. is the distance of the body from the equilibrium position 
at any subsequent time t sees., find the equation of motion for the 
body, and then find an expression giving x in terms of t. What 
is the periodic time of the motion ? 

(18) The two simple harmonic motions x l = 3-2 sin (nt + 0-732) 
and x 2 = 5-6 sin (nl I- 1-316) can be expressed as one simple har- 
monic motion x = A sin (nt + E). Find the values of A and E. 

/7 "T* ft i* 

(19) Solve jy2 + 2 /-ji + n z x = 0. Take n* ~ 200, /- 7-485. 

dec 
Let x - and also -*- - 10 when t - 0. (B. of E., 1912.) 

(20) A body capable of damped vibration is acted upon by 
simply varying force which has a frequency /. If x is the dis- 
placement of the body at any instant t, and if the motion is 
defined by 

d 2 x . dx 9 . 

-ES + b -r- + ri*x = a sin 
at* at 

we wish to study the forced vibration. 

Take a = 1, b = 1-5, n 2 - 4 find x y first when / = 0-2547 and 
second when/- 0-3820. (B. of E., 1910.) 

ff& V> fj 'Y> 

(21) + 2/-^- + w?x = a sin qt expresses the forced vibration 

of a system. Imagine the natural vibrations to have been clamped 
out. Take n 2 - 49, /= 3, q - 5 ; find x. (B. of E., 1913.) 

(22) A weight W Ib. hangs from a spiral spring whose stiffness 
is such that a force of 1 Ib. weight elongates it h feet. A down- 
ward force F Ib., in addition to the force of gravity, acts upon 
the weight. At any instant the weight is x feet below the mean 
position it would have if F were zero. Neglecting friction and 



the mass of the spring, prove that -^ + n 2 x = n?liF where n 2 

dt 

ti 
If the natural frequency, /or , is 10 and if hF a sin qt, neglecting 

^TC 

the natural vibratipn, find the forced vibration ; first when the 
forced frequency / x or q/2u is 2 ; second when it is 5 ; third when 
it is 15. (B. of E., 1914.) 

(23) A condenser of capacity k farads is charged so that the 
potential difference of the plates is i> volts. The plates are con- 



EXAMPLES XXI 375 

nected by a wire of resistance R ohms and inductance L henries. 
If v is the voltage at any subsequent time t seconds then 

T d 2 v ,. dv v 

L ^ +R dT + ^ 
If R = 100 ohms, k - 5 x 10~ 7 farad and L = 10- 3 henry. 

Express v in terms of t, having given that V Q = 500, -j- = when 

ttt 

/= 0. 

(24) In Question 23, if L - 1-25 x 10- 3 henry, all the other con- 
ditions remaining the same, express v in terms of t. 

(25) In Question 23, if L - 8 x 10~ 3 henry, all the other con- 
ditions remaining the same, express v in terms of t. 

(26) A straight steel rod of uniform circular section and 5 feet 
long is found to deflect 1 inch under a central load of 20 Ib. when 
tested as a beam simply supported at the ends. Determine the 
critical load when the same rod is used as a vertical strut with 
free ends. (U.L., 1910.) 

(27) A hollow cylindrical steel strut has to be designed for the 
following conditions : length 6 feet, axial load 12 tons, ratio of 
internal diameter to external diameter 0-8, factor of safety 10. 
Determine the external diameter of the strut and the thickness 
of the metal, if the ends of the strut are firmly built in. Use 
the Rankine-Gordon formula, taking / 21 tons per sq. inch, 

and the constant for free ends as -ZTT^- (ILL., 1908.) 

7500 v 7 ' 

(28) A mild steel I joist, 9 inches deep over all, flanges 4-5 inches 
wide by 0-5 inch thick, web 0-5 inch thick, is used as a column, 
20 feet high, loaded centrally, If the ends are firmly fixed, find 
the allowable load. Use the Rankine-Gordon formula ; take the 
safe compressive stress as 12,000 Ib. per sq. inch and the coefficient 

for free ends as ! (U.L., 1909.) 



CHAPTER XXII 
186. 

_2ir 



i* *i l~ I 

(a) sin nQ dO = -- cos n0 - -- (cos 2mu - 1) = 

JQ n L JQ n 

1 sin n0 dQ = -- cos wO = -- {cos nju cos ( me)} = 

J-* wL -L, n l " 

I sin nQ dQ = -- cos nO =- -- (cos nn 1) 

Jo wL J o n 



= when n is even 

2 

-= - when n is odd 
n 



w |- ~,ir 

(6) I cos nO dQ = - sin nO - 

Jo "L J o 

f cos nO dO - i fsin nO = 
J-* wL J^ 

f cos raO dO - i I sin n01 - 

Jo nL J 

since sin me = if n is a positive or negative integer. 

(c) Isin n6 sin raO d6 = -I (cos (n m)0 cos (m + n)0} dO 

and it follows at once from (b) that this integral vanishes between 
the limits and 2n ; TC and TU ; and and n. 

(d) Icos 710 cos mO d0 = -1 {cos (n + m)0 + cos (n - m)0} d0 

and it follows at once from (b) that this integral vanishes between 
the limits and 271; n and n ; and and n. 

f 2 * 

(e) I sin nQ cos m0 rf0 

Jo 

If 

= -1 { sin (n + m)0 + sin (n m)0} dO 
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^ir 

1 ~ cos (n + m)0 cos (n ?n)0T 

J 



2 n+m n m 

(n + W) 
n + m 



_ 1 f cos 2(n + W)TT 1 cos 2(n m)rc ll 
2 L n + m n m J 



I sin w0 cos ra0 d0 

J-JT 

__ if cos (n + m)0 cos (n m)0T 
2L n+m n m J^ 

re cos{ | 



_ if- 

~~ 2L n + m 

cos (n m)n cos { (n m)7c 

n m 
= 

1 sin w0 cos m0 d0 
Jo 

If cos (n + w)0 cos (n m)0T 
2 L n + m nm J 

1 P cos (n + m)Ti 1 cos (n m}-n ll 

2 L n+m n w J 

0, when n + m is even, 

= 1 when n + m is odd 

n+m nm 

Hence the integrals Isinn0rf0, Icosn0d0, 1 sin n0 sin m0 d0, 

f f . 

I cos nO cos m0 dQ, and I sin n0 cos m0 d0 all vanish when taken 

between the limits and 2:r, and they all vanish when taken 
between the limits TC and TT. If and TT are taken as the limits 

of the integrals, then the integrals I cos n0d0, 1 sin n0 sin w0d0, 

f f 

cosn0 cosw0 dQ vanish, while the integrals Jsin n0 dQ 



and 



and 



sin w0 cos m$ dQ do not vanish. 



187. These results do not apply to the case when n = m, except 
for the integral I sin n0 cos mQ dQ 
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r-n j p2w 

sin nQ cos nQ dQ = - 1 sin 2nQ dQ 
Jo 

I r -is 

= cos 2n0 
4rc L J 







= (COS 4tt7T 1 } = 

^ ' 



rsin n0 cos n0 dO - - cos 2nO 
471 L J -w 



j- (cos 2nn cos ( 2nrc) } 



- 

1 sin nO cos nQ dQ = T~ cos 55nO 
Jo 4nL 'e 

^ {cos 2nn 1} 
4tt l J 

= 

The integral I sin nQ sin mO dQ becomes I sin 2 nQ dQ 

-I f2" 

6-i| cos 2n0 dO 



/%2" 

sin 
Jo 



7T 



f sin 2 nO dQ = i f r/6 -if cos 2w0 

J-w J-TT ^J-.r 

- ^ I 7C - ( - 7U) J - 71 

f sin 2 raO dO = J fr/6 - J f cos 2n6 d 
Jo J Jo ^Jo 



The integral Icos nQ cos mQ dQ becomes I cos 2 nQ dQ 
f 'cos 2 nQ dQ - ~ f ^dO + i f cos 2nO dO 

JO ^Jo Z JO 
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1 



f" If If* 

I cos 2 wo m) = - 1 do 4- - I cos 2 
J - * J - ^ J - 

j[-(-7C)]-1U 

f'cos 2 nO d0 = I TdO + ^ fcos 2w8 

vO Jo Jo 



These results may be used as a means by which a periodic 
function can be expressed as a series of sines or cosines of multiple 
angles. 

188. The Sine Series. The sine series is expressed in the form 
V = f(x) -"= A! sin a? + A 2 sin 2x f A 3 sin 3x + ... A n sin nx + ... 
where A a , A 2 , A 3 , etc., are constant coefficients, and any integration 
which might be necessary must be taken between the limits 
x -- and a? = TT. 

If we multiply throughout by sin nx and integrate each term 
with respect to x between the limits and TC, 

Then 1 y sin nx dx 
Jo 

^Ajl sin x sin nx dx + A 2 1 sin 2x sin ?w? do? + . . . A w l sin 2 no; dx+. . . 
Jo Jo Jo 

and all the integrals on the right-hand side vanish except 

A n \ sin 2 nx dx, which becomes ~A W 
Jo * 

Hence s 71 *^ " I V s ^ n wa? ^ 

^ Jo 

2 f * 
and A. n = I v sin no? dte 

TcJo 

If i/ is known in terms of x, the integral can be determined, and 
by giving n the values, 1, 2, 3, etc., the values of A x , A 2 , A 3 can 
be found. 

Example. Expand the function y === mx as a sine series, knowing 
that when x = TI, y = c. 

c c 

Then m - and v = -a?. 

TC 7C 

Then jy = A! sin tT + A 8 sin 2a? + A 3 sin 3x + , . . A w sin no? + . . . 
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Then 


T/sin 

Jo 


nx dx = A n 1 
Jo 


sin 2 nx dx = -i 


^ 


Now 


1 y sin 

Jo 


r* 

nx dx = - 1 

^ Jo 


' sin flu/ Mkv 








c r 


a? cos na? sin 


wo?"]' 




n 71 


^ 2 Jo 



Hence 



= ( TC cos 
V 



- when n is odd 
n 

= -- when n is even 
n 

A n = when n is odd 

7U/i 

2c 
r- -- when n is even 



-ru c 2c 2c o 2c - >i , 

Thus v sin a? -- sin 2^ H -- sin 3x sin 4>x + . . . 



7T 



c - -o -o ^ . 

- { sm a? -- sin 2x + - sin 3x T sin 4<x + . . . 
-K I 2 3 4 

working in terms of c. 
or y = 2m | sin a? - sin 2# + - sin 3x - sin 4a? + . . . i 

working in terms of in. 

Example. Expand the function y = mx as a sine series, knowing 
that when x =- 0, y = ; when a? - ~, y = c, and when a? TC, / = 0. 




17 



FIG. i2; 
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Then m = 

and between and - y = # 

but between - and TT: y = ?^(TC a?) - (TT a?) 

J 7U 

Then i/ = A x sin a? + A 2 sin 2x + . . . A n sin nx + ... 

r c w i 

and I ?/ sin w# efo? = A w I sin 2 nx dx = -TcA^ 
Jo Jo ^ 

But in taking the integral 1 ysinnx dx it must be remem- 

Jo 

bered that between and -- y = a;, but between and TC 

A TU A 

2c. . 

--(-*). 

Therefore 1 T/ sin nx dx 
Jo 

2c f' 2c f* , x . , 

= 1" it? sm nx dx-\ L (TU x) sm nx dx 

K Jo ^Jj 

2^ rri . , r . , r . 

= \ \* x sm nx dx + TI L sm nx dx 1 M si 

TC IJ J^ Jo 



,-c sn 



2c rf i? cos ^w? sin nx~$ r cos n^r"!' f ^ cos W*P 

r + ^ 



n 

- ,_ . 

sm 7; ~~ 



1 . n?c TT cos nrc 



n 



/ TT: cos ??7i 1 . nrc 
V -- n -- ^ Sm T 



TC A c . n:u 

But 2 A = ^ sm T 

. 8c 



sm -IT 

7i 2 n 2 2 



i ^ ^ A 

when 71 = 1 sm -77- = 1 and A x == ^ -r 

2 A 7C 2 I 2 

71 TC 

when n - 2 sin = and A 2 = 
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nn Sc 1 
when n = 3 sin - = 1 and A 3 = 

<u TC O 

when n = 4 sin - == and A 4 =* 
2 



~ i^ ''** 1 A >-'v/ *. 

when n = 5 sin - = 1 and A 5 = ^ 

, 80 f 1 . 1 . 1 - ~ 1 . ^ "I 

Then y = \ -^ sin re -5 sin 3a? + -^ sin 5^? ^ sin TOJ+ . . . > 

working in terms of c. 

4m fl . 1 . rt 1 . ^ 1 . ^ 

or T/ J sin ^ sin 3t^ + -75 sm 5x -5 sin 7x+ . . . > 

189. The Cosine Series. The cosine scries is expressed in the 
form y = /(a;) = B + B x cos x + B 2 cos 2# 4- . . . B n cos wo? + ... 
where B , B x , B 2 , B 3 , etc., are constant coefficients and any 
integration which might be necessary must be taken between the 
limits x = and x re. It should be noticed that the cosine 
series differs from the sine series in having an initial constant 
term B . 

In working with this series two operations are necessary, one 
operation to find the initial term B and the other to find the 
general coefficient B n . 

If we integrate throughout with respect to x between the limits 
and TC. 



Then I y 
Jo 



= B I doj + Bj I cos #d# + B a 1 cos 2xdx + . . . B n l cos 7 
Jo Jo Jo Jo 

and all the integrals on the right-hand side vanish except 
B I dx, which becomes 7rB . 

f 

Hence 7cB = I y dx 

Jo 

and B = -I y dx 

rcjo 

If we multiply throughout by cos nx and integrate each term 
with respect to x between the limits and TU, 

Then I y cos nx dx 
Jo 

B 1 cos nx ote + Bi I cos x cos nx dat + . . . B n j cos 2 no? dx + . . . 

Jo Jo Jo 
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and all the integrals on the right-hand side vanish except 

Is n I cos 2 nx dx, which becomes -7rB n . 
Jo 2 

Hence ~7sB n = I ?/ cos nx dx 



2 f * 

and B - 1 ?/ cos nx dx 

rcJo 



If y is known in terms of x, the integral can be determined 
and by giving n the values 1, 2, 3, etc., the values of B lf B a , B 8 , etc., 
can be found. 

Example. Expand the function y = mx as a cosine series, 
knowing that y = c when x = TC. 

^t C , C 

Then m = ~, and y - -# 

TU ^ TU 

^ = B + B x cos x + B 3 cos 2# + ... B n cos wo? + . . . 

and I y dx = B 1 dx = 7uB 

Jo Jo 

f * 

Then 7iB = - 1 x dx 

rcJo 



and B - - 

Also I ?/ cos nx dx - ^ B n 1 cos 2 nx dx - 7rB rj 

Jo Jo ^ 

Now 1 y cos 7?iU rfo? =--- \ x cos n^ dx 

Jo "^Jo 



c f# sin nx 
TIL n 






cos nof] Tr 
n 2 J 



c . , x 

=- - r (COS 717T 1) 

7W 2 

2c 
and B n = 5-^ (cos n?c 1) 



When n is even, cos WTT = 1, and B n === 0. 
Hence B 2 , B 4 , B 6 , etc., all become zero. 

4fC 
When n is odd, cos mr == 1, and B n = -- 2 

, ._ 4c 1 -> 4c 1 ^ 4c 1 " 

and B! - - 2 p B 8 - - -5 p, B 6 = - , etc. 
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c 4c f 1 1 I 

Then y - - -- -A cos x + - cos 3x + cos 5x + cos 7x+ . . 

A 7i" v y *55 4sj 

working in terms of c. 

1 4raf 1 1 ^ 

or // = -WTC -- -{ cos a? + - cos 3# + ^ cos 5# + . . . V 

* J 2 TT I 9 25 J 

working in terms of m. 



Example. Expand the function y = ?^it i2 as a cosine series, 
knowing that y = c when a? = re. 



c 
Then m = 5, and = 



and ?/ = B + B! cos # + B 2 cos 2x+ . . . B n cos tix + . . 

Then B | dv = \ y dx 

Jo Jo 

I ,r 2 dx 
n Jo 



C TC 3 

__, 



Also I // cos na? cite B w | cos 2 71^ cite = n 7 

Jo Jo J 

But I y cos nx dx ^ ,1 ^ 2 cos no? cite 

Jo ^"Jo 



sin nx 2x cos t^ t 2 sin 



= : cos 



c/ 4 
Then B w = -^ -^ cos nrc 

re 2 n 2 

c 4 
When n is even, cos nn = 1, and B n = 



JT3 TO T> 

and B 2 =:- 2 ^ B 4~^JS. B e = ^ 

c 4* 
When n is odd. cos n?r = 1. and B n = -- 5 5 

n 7T 2 n 2 

JT* ^4^ ^4^ o4 

and B^--^, B 3 =. --3-5, B^-^^. 
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^Therefore 

C7C 2 4cf * o * o * * \ 

y = -- 5-! cos x - cos 2# + - cos 3x cos 4# + . . .V 

7T" o 7w V. 4 y lO J 

* W 1 1 o 1 1 

=* - -- o\ cos ^ ~~ 7 cos 2a? + Q cos 3a? ~~ 7r cos "*" * ' * f 
working in terms of c 

m *x* ( 1 rt 1 1 ^ 

01 # - 5 -- 4m l cos # T cos 2a? + x cos 3 # T-; cos 40 . . } 
o v. 4 9 lo J 

working in terms of m. 

190. Fourier's Series. The general form of Fourier's Series is 
y ^ /(#) =* B + B x cos a? + B 2 cos 2a? + . . . B n cos nx + . . . 

+ A! sin x + A 2 sin 2x + . . . A n sin no; + . . . 

Since the integrals I sin nxdx and Jsin nx cos wo? rfo? do not vanish 

when taken between the limits and TT, but they do vanish 
when taken between the limits and 2?u, or between the limits 
TU and TT:. Fourier's Series can only be worked when the 
necessary integration is performed between the limits and 2?u, 
or between the limits TT; and 71. 

In working with this series, three operations are necessary, 
the first to find the initial term B , the second to find the general 
coefficient B n , and the third to find the general coefficient A n . 

(1) If we integrate throughout with respect to x between the 
limits and 2rc. 



Then 1 y dx 

B 



1 y 

Jo 

/2 /*2w |*2ir |*2ir 

1 cfo + BJ cos#d#-fB 2 l cos2#d#+. . . B n l cosn%dx+. . . 

Jo Jo Jo Jo 

/2 /2ir P2w 

$mxdx + A 2 \ sin2xdx+. . . A n \ sinnxdx + ... 

Jo Jo Jo 

f 2 ' 

and all the integrals on the right-hand side vanish except B 1 dx 9 

Jo 



which becomes 27rB . 

Hence 2TcB = 



and B - \ n dx 



-Lf* 

o .. I * 
- J 7* JO 



2 B 
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(2) If we multiply throughout by cos no? and integrate each 
term with respect to x between the limits and 2?r, 

Then I y cos nx dx 
Jo 

rf2ir f 2w 

cosnxdx + ftA co$xcosnxdx + . . . B n l cos 2 nx dx + . . . 
Jo Jo 

sinnxco$nxdx+... 

and all the integrals on the right-hand side vanish except 

B w l cos 2 nx dx, which becomes 7rB w . 

Jo 

Hence 7tB n = I y cos nx dx 

Jo 

or B n =- I y cos nx dx 

(8) If we multiply throughout by sin nx and integrate each 
term with respect to x between the limits and ZTC, 

Then I y sin nx dx 
Jo 

|*2ir f2ir /-2jr 

= B 1 sinttcKc&r + BJ cosa?sinnturfo? + . . . B n | cos7^sinno;cte+. . 
Jo Jo Jo 

pr f27r 

+ A!! sin a? sin no? dx + . . . A n | sin 2 n# dx+. . . 

j. i t I 

Jo Jo 

and all the integrals on the right-hand side vanish except 

sin 2 nx dx, which becomes 7rA w . 



/2rr 

A n l si 

Jo 



Hence 7rA = sin nx dx 



or -= ? sn rzo? 



7rA n = I y si 

Jo 

A n -= I ?/ si 
^Jo 



Working with the same series in a similar manner between the 
limits TT and TC, it can be shown that 



1 f 7r 

^w = I y cos wa; ^ 

7T J- n 

and A w = I ?/ sin no? do? 

7T J-JT 
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example. Expand the function y^e* as a Fourier's Series, 
wiorking between the limits x** TT and x = 71. 

Then t/ = B -f B x cos x + B* 2 cos 2# + . . . B n cos nx + . . . 

Aj sin x + A 2 sin 2x + . . . A n sin nx + - . . . 



and 

f* 

da: 



, = J ydx 

-r"- 

Jir 



also ?cB n =1 y cosnx dx 

J IT 

== I c* cos tar d# 

J 7T 

i r^ ^ . i* 

= -T - t^ cos nx + n& sm nx 
n 2 + l L J^,, 



-{e* cos rm ^"~* cos ( ms)} 

COS IZ7T, x 



and B w - ^ cos n?c 
When n is odd, cos me = 1 and B w = r 



andBl = -- __ )B3 = _-, 

fit _ r 

When n is even, cos nn = 1 and B n = 



2 

TU^Tl + Ij 



e* - 

, 



- - 

and B 2 - - , B 4 - -~, B 6 



also TcA,^ =1 y sinnx dx 

f' 

= l ^ sir 

J 



sm no? 



5 7 ^ sin nx n^ 5 cos nx 

n*+!L 



J w 
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n t 



o e~* cos - nn 

n 2 + 1 * 



n cos .-,., 

o . , (g'~ 



, A - 

and A 7 , -= -- ^7 -^ cos 
7c(n 2 + 1) 

When w is odd, cos nit = 1 and A n 



8 



and A - " A - ~ A 

and Al -- ,A, ,A 5 



orf/** 

When n is even, cos nTC 1 and A n 7-5 

' "* / /v >2 I 



5i 


'fl (I 

--? 1 ~- POQ 'V 


1 

p/^>C 


, ^6- 
1 

O/VI 1 p 


os Sx 

2 . 
5 sm 


7t 


\2 \2 

- cos 4j 
17 


5 

,..). 


^+ 1() c 
h(isina.. 



and A 
and A 

Then 



3 . 4 . \^ 

+ sin 80; - sin 4x . . . J j 

191. Hitherto we have been working with and TU, and 2n, 
and TU and TT as the limits for x, but the work is not restricted 
to these limits; it is possible to work with any limits. Taking 
the function y = /(0) and expressing it as a sine series between 
and TC. 

Then y=f(ty = A x sin + A 2 sin 20 + . . . A n sin nO+ . . . 
If 6 is replaced by x in such a way that when = 0, x = 0, 

and when = TC, x = c, then we have the relation = , which 

c 

renders it possible to work in terms of between the limits 
and TT. 

Example. Expand the function y = <r 2 as a sine series working 
between the limits x = and x = c. 

Then y A x sin + A 2 sin 20 + A 3 sin 30 + . . . A^ sin n0+ . . . 
taken between the limits and TC. 

izx c 2 2 

Since ', then y = x 2 -= 5- 

C TC 



and t/ = 5- =- Aj sin + A 2 sin 20 + . . . A n sin n0 + . . . 






"king between the limits and TC, 
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Then -7uA tt - I y sin n0 

* J 

C 2 



c 2 r O 2 cos n6 20 sin w6 2 cos nO"l" 

=. - I .......... -j- -. _|- . I 

TC 2 L n n 2 n 3 J 

C 2 / 7r 2 COStt7U 2 \ 

= I --- 1- i ( cos me 1) f 

7u 2 I n w j 7 J 

, 2c 2 / TU 2 cosmi; 2 \ 

and A^ = 1 -- f -^ (cos mu 1) h 
^ 7T 3 ^ w n 3 v y J 

2r 2 /re 2 4 \ 

When n is odd, cos me = 1 and A- = ? { --- r, ) 

n 7c 3 \n n*/ 

^A 2c2 / 2 ,x A 2c 2 /7r 2 4\ . 2c 2 /7r 2 4 \ A 
d Al - -,(** - 4), A 3 - - (- - -j, A 6 --. -(-- _), etc. 



1171, ' 1 A 

When n is even, cos nit = 1 and A n = -- r 

7r a n 

, A 2C 2 7T 2 A 2C 2 7U 2 . 2C 2 7T 2 , 

and A,- - -,A 4 ^ -_ T ,A 6 = - -, etc. 

and y - (TU - 4) sin - ^sin 20 + (^ - sin 30 






Since - 
c 



STTO? 

sin 

c 



2fi2 // ^ ,x ' TO ^ ' 2 ^ ^ 2 4 \ 

y . _.((. ^ 4) sm - - - sin 4 (_ - -) s 

7U 2 . 47ua? \ 

sin -- h . . - f 

4 c J 

192. Harmonic Analysis. If the graph of a periodic function is 
given, it is possible to analyse the curve and express the result 
as a Fourier's Series. For if y is any ordinate of the curve and 
the base line of the curve is made to extend from to 2n for 
a complete period 

Then 



y =/(0) = B + B! cos 0+ Bo cos 20 + . . . B n cos n$+ . . . 
+ A x sin + A 2 sin 20 + . . . A n sin n6 + . . . 
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Let the base line of such a curve be divided into m equal parts 
and the ordinates t/ , y lf t/ 2> . . . y m drawn to the curve at each 
point of division. The lengths of these ordinates will give the 

values of y when 6 has the values 0, ,, ... 2w, re- 

m in m 

spectively. 



1 1 


! 


i 


i^T- 


i i 


l 


i 


i i 


V W 
^o ** 


y. y, v.. 


y v 

-'nt 'TO 


1 1 


i 


i 


1 1 


1 


i i 


f-H 


i 1 


1 


i 


i i 



(1) 



FIG. 126. 



1 f 2 * 
B =5Z U 

^TUJo 



dO 



B is evidently the average ordinate of the curve obtained by 
plotting horizontally and y vertically, and therefore 

B = (sum of the ordinates) 

nL 

- -( 

m yi ^ 2 * Jwi-i/ 

The ordinate y m is not to be included, since it forms the initial 
ordinate of the next period. 



B n = ~ 1 V cos 7i0 dQ 



(2) Now 



B rl is evidently twice the average ordinate of the curve obtained 
by plotting horizontally and y cos nQ vertically. 

2 

Then B w = {sum of the ordinates of ithe 0, y cos n0 curve} 






, o n , 
-2/0 cosO +y,cos 



cos +. . . y m ^ cos 



2n(m 



This will give the coefficient of any cosine term in the resulting 
series by giving n the required value. 
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For when n = 1, 
2 



when n = 2, 

2 r 

B 2 = { 2/o + 2/i 
* m \.^ * L 



cos 27C 


An 
2 COS "m + 


47C 

cos + y 

m ^ 


871 
'o COS h 

* m 



2(ro-l)7c 






_ t cos 

l 



4(ra 



m 



If 2w 

(3) Now A. n = -I y sin nQ 

rcJo 



A n is evidently twice the average ordinate of the curve obtained 
by plotting horizontally and y sin nQ vertically. 

2 
Then A n = (sum of the ordinates of the 0, y sin nO curve} 

2 



2 f . ^ 
= Z/o sm 
m\ JO 



sm 





+2/2 sm 
m J * m 



sin 



m 



and this will give the coefficient of any sine term in the resulting 
series. 

It follows, therefore, that in the operation necessary to obtain 
any coefficient of the form A,,, the ordinates y Q , y v 2/2 must 

be multiplied by the sines of the corresponding angles 0, - , 



, . . c , - , 

, - , etc., and twice the average of the sum of these 
m m 

products taken. While to get B n the ordinates must be multi- 
plied by the cosines of the corresponding angles and twice the 
average of the sum of the products taken. 

If a = - and from a fixed point radial lines are drawn making 

m 

angles 0, a, 2a, 3a, etc., to the horizontal (Fig. 127). 







FIG. 127. 



392 PRACTICAL MATHEMATICS 

Then if the ordinates y^, y v y%, etc., are measured from the 
fixed point along these radial lines respectively, 

2 

A = - {sum of the vertical projections} 
m l r J } 

2 

B n = {sum of the horizontal projections} 
m 

It should be noticed that the work will be made considerably 
simpler if the number of ordinates is so chosen as to make the 

angle a simple fraction of 27U. 
& m * 

193. Considering a harmonic curve, the base line of which 
extends from to 2jc for a complete period. Let the base line 
be divided into 12 equal parts and the ordinates y , y lt y^ . . . j/ u 
drawn to the curve at the points of division. 

Then each division of the base will correspond to an angle 
or 30. 6 

Th tt - l / J- \ 

J-" en **o ~ 77> i2/o 2/i "*~ 2/2 ' 2/ii } 

1 f 2ir 1 f 2 * 

(1) Now A t *= - I y sin dQ > and B x = I y cos dQ 

7C J TCj o 

Hence A x = - {sum of the ordinates of the 0, T/ sin curve} 
and Bj = - {sum of the ordinates of the 0, y cos curve} 
or AI = - {i/o sin + ?/i si n 30 + / sin 60 -t- . . . ?/,! sin 330} 

JL /^ vC/U 'C/JL * *J & ' C/JLJ. J 

and Bj = - {y cos + ij cos 30 + ?/ 2 cos 60 + . . . 2/ n cos 330 } 

If from the point radial lines arc drawn at intervals of 30 
and the ordinates y , y lt etc., are measured along these lines. 
(Fig. 128.) 

Then, resolving vertically, 

A i = g((2/i - Z/T) sin 30 + (y z - y s ) sin 00 4- (y a - y 9 ) 

+ (2/4 - 2/io) sin 60 + (y & - y u ) sin 30} 
1 
= ^ \(y\ + J/5 ~ 2/7 ~" ?/n) si n 30 + (y z + y t y a y 10 ) sin 60 

and resolving horizontally. 

B i - g{(2/o - ye) + (2/i - 2/7) cos 30 + (2/2 - 2/s) cos 60 

- (2/4 - 2/io) cos 60 - (2/5 - 2/ii) cos 30 } 
= g (2/0 - 2/e + (2/i + 2/ii ~ 2/6 ~ 2/7) cos 30 
+ (2/2 + 2/io ~ 2/4 - 2/s) cos 60} 
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1 f 2* . 1 i 

(2) Now A 2 = -I y sin 20 dO, and B 2 - - \y cos 20 



.- y 




FIG. 128. 
Hence A 2 ~ - {sum of the ordinates of the 0, y sin 20 curve } 

and B a = -{sum of the ordinates of the 0, y cos 20 curve} 
or A 2 - i {t/ sin + t/j sin 60 + y z sin 120 + . . . y u sin 660} 



andB 2 - 




FIG. 129. 

If from the point O radial lines are drawn at intervals of 60 
and the ordinates y , y lt etc., are measured along these lines. 
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Then, resolving vertically, 

A a = Q{(VI + yi ~ 2/4 ~ 2/io + 2/2 + 2/8 ~ 2/5 - 2/ii) sin 60} 

or A 2 = -{(?/! + 2/2 + 2/7 + 2/8 - 2/4 - 2/6 - 2/io - 2/n) sin 60} 
and resolving horizontally, 

B 2 = {(2/o + 2/e - 2/3 - 2/ 9 ) + (2/i + 2/7 - 2/4 - 2/io) cos 60 

-(2/2+2/8-2/6-2/ii) cos 60} 
= g {(2/o + I/e - 2/3 - 2/o) + (2/i + 2/5 + 2/7 + 2/u ~ 2/2 - 2/4 -2/8 -2/io) cosGO } 

1 f 2 ' 1 f 8 * 

(3) Now A 3 = - j/ sin 30 dQ, and B 3 = - \y cos 30 d0 

TTJo 7TJ 

Hence A 3 = - {sum of the ordinates of the 0, y sin 30 curve} 
and B 3 = - {sum of the ordinates of the 0, y cos 30 curve} 



or 



and B 3 



+ . . ,f/ u sin990} 



1 

6 




FIG. 130. 

If from the point O radial lines are drawn at intervals of 90 c 
and the ordinates t/ , y l9 etc., are measured along these lines. 
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Then, resolving vertically, 

1 

A 3 =* g {yi + 2/5 + 2/9 2/3 "" 2/7 

and resolving horizontally, 
1 , 



The other coefficients can be obtained in a similar manner. 

194. Example 1. The following values are 12 equidistant 
ordinatcs of a periodic function taken for a complete period. 
Express the function as a Fourier's Series neglecting terms higher 
than 30. 

5-41 6-42 5-40 3-58 

1-43 1-92 2-80 2-78 



3-40 
1-60 



2-29 

2-47 



Then 



B = (sum of the ordinates) 

la 

39-50 




FIG. 131. 
! - i {3-98 sin 30 + 4-5 sin 60 +2-6 + 0-80 sin 60 - 0-18 sin 80 } 



= -{2-60 + 3-80 sin 30 + 5-3 sin 60 } 
A, -1-51 
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B! = - {1-80 + 3-98cos30 + 4-5cosGO - 0-80cos60 + 0-18cos30 

= -{1-80 + 4-16 cos 30 + 3-7 cos 60} 

Bi-1-21 

To get A 2 and B a (Fig. 132). 



3-58 



P-A8 



3-EO Z-80 1-60 




FIG. 132. 



A = 



a = 0{0-48 sin 60 + 3-58 sin 60 } 



= -{4-OG sin 60} 
= 0-59 
B 2 - i{0-48 cos 60 - 3-58 cos 60 - 3-20} 

=-- i{ - 3-10 cos 60 - 3-20} 

- - 0-79 
To get A 3 and B, (Fig. 133). 

L? 

"5" 



A 3 = -^ = 0-2 



B 3 = - = - 0-32 

3 6 



Hence y = 3-29 + 1-21 cos - 0-79 cos 20 - 0-32 cos 80 
+ 1-51 sin + 0-59 sin 20 + 0-20 sin 30 
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also 1-51 sin 6+1-21 cos = 1-93 sin (6 + 38-7) 
0-59 sin 20 - 0-79 cos 20 = 0-97 sin (20 - 53-2) 
0-20 sin 30 - 0-32 cos 30 - 0-38 sin (30 - 58) 

Then y = 3-29 + 1-93 sin (0 + 38-7) + 0-97 sin (20 - 53-2) 
+ 0-38 sin (30 - 58) 

I-ZO 
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"901 



FIG. 133. 

195. Example 2. The value of a periodic function of I is here 
iven for twelve equidistant values of t covering the whole period, 
xpress it in a Fourier's Series. Terms of the fourth and higher 
rders are negligible. (B. of E., 1911.) 



2-340 


3-012 


3-685 


4-149 


3-685 


2-203 


0-825 


0-513 


0-875 


1-085 


1-189 


1-637 




OF^l T~1 


1 , 


p,l 







Then B = -^- (sum of the ordinates) 

1 A 

25-198 
12 

= 2-100 
To get Aj and B x (Fig. 134). 

Then A! = - (2-499 sin 30 + 2-810 sin 60 + 3-064 + 2-496 sin 60 C 
+ 0-566 sin 30} 

= i {3-064 + 8-065 sin 30 + 5-306 sin 60} 
- 1-532 



898 

and 
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= ^ (1-515 + 2-499 cos 30 + 2-810 cos 60 
- 2-496 cos 60 - 0-566 cos 80} 

- g {1-515 + 1-933 cos 30 + 0-314 cos 60) 

- 0-558 



.2-810 



\ I 

\ I / 

\ Z.-IA9 / 
2-685 i #665 
\ 



V v //' 

0-825 ] - 




1-515 



FIG. 134. 

To get A 2 and B 2 (Fig. 135). 
Then A 2 - - (0-720 sin 60 - 1-349 sin 60} 
0-629 sin 60 




2-O69 - 



FIG. I3S. 



B = 
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- { - 2-069 - 0-720 cos 60 - 1-349 cos 60} 
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- { _ 2-069 - 2-069 cos 60} 

- -0-517 

O-OOt 




f-201 



FIG. 136. 



To get A 3 and B 3 (Fig. 136). 
Then A 3 = 

and Bo = 



x = 2-1 + 0-558 cos 6 - 0-517 cos 26 + 0-2 cos 39 
+ 1-532 sin - 0-091 sin 26 

where 6 = -=r if T is the periodic time. 



196. It has already been shown that between x = and x 

- 
o 



y == mx = 2m{ sin ^ - sin 2o? + - sin 3^ T sin 4o? + . . .1 
I. J o 4 J 



when m = 1, c = 2/ sin a? -- sin 2# + - sin Sx 7 sin 4a? + . . . i 
1^34 J 

and it is interesting to watch the development of the function 
y = x from its component sine functions. Fig. 137 shows such 
a development. 
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Curve (1) shows y 1 = 2 sin x 

(2) shows y 2 = 2 sin a? sin 



2 . 



(3) shows f/ a = 2 sin a; sin 2a? + - sin 3x 

o 

2 . 1 

(4) shows 2/4 = 2 sin x sin 2# + - sin 3o? sin 4r 

o 2 

212 

(5) shows 2/ 5 = 2 sin x sin 2# + - sin 80? - - sin 4a? + - sin 5o? 

o^5 

and it should be noticed how the addition or subtraction of a 
sine function brings the resultant curve nearer to the straight line 




dor 



100* 



ea 00* \zo" 150" 

FIG. 137. 

EXAMPLES XXII 

(1) If y = a sin qt and x = ft sin (gtf c) where is time and 

27U 

a, q, b, c are constants ; if q = -7=^ where T is the periodic time. 

1 

Find the average value of xy during the time T. (B. of E. ; 1908.) 

(2) Express sin at cos bt as the sum of two terms al^jd integrate 

with regard to t. If a is -^ and 6 is 3a, what is the "4^ue of the 

JL * 

integral between the limits and T ? (B. of E., 1913.) V 

(3) If y = a sin gtf and x = 6 cos (tf c) where is time and 
a, q, b, c are constants. Find the average value of xy during the 
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2TC 

periodic time T = . What is the average value of y 2 during 

the periodic time ? 

(4) If y = a cos qt and x = b cos (qt c) where t is time and 
a, q, b, c are constants. Find the average value of xy during 

the periodic time T = . What is the average value of x 2 during 

the periodic time ? 

(5) If y = a cos qt and x = b sin (qt c) where t is time and 
a, q, 6, c are constants. Find the average value of xy during the 

periodic time T = . What is the average value of x* during 

the periodic time ? 

(6) Find a sine series for y = mx 2 between x = and x = re. 

(7) Find a sine series for y = mx 3 between x and x = TC. 

(8) Find a cosine series for y == mo? 3 between # and 

0? = TC. 

(9) Find a cosine series for y = e* between a? = and x TC. 

(10) Find a cosine series for ?/ = e~* between x = and a? = TC. 

(11) Find a Fourier's series for ?/ = x 2 between x = TC and 

a: TC. 

(12) Find a Fourier's series for y == a^ between x TC and 

a? - TC. 

(13) Find a Fourier's series for y^e" x between x == ?r and 

OZ = TC. 

(14) Find a sine series for y = x between x = and x ~ c. 

(15) Find a cosine series for y ^ x 2 between a? = and x c. 
The value of a periodic function of t is given below for twelve 

equidistant values of t covering the whole period. 

Neglecting terms of the fourth and higher orders, express it 
in a Fourier's series for the six different examples. 



(16) 



22-81 
2-87 


20-30 
4-34 


15-17 

7-42 


9-38 
12-06 


5-22 
17-34 


3-06 
21-61 , 



(17) 



22-59 
2-65 


18-36 
5-60 


11-39 
9-68 


4-74 
14-76 


1-46 
19-61 


1-07 
22-80 



(18) 



22-80 

2-87 


19-85 
4-76 


14-26 
8-08 


8-36 
12-86 


4-31 
17-97 


2-60 
21-97 
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(19) 
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22-00 
1-35 


21-31 
2-56 


16-91 
5-21 


10-57 
9-32 


4-95 
14-29 


1-94 
19-31 



(20) 



21-37 
1-12 


22-00 
1-89 


18-74 
4-14 


12-62 

7-80 


6-43 
12-52 


2-33 

17-81 



(21) 



24-49 

2-74 


26-01 
4-02 


23-44 
6-66 


17-10 
10-41 


9-28 
15-12 


3-91 
20-34 



(22) The value of y, a periodic function of t, is here given for 
twelve equidistant values of t covering the whole period. Express 
y in a Fourier's series : 13-602, 18-408, 20-671, 20-182, 17-820, 
14-346, 10-130, 5-612, 1-877, 0-486, 2-500, 7-506. (B. of E.,1910.) 

(23) A sliding piece has a periodic motion. Its distance x 
from a point in its path is measured at twenty-four equal intervals 
into which the whole periodic time is divided. Express x in a 
Fourier's series : 16-04, 16-74, 16-66, 15-86, 14-68, 13-42, 12-26, 
11-16, 9-98, 8-76, 7-60, 6-68, 5-96, 5-34, 4-68, 4-14, 3-98, 4-50, 5-74, 
7-46, 9-36, 11-24, 13-06, 14-70. (B. of E., 1906.) 



CHAPTER XXIII 

197. If we consider the series 

1, 4, 10, 20, 35, 56 ... 

there does not seem to be any apparent connection between one 
term and the term immediately following it, neither is it obvious 
that the series is derived from some definite law of formation, 
but if successive differences are taken, a study of these differences 
will enable us to find the law of formation, providing such a 
law does exist. 

At* 



3 

^=4 3 

6 1 

1/2-10 4 

10 1 

HZ - 20 5 

15 1 

% - 35 6 

21 

Ur - 56 

The values in the columns show the successive differences. 
The first set being the result of subtracting each number from its 
successor, the differences which are so obtained being changes 
in the value of u, may be denoted by At/. The second set of 
differences are obtained by subtracting each value of At* from 
its successor; these values may be denoted by A 2 t/, which may 
be taken to represent " A operating on u twice " ; in the example 
the values of A 2 t/ are in arithmetical progression ; therefore the 
third differences A 3 w are constant, each being equal to 1, and so 
all of the values of A% will be zero. This indicates that the 
series has been derived from some definite law of formation ; it 
will be shown later that this law is 

1 
Un - ~(^ 3 + 6ra 2 + lln + 6) 

D 
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198. Let a certain series be denoted by U Q , u v u 2 , u 3 , etc. 
Then u Aw A 2 w A 3 w A% 



AX 

AX AX 



AX AX 

AX AX 



Then u l = U Q + Aw (1) 

f At/o + AX 



(2) 



A 2 w ) + (Aw 
= M + 3Aw + 3A 2 w + A 3 w .......... (3) 

= w 3 4- Aw 3 

- (w + 3Aw + 3A 2 w + A 3 w ) + (Aw + 3A 2 w + 3A 3 w 

+ A 4 w ) 
= w + 4A + 6A 2 w + 4A 3 w + A% ...... (4) 



= (M O + 4AM + 6A 2 M + 4A 3 M + A 4 M ) + (AM + 4A 2 M 
+ 6A 3 M + 4A 4 M + A 5 M ) 

= M + 5AM + 10A 2 M + 10A 3 M -|- 5A 4 M + A 5 M . . (5) 

The multipliers of the differences are evidently the same as the 
Binomial coefficients in the expansions for which the powers are 
1, 2, 3, 4, and 5 respectively. 

Hence 

M ft ~ M + nAM + 21 AX + n ~ ~ 2 > A 3 M + . . . etc. (6) 
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This result enables us to find the value of any term, providing 
the first term u is known and also the successive differences 
Aw u , A 2 w , A 3 M . . . are known. These differences evidently lie 
on a diagonal line running downwards from u , 

Symbolically, then, 

% = (1 + A) M == (1 + A)w ( , 

u a -= (1 + 2A + A 2 )M - (I + A) 2 M 

w 3 - (1 + 3A + 3A 2 + A 3 K = (1 + A)X 

4 = (1 + 4A + 6A 2 + 4A S -I- A 4 K - (1 + A) 4 M 

M 6 = (l + 5A + 10A 2 + 10A 3 + 5A 4 + A 5 K = (l + A) 5 w 



In which (1 -|- A) 2 w nieans that (1 + A) operates on w twice, 
or more generally (1 + A) n te means that (1 + A) operates n times 



Example 1. Find the 9th term and the general term of the series 
1, 4, 10, 20, 35, 56 ... 




u t 



= 4 


^^^ 

6 


^ L 


= 10 


4 






10 


1 


- 20 


5 






15 


1 


= 35 


6 






21 




= 56 











The quantities in the diagonal line running downwards from U Q 
will give the values of U Q , Aw , A 2 M , A 3 u , etc., for this particular 
series, and U Q = 1, Aw = 3, A 2 ^ = 3, A 3 w = 1, and A% = 0. 

The 9th term is evidently u s 



and u s = (1 + 

= ^o + 8A^ + 28AX + 58AX 
The relation ends at the fourth term since A 4 w == 0. 
Then W 8 =l + 8x3+28x3+56xl 

- 165 
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Also u n = (1 + A) n M 

n(n 1) A0 n(n l)(n 2) 

-Ys - '- A 2 M + -i ' 



3 1 

= 1 + 3n + - n(n -1) + - w(w - l)(w - 2) 

.4 U 



= {6 + 18n + 9n 2 - 9rc + n 3 - 3n 2 + 2n} 
= (n 3 + 6n 2 + lln+ 6} 

D 

This result enables us to find the value of any term by giving 
n its necessary value. 

The 9th term is obtained by putting n = 8 

, 990 ,^ 

and u s = - - 165 

Example 2. Find the 10th term and the general term of the 
series 

1, 5, 15, 35, 69, 121 ... 





4 








= 5 




e 








10 




4 




- 15 




10 









20 




4 




- 35 




14 









34 




4 




= 69 




18 








52 









121 



Working along the diagonal line running downwards from 

U Q - 1, Aw = 4, A 2 w = 6, A 3 w = 4, and A 4 n - 
The 10th term is evidently U 9 , 
and u g = (1 + A)X> 



= 1 + 9x4+36x6+84x4 

= 589 
also u n = (1 + A) w % 

n(n 1) A0 n(n l)(n 2) 

v lo ; AX + -i - j- - i 

L L 

2 

1 + 4n + 3?i(n - 1) + -n(n - l)(n - 2) 

o 
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= - {3 + 12n 

O 



2w 3 - 6n 2 



3n 2 



+3} 



Using this relation for u n as a means of verifying the result ob- 
tained for the 10th term. 



?* 9 -= ~{2 x 9 3 + 3 x 9 2 -f 7 x 9 + 3} 
3 

^ 1767 

3 
= 589 

199. In the preceding work it should be noticed that u^ repre- 
sents the first of the given values, and therefore the work can only 
be done by using the values of the successive differences which 
occur at the top of the table. It is possible to work with the 
differences lying on a diagonal line in any part of the table by 
altering the position of u . 

Thus if U Q is taken to be situated somewhere in the middle of 
the table, then we have to distinguish between the values of u, 
which occur on either side of M O . Those values going downwards 
from u Q are denoted, as before, by u l9 u 2 , u. 3 , etc., while those 
working upwards from u are denoted by u~ l9 U-%, w_ 3 , etc. 



u 
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Hence from the term w there can now be taken two different 
sets of successive differences. There is the first set Aw , A 2 M , 
A 3 w , etc., running diagonally downwards, and from these values 
we are enabled to find the value of any term below u , for it has 
been already shown that u n (1 + A) W M O . 

There is the second set of differences 8w , S 2 , S 3 > e t c -. 
running diagonally upwards, and from these values it should be 
possible to find the value of any term above w . 

Now w_! = w SM O ............... (1) 

W_ 2 = W_! Stt-! 

= M - Stt - (8w - S 2 M ) 

= M -2Stt +S 2 ............ (2) 



= u - 2Sw + S 2 w - (Sw - 28 2 w + 8 3 w ) 

- W - 3Sw + 3S 2 w - S 3 w ......... (3) 

W_ 4 = _ 3 SM_ 3 

= w - 38% 



...... (4) 

08-tio - 



= M O - 5Sw + 108 2 M - 108 3 w + 58 4 w - 8 s w . . . (5) 

The multipliers of the differences are evidently the same as the 
binomial coefficients in the expansions for which the powers are 
1, 2, 3, 4, and 5 respectively, but the signs are alternately positive 
and negative. 

TT * w (w ~ l)o n (n l)(w 2) . 

Hence w_ n = U Q - n Stf + v lo '&u - -i - ^ - '- S 3 w + . . . 

IJL ! 

Symbolically, then, 

u^-fl-BK =(1-S)M 

w_ 2 - (1 - 28 + 8 2 )w = (l - 8) 2 % 



w_ 4 - (l - 48 + 6S 2 - 48 3 + 8 4 )w = (l - 8)X 

w_ 5 - (1 - 58 + 108 2 - 108 3 + 58 4 - 8 5 )w = (l -8) 5 % 



In which (1 8) 2 tt means that (1 S) operates on U Q twice, or 
more generally (1 S)X> means that (1 8) operates n times 
on U Q . 
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Thus if M represents a term, in the middle of a set of given 
values, u~ n = (1 S) n u will give the value of any term above u^ 
and the differences to be used must lie on the diagonal line running 
upwards from u ; while u n = (1 4- A n u will give the value of 
any term below u^ and the differences to be used must lie on the 
diagonal line running downwards from w . 

Example. The values 12, 12, 6, 0, 0, 12, 42 are seven con- 
secutive terms of a series of which the number 6 is the 5th term. 
Find the 1st term and the llth term. 



M_ 3 - 12 













w_ 2 = 12 




-6 




-6 




u = 6 






W = 0-" 


^- 6 


6 









tt a = 




12 




12 




w 2 - 12 




18 




30 







6 


6 


6 



If the middle value is denoted by U Q , the 1st term will be u-$, 
and u-s ~ (1 - S)% = M O - 58w + lOS 2 ^ - 10S 3 ?/ 

this relation ends at the 4th term, since S% = 0, and taking 
the differences on the diagonal line running upwards from u^ 
Sw - - 6, X = 0, 8X = 6. 

Then M_ B = - 5 x ( - 6) + 10 x - 10 x 6 

= -30 

Also, the llth term is ?/ 6 
and u b - (1 + A)X = U Q + 5A^ + 10A 2 w + 10A 3 ^ 

and taking the differences on the diagonal line running down- 
wards from u , Aw = 0, A 2 w =12, and A 3 t = 6 

Then ^ 5 = 0+5xO+10xl2+10x6 

- 180 

200. The results u n - (1 -j- A)X and w -n = (1 - S)X wil1 hold 
for all values of n besides positive integers, and if the differences 
in a certain column, say A r w, are zero ; exact results can be 
obtained by simply taking the binomial expansion for (1 + A) n 
or (1 S) n as far as the term involving A r ~% or $ r - l u Q . Thus 
if the value of t 2 . 4 was needed, it would be better to alter the 
notation and call u 2 U Q , then w 2 -4 could be taken as ^ . 4 and the 
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diagonal line of differences to be used would be the one going 
downwards from U Q . Or taking it another way, u 3 could be 
denoted by U Q , then u 2 . 4: could be taken as U- O .Q and the diagonal 
line of differences to be used would be the one going upwards 
from u . 

As an example of the application of the method of finite differ- 
ences to interpolation, let us work with the following values of 
and p where is temperature in C and p pressure in pounds 
per square inch. 






P 


Ap 


A 2 p 


A 3 p 


70 


4-51 












1-07 






75 


5-58 




0-21 








1-28 




0-03 


80 


6-86 




0-24 








1-52 




0-02 


85 


8-38 




0-26 








1-78 




0-06 


90 


10-16 




0-32 








2-10 




0-02 


95 


12-26 




0-34 








2-44 




0-05 


100 


14-70 




0-39 








2-83 




0-05 


105 


17-53 




0-44 








3-27 




0-03 


110 


20-80 




0-47 








3-74 




0-08 


115 


24-54 




0-55 








4-29 




0-01 


120 


8-83 




0-59 








4-88 




0-07 


125 


33-71 




0-66 








5-54 




0-04 


130 


39-25 




0-70 








6-24 




0-09 


136 


45-49 




0-79 








7-03 







140 52-52 

The values of A 3 p indicate some slight irregularity, and this 
might be due to the fact that and p are experimental results ; 
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allowing a certain amount of latitude for this, let the values of 
A 4 p be neglected. 

(1) To find the value of p when = 106. 

If = 105 be denoted by U Q , then = 106 will be denoted by w -a 

and M . 2 = (1+ A)'X 

- U Q + 0-2A^ - 0-08AX + 0-048AX 

where Aw , A 2 w , and AX are the successive differences running 
diagonally downwards from U Q 105. 

Then U Q . 2 - 17-53 + 0-2 x 3-27 - 0-08 x 0-47 + 0-048 x 0-08 
- 18-15 

Or if = 110 be denoted by U Q , then = 106 will be denoted 
by ti_ . 8 

and u__ Q . s = (1 8)'X 

= U Q - 0-SSi/o - 0-08SX - 0-032SX 

where 8w , 8 2 i/ , and 8X are the successive differences running 
diagonally upwards from u^ - 1 10. 

Then w_ . 8 - 20-80 - 0-8 x 3-27 - 0-08 x 0-44 - 0-032 x 0-05 

- 18-15 

Hence when - 106, p - 18-15. 

(2) To find the value of p when =- 92. 

If - 90 be denoted by U Q) then - 92 will be denoted by % 4 

and % 4 - (1 + A)'X 

- U Q + 0-4Aw - 0-12A 2 w + 0-064AX 

where A^ , AX> an( i A 3 ^o are the successive differences running 
diagonally downwards from U Q = 90. 

Then U . 4 - 10-16 + 0-4 x 2-10 - 0-12 x 0-34 + 0-064 x 0-05 
- 10-96 

Or if = 95 be denoted by u , then = 92 will be denoted 
by M-o-6 

and N-o'6=(l-&) 'X 

- U - 0-68% - 0-12SX - 0-056SX 

where 8^ , 8X> an d X are *^ e successive differences running 
diagonally upwards from U Q - 95. 

Then w_ . 6 - 12-26 - 0-6 x2-10 - 0-12 x 0-32 - 0-056 x 0-06 

- 10-96 

Hence when 0-92, p - 10-96. 
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Example 1. The following values are the cubes of numbers 
from 8-0 to 8-5. Find the cube of 8-23. 



8-0 
8-1 


512-000 
531-441 


19-441 


0-486 








19-927 




0-006 


8-2 


551-368 




0-492 









20-419 




0-006 


8-3 


571-787 




0-498 









20-917 




0-006 


8-4 


592-704 




0-504 








21-421 







8-5 614-125 

Let u -= (8-2) 3 , then (8-23) 3 will be denoted by u . s 
and w . 3 =- (1 + A)' 3 w 

= M + 0-3Aw - 0-105A 2 w + 0-0595A 3 w 

where Aw , A 2 w , and A 3 are the successive differences running 
diagonally downwards from u . 
Then (8-23) 3 = 551-368 + 0-3 x 20-419 - 0-105 x 0-498 + 0-0595 x 0-006 

= 557-442 

Or taking u = (8-3) 3 , then (8-23) 3 will be denoted by w_ . 7 
and w_ . 7 - (1- S)' 7 w 

= U - 0-7Sw - 0-105SX - 0-0455S 3 W 

where 8w , 8 2 w , and 8 3 w are the successive differences running 
diagonally upwards from . 

Then(8-23) 3 = 571-787- 0-7 x 20-419-0-105 x 0-492-0-0455 x 0-006 
= 557-442 

Example 2. The following values are the tangents of angles 
from 70 to 77. Find tan 70 36' and tan 76 36'. 



70 
71 


2-7475 
2-9042 


0-1567 


0-0168 








0-1735 




0-0029 


72 


3-0777 




0-0197 


0-0007 






0-1932 




0-0036 


73 


3-2709 




0-0233 


0-0013 






0-2165 




0-0049 


74 


3-4874 




0-0282 


0-0013 






0-2447 




0-0062 


75 


3-7321 




0-0340 


0-0018 






0-2787 




0-0080 


76 


4-0108 




0-0420 








0-3207 






77 


4-3315 
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00! 

(1) If tan 70 be denoted by u , then tan 70 36' will be denoted 
by %6 

and M . 6 = (1 + A) 0>6 w 

= MO + 0-6Aw - 0-12A 2 M + 0-056A 3 w - 0-0336A 4 w 
where AM O , A 2 , A 3 , and A% are the successive differences. 
running diagonally downwards from u . 
Then tan 70 36' = 2-7475 + 0-6 x 0-1567 - 0-12 x 0-0168 

+ 0-056 x 0-0029 - 0-0336 x 0-0007 
= 2-8396 

(2) If tan 77 be denoted by w , then tan 76 36' will be denoted 
by w_ . 4 

and w_ . 4 = (1 - 8)' 4 tt 

= U - 0-4Sw - 0-128 2 w - 0-064S 3 M - 0-0416S% 
where 8w , 8 2 w , 8% , and S 4 ?* are the successive differences 
running diagonally upwards from u . 

Then tan 76 36' = 4-3315 - 0-4 x 0-3207 - 0-12 x 0-0420 

- 0-064 x 0-008 - 0-0416 x 0-0018 
= 4-1976 

201. The Method of finding the Best Value of ^ from Tabular 
Values of x and y. 

Taylor's theorem states that if A = f(x) 

_ ,. , n . j 
Then a ,+ A.A+ 



Now - 

Ct A. 



Hence /(* + 7.) - f(x) + hf(x) + -f'W + -/"(a) + 



If in a given set of tabular values of x and y, x and x + h repre- 
sent two consecutive values of x, and u x and u x+h represent the 
two corresponding values of y. 

Then u x + h - U K + &u x - (1 + A)% 

Also u x = f(x) 

Then u>x+h-f(+ ty 



-T - l i - 

ax h 

when h is made infinitely small, 
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Now h is a given increment in the value of x, and in conse- 
quence cannot be taken as becoming infinitely small. We have 

therefore to find the best value of h ^ or feA for a definite 

Out' 

value of h. 

Now u x + h = f(x + h) 

" 



h 2 7? 3 

(1 + *A + -A* + - A' + . . . )/(*) 



7* 2 A 2 

and (1 + AK = (1 + fcA + -r^- + + . . . K 



or 1 + A = 
Hence feA = log c (1 + A) 



or *|| - Au, - gA^ + gAX - ^AX + 



where Ati^, A 2 ^, A 3 ^, A 4 ^ represent the successive differences 
running downwards in a diagonal direction from the term u . 

du 
As u represents any term, the value of h-~ can be obtained for 

any value of x given in the table, provided that the successive 
differences corresponding to that value of x are accessible. 
If u x _ h is the value of y preceding u x , 

Then u^ h =/(fl- h) 

and also u x _ h = u x - $u x = (1 - $)u x 

Now /( - fc) - /K*) - hf'(x) 



PA 3 
and (1 - 



= e- u x 

or 1 - S = <?-** 

Hence - fcA = log e (l - 8) 

S 2 
= d "2 
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ax 

.*y .j , S 2 , 8' 8* 
frST'+T + T + T--" 

= K -- jUx i- ^sx + jx + . . . 

! o 4 

where St^, S 2 ^, S 3 ^, 8%^ represent the successive differences 
running upwards in a diagonal direction from the term u x . 

dij 

Thus the best value of -~ for a given value of x is given by 

dec 



or , 

where 7t is the increment in the value of x. 

As an example, from the given values of x and y it is required 

to find the value of -~ when x = 6. 
dx 



X 

4-5 
5-0 


y 

9-69 
12-90 


3-21 


0-60 








3-81 


0-06 




5-5 


16-71 




0-66 









4-47 


0-06 




6-0 


21-18 




0-72 









5-19 


0-00 




6-5 


26-37 




0-78 









5-97 


0-06 




7-0 


82-34 




0-84 








6-81 







7-5 39-15 

Here the increment in the value of x is 0-5 and li = 0-5. 
Working upwards from x = 6 



= 4.47 + _ x 0-66 +1 x 0-06 

J O 

- 4-82 
Or, working downwards from x = 6, 



h - = , - s - ~ , - T 
dx 2 * 3 4 

- 5-19 - 1 x 0-78 f~x 0-06 
2 3 
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Thus when x = 6, -- = 
dx 
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4-82 



-y 
h 

9-64 



The above values have been calculated from the law 

dii 
y - O-O&i' 3 -!- x 2-1, and therefore this value of ~ can easily be 

verified. 

For if y = 0-080 3 + x - 2-1 

^ = 
dx 

= 9-64 when a? = 6. 

202. If the set of tabular values for x and y is such that ulti- 
mately some difference column contains equal terms throughout 
and in the next column all of the terms are zero the two values 

du 

of h -~, one obtained by working diagonally downwards, and 
doc 

the other by working diagonally upwards, would be equal. But 
when dealing with experimental values or tabular values calcu- 
lated correct to a certain number of significant figures, this is 

dij 

not the case, the two values of h -~ differ slightly. 

dx 

Hence the best value is taken as the mean of the two and 



Example. The following table of values of x and y is given. 
Find -~ when x = 3 with as great accuracy as possible. (B. of E., 
1913.) 

y 



x 



6-98970 







0-41393 


1 


7-40363 








0-37788 


2 


7-78151 








0-34762 


3 


8-12913CI 


~~~~~ 






""0-32185. 


4 


8-45098 








0-29963 


5 


8-75061 








0-28029 


6 


9-03090 





- 0-03605 

0-00579" 

j^.0-03026 - 0-00130 

0-00449 

- 02577 

0-00355 
"^002222 

0-00288 

- 0-01934 
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ax* 

Working along the diagonal lines indicated, it is evident that 
account can only be taken of the first three successive differences, 
the values of the following successive differences are clearly 
inaccessible. 

h, the increment in the value of x, is 1. 

Now u x H- Atk = 0-34762 + 0-32185 

- 0-66947 

- AX = - 0-03026 + 0-02222 

- - 0-00804 

+ AX = 0-00579 + 0-00288 

- 0-000867 

Then h ^ - g (K + AtO + J (X - AX) + J (SX + AX) 

= - x 0-66947 - ^ x 0-00804 + i x 0-00867 
246 

- 0-33417 

Hence when x --=3, -^ = 0-33417 

til? 

d 2 v 
203. 2Vte Best Value of -r-^ fftai can be obtained from Tabular 



Values ofx and y. 

It has already been shown that 



Then 7 2 A 2 - A 2 - A 3 + ^A 4 - | A 5 + 

U u 



, A, A, A- A* 

or h-^i- AX - A 3 ?*, + AX - g AX + 



where AX ^X> AX> e * c -> represent the successive differences 
running downwards in a diagonal direction from the term u x . 

Also ftA = S f Js 2 + is 3 + jS 4 -f i 5 + . . . 

& o 4< 5 



or fc 2 A 2 = SX + SX -I- 



where 8 u x , SX ^X> etc -^ represent the successive differences 
running upwards in a diagonal direction from the term u x . 
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As an example, take the set of values of x and y given in para- 

dhi 
graph 201, and find the value of -7-^ when x = 6. Thus working 

diagonally downwards, AX = 0-78, AX =0-06, and AX = 0. 
Then A - AX - AX + AX 



= 0-78 - 0-06 
= 0-72 
d?y 0-72 



= 2-88 
Working diagonally upwards, X = 0-66, 8X = 0-06, and 

8X -= 0. 



Then h = 8X + X + jX + 

= 0-66 + 0-06 
- 0-72 



Now the law from which the values of x and y have been calcu- 
lated is : 

y - 0-08# 3 + a?- 2-1 

$- 0-240* +1 

do? 



= 2-88 when a? - 6 
The expressions 



and A*_ 



will give exact results for h*~^ if ultimately some difference 



column contains equal terms throughout or in the next column 
all of the terms are zero. But when dealing with experimental 
values, or tabular values calculated correct to a certain number 



of significant figures, this is not the case, the two values of h 2 -r~ 



THE CASE WHEN A 7 u r --=- o 
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differ slightly. Then the best value is taken as the mean of 
the two, 

1 1 11 

- (AX 



and 



204. The Case when A 7 % *= 0. Very often in dealing with tabular 
values slight errors in the values themselves render the values 
of the higher differences worthless for interpolation ; probably 
the first three difference columns can be relied upon. Also in 
many cases the actual number of tabular values given is not 
sufficient to enable us to find all of the successive differences. 
For example, if seven tabular values are given, the successive 
differences corresponding to the middle of these values can be 
found up to A 3 t^, but the successive differences higher than this 
are inaccessible. In order to provide for these cases, formulae 

dii 
have been established which give the values of h ~ and W 

terms of the first three successive differences ; these formulae 
have been based on the assumption that A 7 % = 0. 



n 



A6w~ 



6 4 
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The above table gives some of the successive differences which 
have been obtained by working backwards from the seventh 
difference column, assuming that A 7 t^ =* 0. 



\ ( Att, + K) - 3 (AX - SX) + I (AX + SX) - 1 (AX - SX) 

+ 1 (AX + SX) - ^ (AX - SX) + p (AX + SX) 
But AX + SX = 

AX - SX " 

AX + SX = 26 + a 

AX - SX = 4& + 2a = 2 ( 2& + a ) 



AX + 8X = 2d + c + + a 



Hence (AX + 

and AX + SX = (AX + SX) - (AX - 
also AX -~ SX ^ 2 (AX + SX) 2 (AX 

Therefore h - 
ax 

11 1 

- (M X + 8u x ) - (AX ~" SX) + 7: (AX ~ 
24 o 

- 1 {(AX + SX) - (AX - SX)} 

+ ^ { (AX + SX) - (AX - SX)} 

1 A 1 

= - (Aw,. + 8%) (AX ~ S 2 %)( 7 7 

2 \4< 4 



+ (A d t 

= - (A^ + SwJ - ^ (&?u x - SX) -t- ^j(AX + SX) 
= ^- /30 (Au.+ to*,) -6 (AX- SX) -I- (AX +SX)) (!) 

gQ ^ J. j 



(2) 






2 

- SX) + (AX + SX) 



THE CASE WHEN AX = 421 

But AX - SX - 

F = AX + <*X = 2a 

D = AX + X = 2c + b + 4a 
3b 



8t^ = e + - 

^7 

Now B - 2A = c + - 

2 

and 4C - D = lOc + 5i 

= 10(B - 2A) 

Then D - 20A - 10B 4- 4C 

Also 3D - 2C = 10a 

-= 2E or 5F 

Then 5F = 3D - 2C 

= 60A - SOB j- 12C - 2C 
- 60A - SOB + IOC 

F = 12A - 6B + 2C 
Also 2E = 3D - 2C 

= 60A-30B |- IOC 
E = 30A - 15B + 5C 



-i- 



2 + 24 * 20A ~ 10B + 4C > ~ 75 ( 30A ~ !5B + 5C 

^^ l^J 

137 
^{12A-6B+2C} 

55 _ 75 137 \ f 1 55 . 25 137 



H_^+ 137 \ 
6 12 + 180J 



. . -(2) 
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Example. Using the given tabular values of 6 and p, find the 



best values of -4 and -=, when = 95. 
at) otr 

9 80 85 90 95 100 105 110 

p 6-86 8-38 10-16 12-26 14-70 17-53 20-80 

In this case, as only seven tabular values are given, the first, 
second, and third successive differences can be worked with, but 
the higher differences are inaccessible. 

p Ap A 2 p A 3 p 

80 6-86 

1-52 
85 8-38 0-26 

1-78 0-06' 

90 10-16 0-32 

2-10^*"' 0-02 

95 12-26^' 0-34 

2-44 0-05 

100 14-70 0-39 

2-83 0-05 

105 17-53 0-44 

3-27 
110 20-80 

Then Ap + Sp = 4-54 

A 2 p - S 2 p - 0-07 
and A 3 p + S 3 p = 0-11 

But h - - ~ {30(Ap + Sp) - 6(A 2 p - 
ao 60 

= J_ (30 x 4-54 - 6 x 0-07 + 0-11} 

= 2-2648 

op 2-2648 
50 5 

= 0-4550 

Also Ap 8p = 0-34 

- S 2 p = 0-71 
- S 3 a == - 0-01 
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But h* = L{222(Ap - ap) - 21(A a p + 8p) 



= JL {222 x 0-34 - 21 x 0-71 - 2 x 0-01 } 
180 

- 0-3364 

dtp 0-3364 
' ~~25~ 
0-01346 



EXAMPLES XXIII 

(1) Find the 8th term and the general term of the series 

20 30 42 56 72 ... 

(2) Find the 10th term and the general term of the series 

10 4 -2 - 2 ... 

(3) Find the 9th term and the general term of the series 

18 9 6 15 42 ... 

(4) Find the 7th term and the general term of the series 

3 9 20 38 65 ... 

(5) Find the llth term and the general term of the series 

36 27 12 27 132 411 ... 

(6) Find the 6th term and the general term of the series 

32 38 44 56 80 ... 

(7) Working with the tabular values of p and given in 
paragraph 200, and denoting = 90 by U Q) find p when 92. 
Also denoting = 95 by U Q , find p when = 92. 

(8) Working with the tabular values of p and given in 
paragraph 200 and denoting = 120 by U Q , find p when = 123. 
Also denoting = 125 by U Q) findp when =* 123. 

(9) The following values are taken from the table of cubes : 

6-1 6-2 6-3 6-4 6-5 6-6 6-7 

226-981 238-328 250-047 262-144 274-625 287-496 300-763 

Denoting (6-3) 3 as U Q , find the value of (6-36) 3 , also denoting (6-4) 3 
as UQ, find the value of (6-36) 3 . 
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(10) The following values are taken from the table of cube roots: 

6-1 6-2 6-3 6-4 6-5 6-6 6-7 

1-827160 1-837091 1-846915 1-856636 1-866256 1-875777 1-885204 

Denoting tyfrS as u , find the value of \X6-36. Also, denoting 
y&l as u Q , find the value of ^6-36. 

(11) The following values are taken from the table of tangents : 

60 61 62 63 64 65 66 67 
1-7321 1-8040 1-8807 1-9626 2-0503 2-1445 2-2460 2-3559 

Denoting tan 61 as u^ find the value of tan 61 24'. Also, denot- 
ing tan 66 as U Q , find the value of tan 65 48'. 

(12) From the given table of values of x and y, find the best 

d/u 

value of -~ when x - 0-95. 
ax 

x 0-8 0-85 0-9 0-95 1-0 1-05 1-1 

y 0-7174 0-7513 0-7833 0-8134 0-8415 0-8674 0-8912 

fit) 

(13) The following values of p and being given, find -~ when 

6 - 115. 

6 100 105 110 115 120 125 130 
p 14-70 17-53 20-80 24-54 28-83 33-71 39-25 

(B. of E., 1905.) 

(14) The following values of x and y being given, find the most 

(lit 
probable value of - when x is 3. 

x 1 23456 

v 11-8 16-0 20-0 23-9 27-6 31-1 34-5 

(B. of E., 1906.) 

(15) If L = ct -r where L is latent heat (in foot-pounds), t is 

v ' at 

absolute temperature centigrade, p is pressure in pounds per 
square foot, c cubic feet is increase of volume if 1 Ib. changes 
from lower to higher state. Calculate c at t - 428, if the following 
numbers are given for steam. When t - 428, L is 497-2 x 1393. 

t 413 418 423 428 433 438 443 

p 7563 8698 9966 11380 12940 14680 16580 

(B. of E., 1907.) 

dy 

(16) The following table of values of x and y is given. Find -T- 

when x - 3. (B. of E., 1913.) 

a; 123456 

y 6-98970 7-40363 7-78151 8-12913 8-45098 8-75061 9-08090 
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(17) From the given table of values of x and y, find the best 



values of -~ and -=- when x =-4-5 
dx dx* 

x 3-0 3-5 4-0 4-5 5-0 5-5 6-0 

y 4-780 4-405 6-780 12-655 22-780 37-905 58-780 

(18) Working with the tabular values of and p given in 
paragraph 200, find the best values of ~ and ~ when - 100. 

(19) Working with the tabular values of and p given in 

flfY) (ffi'Y) 

paragraph 200, find the best values of -~ and -^ when 125. 



CHAPTER XXIV 

205. 'The Vector. A vector is a quantity involving magnitude 
and direction, and in dealing with it as much importance must 
be placed upon its direction as is placed upon its magnitude. A 
force, a displacement, a velocity, an acceleration are examples of 
vectors, inasmuch as they have both magnitude and direction ; 
while in the case of a velocity and an acceleration the magnitude 
and the direction can each be functions of the time. If, for ex- 
ample, a body is describing a circular path with uniform angular 
velocity, the linear velocity of the body at any instant is a vector 




^ FIG. 138. 

of constant magnitude and of varying direction ; this direction 
is directly proportional to the time. 

The four things which completely specify a vector are : 

(1) The point of application. 

(2) The magnitude. 

(3) The line of action. 

(4) The sense, or the direction along the line of action. 
The " line of action " is determined by the angle it makes with 

some fixed direction, and usually this fixed direction is taken to 
be horizontal. The " sense " is fixed according as the vector 
acts away from or towards the point of application. Consequently 
a vector can be represented graphically by means of a straight line ; 
for let p be the magnitude, the direction, and the sense be posi- 
tive, that is, the vector acts away from the point of application. 
Let O be the point of application, OX the horizontal direction, 

/\ 

and OA the line of action of the vector. If XOA =0, OP ^p to 
some convenient scale, and the arrow indicates that the vector 

426 
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acts along the line of action from O to P, then the line OP repre- 
sents the vector completely. 

If the sense is negative, that is, the vector acts towards the point 
of application and the direction of the arrow must be reversed, 
then the length OP' =/o must be measured from O along OA in 
the opposite direction. 

It is obvious that OP and OP 7 represent two equal and opposite 
vectors, which, if taken together, would neutralise one another. 
Also if OP represents a positive vector, then OP' will represent 
the corresponding negative vector, and therefore a positive vector 
can be made negative by simply changing its sense ; this is very 
important, and has to be used in all cases of subtraction of vectors. 

200. Resolution of Vectors. A vector can be resolved along any 
two assigned directions ; that is, it can be replaced in effect by two 
vectors, the first of which acts along one of these directions, and 
the second along the other. 

V/ 




Thus if OX and OY (Fig. 139) are the two given directions, the 
angle XOY = a, and OP = p is the given vector whose line of 
action makes an angle with OX, then by making OP the diago- 
nal of the parallelogram ONPM, ON represents the resolved part 
of the vector in the direction OY, and OM represents the resolved 
part in the direction OX. It is obvious that ON and OM should 
be measured to the same scale as OP. 

Working with the triangle PMO and applying the sine rule. 

OP PM OM 

sin (180 - a) sin ~ sin (a -0) 

TT TIHT ^TWT OP sin 

Hence PM = ON --= 



sin (180- a) 
P sin 




also OM = ~y^-6) 

sm a 

^ p sin (a 0) 
sin a 
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When x = 90, ON and OM become the rectangular components 
of the given vector : 

and ON = /> sin 

OM- p sm (90 -0) 
- P cos 6. 

207. Addition and Subtraction of Vectors. Tn the previous para- 
graph, since the vector OP can be replaced in effect by the vectors 
OM and ON, it necessarily follows that the vector OP can replace 
in effect the two vectors OM and ON. Thus OP can be taken as 
the vector sum of OM and ON, and the sum of two vectors can be 
obtained by making two adjacent sides of a parallelogram repre- 
sent in every respect the two vectors, and the diagonal of the 
parallelogram which passes through the point of intersection of 
their lines of action will represent in every respect the sum of the 
two vectors. 

Let x\ be a vector of magnitude p and direction Oj ; let B be 
another vector of magnitude p a and direction 6 2 . 




FIG. 140. 

Tofind^+lS). 

Let OX (Fig. 140) be the reference line, and let OP X and 
OP 2 make angles Q l and 2 respectively with OX. Let OPj = p l 
and OP 2 = /> 2 , and the parallelogram completed by drawing P 2 P 
parallel to OP l and P X P parallel to OP 2 . Then OP will re- 
present the sum of the two vectors, or (A + B), being the angle 
its line of action makes with OX, and OP measured to the same 
scale as OP X and OP 2 , the magnitude. The parallelogram law 
can be used to find the difference of two vectors, since by altering 
the sense of the vector which has to be subtracted the question 
becomes one of addition of vectors. 

Tofind(A.-E). 

Let OP X and OP 2 make angles G! and 6 2 respectively with the 
reference line OX (Fig. 141), and let OP t - p x and OP a /> 2 ; the 
length OP 2 being now measured in the opposite direction. 
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The parallelogram is completed by drawing P 2 P parallel to 
OP a , and P!? parallel to OP 2 . Then OP will represent the dif- 
ference of the two vectors, or (A B), being the angle its line 
of action makes with OX, and OP the magnitude. 




P'lG. 141. 

208. The Vector Polygon. In order to find the sum of a system 
of vectors the parallelogram law must be used time after time, 
and this continued application of the parallelogram law gives rise 
to the vector polygon. 

Let A, B, C, D . . . be a system of vectors whose magnitudes 
are p v p 2 , /> 3 , p 4 . . . and whose directions are X , 2 , 3 , 4 . . . 

Let OA, OB, OC, OD . . . make angles 6 lf 2 , 3 , 4 . . . with 
OX, and OA - p l9 OB - /> 2 , OC = /> 3 , OD - p 4 . . . . (Fig. 142.) 

By completing the parallelogram OAaB, the diagonal Oa will 
represent the sum of the vectors A and B. 

By completing the parallelogram Oa6C, the diagonal Ob will 
represent the sum of the vectors Oa and C, that is the sum of the 
vectors A, B, and C. 

Similarly Oc will represent the sum of the vectors A, B, C, and 
D. It is evident that by drawing OAj parallel to OA, and making 
/o 1 , by drawing A l a l parallel to Aa and making 
/> 2 , Oa x will be exactly the same as Oa, and can there- 
fore represent the sum of the vectors A and B. 

By drawing ajb^ parallel to ab, and making a l b l = ab = /o 3 , O&! 
will be exactly the same as Oft, and can therefore represent the 
sum of the vectors A, B, and C. Similarly Oc x , being exactly 
the same as Oc, will represent the sum of the vectors A, B, C, 
and D. Thus OA l a l b l c l gives a polygon in which the arrows, 
denoting the sense of each vector, follow each other round in 
cyclic order ; Oc l is the closing line of this polygon. If this 
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polygon be drawn, the closing line Oc l will give the sum of the 
vectors A, B, C, and D, just as well as drawing the parallelogram 
of vectors time after time. It should be noticed that although 
the sense of each vector forming the sides of the polygon follow 
a cyclic order, the sense of the vector sum, or the closing side of 
the polygon, must be in the opposite cyclic direction. 

If one of the vectors is to be subtracted its sense must be reversed, 
and the work can be proceeded with as in the case of addition. 

k 




FIG. 142. 



Example. A, B, C, and D are four vectors whose magnitudes 
and direction are given in the table below 

A 5 30 

B 7 90 

C 6 150 

D 9 300 

Find (1) A + B + C -H D, (2) A + B - C + D, (3) A - B + C - D. 

Fig. 143 shows the vector polygons drawn to scale ; the scale 
of magnitudes being shown at the bottom of the diagram. By 
actual measurement 



(1) A + B + C -i- D 

Magnitude = 9-1 
Direction = 83 



(2) A + B - C + D 

Magnitude =11-9 
Direction =15 



(3) A - B f C - D 

Magnitude = 3-5 
Direction = 146 



THE VECTOR POLYGON 
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A+B+C+D 





/ s* 



A+B-G+D 



A-B+C-D 





FIG. 143. 
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It should be noticed that in the second case the sense of C is 
changed, while in the third case the senses of B and D are changed, 
in their respective vector polygons. 

209. Addition and Subtraction of Vectors by Resolution. If two 
vectors have the same line of action, their magnitudes can be added 
or subtracted according as their senses are like or unlike. This 
enables us to add and subtract vectors by resolving them in the 
horizontal and vertical directions, and then finding the algebraic 
sum of their horizontal and vertical components. Referring to 
the system of vectors in the previous paragraph, the horizontal 
components are p l cos Q I9 /> 2 cos 2 , /o 3 cos 3 , /> 4 cos G 4 . . . and 
since all these have the same line of action they can be reduced 
to one vector, of magnitude H, in the horizontal direction 

and II - />! cos X + /> 2 cos ^2 + Pz cos 3 + /> 4 cos 4 + . . . 

The vertical components are p l sin 0^ p 2 sin 2 , p 3 sin 3 , p 4 sin 4 
. . . and since all these have the same line of action, they can be 
reduced to one vector, of magnitude V, in the vertical direction 

and V = p l sin 0! + /> 2 sin 2 + p 3 sin 3 + /r> 4 sin 4 + . . . 

Thus the whole system is reduced to the sum of two vectors : 
one, of magnitude H, acting horizontally ; the other, of magni- 
tude V, acting vertically. On applying the parallelogram law, 
the parallelogram becomes a rectangle. 



Then 
and 



54 + V 2 



- 1 V 
= tan fj 



where /> is the magnitude and the direction of the resulting sum 
of all the vectors. 

If one of the vectors is to be subtracted, then the algebraic signs 
of its horizontal and vertical components must be changed. Tak- 
ing the same example as in the previous paragraph and working 
it in this manner 



Vector. 


Magnitude. 


Direction. 


II. 


V. 


A 


5 


30 


5 cos 30 


4-330 


5 sin 30 


2-500 


B 


7 


90 


7 cos 90 





7 sin 90 


7-000 


C 


6 


150 


6 cos 150 


-5-196 


6 sin 150 


3-000 


D 


4 


300 


4 cos 300 


2-000 


4 sin 300 


-3-464 
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(1) To find A + B + C + D 

II = 4-330 - 5-196 + 2-000 

= 1-134 

V - 2-500 + 7-000 + 3-000 - 3-464 
= 9-036 



9-036 2 
9-109 

i 9-036 

-* 



= 82 52' 
(2) To find A 4- B - C + D 

H = 4-330 + 5-196 + 2-000 

= 11-526 

V = 2-500 + 7-000 - 3-000 - 3-464 
= 3-036 

p = Vll-526 2 + 3-036 2 




= 14 46' 
(3) To find A - B + C - D 

II -4-330 - 5-196 - 2-000 

- - 2-866 

V - 2-500 - 7-000 + 3-000 + 3-464 

- 1-964 

P= V2-866 2 + 1-964* 
= 3-474 

-i_ 



= 145 35' 

210. So far the work has been confined to vectors which are in 
the same plane. In dealing with vectors which are not in the same 
plane, the line of action of such a vector must be determined by 
means of the three angles it makes with the axes OX, OY, and OZ 
respectively. 
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Thus in space, a vector is specified completely by 

(1) O, the point of application. 

(2) The line of action which makes angles a, p, and y with 

the axes OX, OY, and OZ respectively. 

(3) A length OP measured from O along the line of action 

and equal to p, the magnitude of the vector. 

(4) The sense ; this is positive if the vector acts away from 

O and negative if the vector acts towards O. 

Only two angles need be given since the third can always be 
found from the relation cos 2 a + cos 2 [3 + cos 2 y = 1. 

Thus in dealing with a system of vectors in space, having a 
common point of application, 

H Pv Pz> Pz are the magnitudes 

04, <x 2 , a 3 . . . the angles made with the axis of x 

or l v 1 2> 1 3 ... the corresponding direction cosines 

Pi> (*2 Pa the an gl es made with the axis of y 

or m l9 m 2 , w 2 . . . the corresponding direction cosines 

Yi' Y2> Ya the angles made with the axis of z 

or n v n 2 , n 3 . . . the corresponding direction cosines 

The components in the direction OX are p l cos a t , /o 2 cos a 2 , 
p 3 cos a 3 . . . and since all these have the same line of action they 
can be reduced to one vector, of magnitude X, in the direction OX, 

and X p L cos a t + /> 2 cos a 2 + p 3 cos a 3 . . . 
- /iPi + /2Pa + 'aPa + 

Similarly, resolving the vectors in the direction OY, and if Y 
is the algebraic sum of the components in that direction, 

then Y = p l cos ^ + /> 2 cos (3 2 + /> 3 cos ^ 3 . . . 



Also resolving the vectors in the direction OZ, and if Z is the 
algebraic sum of the components in that direction, 

then Z = />! cos yi + p 2 cos yg + p 3 cos y 3 . . . 



Thus the whole system can be reduced to one of three vectors 
whose magnitudes are X, Y, Z, and whose lines of action are'the 
three axes of reference, OX, OY, and OZ. If p is the magnitude 
of the vector sum, and a, p, and y the angles it makes with the 
axes of reference, 
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then P = VX 2 -I- Y* + Z 2 

i x 

a = cos~ l 

P 

Y 

B = cos" 1 
p 

,Z 

V = COS" 1 

p 

Example. A, B, and C are three vectors whose magnitudes and 
directions in space are given in the table below. Find A + B + C 
and A - B + C. 



Vector 


Magnitude 


a 


P 


A 


5 


30 


70 


B 


4 


65 


32 


C 


6 


45 


63 







I 


m 


n 


lp 


mp 


/j 


A 


5 


0-8660 


0-3420 


0-3648 


4-3300 


1-7100 


1-8240 


B 


4 


0-4226 


0-8480 


0-3200 


1-6904 


3-3920 


1-2800 


C 


6 


0-7071 


0-4540 


0-5421 


4-2426 


2-7240 


3-2526 



(1) To find A + B + C 

X - 4-330 + 1-6904 + 4-2426 

- 10-263 

Y = 1-7100 + 3-3920 + 2-7240 
= 7-8260 

Z = 1-8240 + 1-2800 + 3-2526 
= 6-3566 

p- VlO-263 2 + 7-8260 2 + 6-3S66 2 

- 14-38 
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f 10-263 

a=cos -uW 

= 44 30' 

i 7 ' 826 
P = C S " 1 14^38 

= 57 2' 

6-357 



Y = COS" 1 

' 14-38 

= 63 50' 

(2) To find A - 13 + C 

X = 4-3300 - 1-6904 + 4-2426 

= 6-8822 
Y = 1-7100 - 3-3920 + 2-7240 

= 1-0420 
Z = 1-8240 - 1-2800 + 3-2526 

= 3-7966 

"- V6-8822 2 + 1-0420 2 + S-7966 2 

= 7-929 

. 6-882 
a=C S 7^929 

= 29 47' 

1 1>042 

P" 608 7^929 
= 82 27' 

L 3-797 
7l&9 
= 60 53' 

211. The Scalar Product of two Vectors. The scalar product of 
two vectors, taken in a given direction, is the product of the effec- 
tive parts of the vectors in that direction ; that is, the algebraic 
product of the components of the vectors in that direction. 

Taking two vectors, one of magnitude /^ and direction G! ; the 
other of magnitude p z and direction 2 . 

/\ /\ 

Let OX (Fig. 144) be the line of reference, P^X = Gj, P 2 OX =6 2 

and POX = 6. Also let O?! - Pl and OP 2 = /> 2 . 
Then ON X = /> x cos (6 a - 6) 

and ON 2 = /> 2 cos (0 2 - 6) 

are the components of the vectors taken in the direction OP. 



THE SCALAR PRODUCT OF TWO VECTORS 437 

The scalar product = ON X x ON 2 

cos (0! - 6) cos (6 2 - 0) 

s (0 2 + X - 20) + cos (0 2 - X ) } 

This is evidently a maximum when 

cos (O x + 2 - 20) = 1 

0-5 (81 + 62) 

That is when the line OP bisects the angle between the vectors 
The maximum value - 1 Pl p 2 {I + cos (0 2 - OJ } 



COS 2 




FIG. 144. 



Also if = lf that is, when OP coincides with the line of action 
of the first vector, 

the scalar product - Pl p z {cos (0 2 - X ) + cos (0 2 - X ) } 



COS ( 2 - l) 

and if' - 2 , that is, when OP coincides with the line of action of 
the second vector, 

the scalar product - - Pl p 2 {cos (0 X - 2 ) + cos (0 2 - 0,) } 

= P X P 2 cos (0 2 - 6,) 

Hence if the scalar product is taken in the direction of one or 
other of the two vectors, it becomes the " product of the magni- 
tudes of the vectors and the cosine of the angle between them." 
This is the definition of the scalar product as applied to actual 
practice. 
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If, for example, a body is made to move with uniform velocity 
v feet per second, in a given direction, under the action of a force 
F lb., the line of action of this force making an angle a with the 
direction of motion, 

The displacement of the body per second = v ft. 

The work done per second is the scalar product of the force and 
the displacement, taken in the direction of the displacement. 

Hence the work done per sec. = F v cos a ft. lb. 

212. The Mathematical Representation of a Vector. A vector 
can be considered to be the vector sum of its horizontal and verti- 
cal components, and the parallelogram of vectors used to find 
this sum becomes a rectangle. 

It has already been shown in paragraph 31 that a complex 
quantity can be represented graphically by a magnitude measured 
in the direction of real quantities, that is, the horizontal direction, 
and a magnitude measured in the direction of imaginary quantities, 
that is, the vertical direction. The two directions, then, in which 
real and imaginary quantities are measured correspond to the two 
directions in which the horizontal and vertical components of a 
vector are taken. A vector can therefore be represented mathe- 
matically by a trigonometrical complex quantity, in which the 
real part represents the horizontal component of the vector, while 
the imaginary part represents the vertical component. 

Thus the vector = p (cos + i sin 0) 

where p is the magnitude and the direction. 

It should be noticed that if this is recognised as a standard ex- 
pression for a vector, then all vectors should ultimately reduce to 
this form, and this enables us to test whether this is a suitable ex- 
pression for a vector. A velocity is a vector for which both magni- 
tude and direction can be functions of the time ; an acceleration 
is also a vector for which magnitude and direction can be functions 
of the time, but an acceleration is the direct result of differentiating 
a velocity with respect to the time. 

Thus let v be a velocity, whose magnitude p and direction are 
both functions of t, the time. 

Then v = p (cos + i sin 0) 

- JT = j ( cos + *' sin 0) + /> -j- ( -- sin + i cos 0) 
dp a dQ . ft \ ./dp . 



= (A cos - B sin 0) + i (A sin + B cos 0) 

, A dp , ^ dQ 

where A = -37 and B = p -7- 

dt at 
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Now ~ = A/A 2 + B 2 { (cos 




- VA 2 + B 2 {(cos cos a - sin sin a) 

+ i (sin cos a + cos sin a) } 

___ 1-* 

- V A 2 + B 2 (cos (0 + a) I i sin (0 + a) } where tan a = T 

A. 

and this gives the acceleration in the recognised form for a vector. 

Hence if a velocity is a vector of magnitude p and direction 0, 

then the corresponding acceleration is also a vector of magnitude 



rfA 2 / dO\ 2 , v ^ /a x , dQ 

T/y "' \ pm df) a direction (04- a) where tan <x==/>-y7 / , - 

/ 5 

The angle a is evidently the angle between the direction of the 
velocity and the direction of the acceleration corresponding to 
that velocity. 

Taking the case of a body describing a circular path, of radius 
r feet, with uniform velocity v feet per second. This velocity 
can be expressed as a vector of magnitude p and direction 

and p = v a constant and = . 
A r 

-rt dp dQ v 

Then 4-^0 and 37- - - 

dt dt r 

dti v* 

also P 77 ^ 

' dt r 

Now the velocity = p (cos + i sin 0) 

and the acceleration -= ^ \-jrj + (p-n) ( cos (0 + a) + i sin (0 + a) } 



NOW 

and tan a = 



. 

/ d/o 

7 



dp 

= QC since -4: = 
at 

Hence a - 90. 

v 2 
Thus the acceleration - ~{cos (0 + 90) + i sin (0 +90) } 
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TJ 

That is, the acceleration is of magnitude -- and its direction is 

at right angles to the direction of the velocity. Now the direction 
of the velocity at any instant is along a tangent, hence the direction 
of the acceleration is along the corresponding radius. Thus if a 
body describes a circular path of radius r ft., with uniform velocity 

v 2 

v ft. per sec., the acceleration is ft. per sec. 2 , and is directed to- 
wards the centre. 

213. Example 1. The value of a vector may be stated as a where 
a is the amount and is the angle measured anti-clockwise from 
a found direction. The vector keeps in a plane. A point lias 
the following velocities in feet per second at the following times 
(seconds). (B. of E. f 1911.) 



Velocity . 


100 3QO 


103-3 350 


105-7 420 


107-2 510 


107-8 620 


Time 


10 


10-01 


10-02 


10-03 


10-04 



Find approximately the value of the acceleration when t = 10-02. 
Now velocity a (cos + i sin 0) 



and acceleration =*y( ^J + (a -rr\ {cos (0 + a) + i sin (0 + a) } 



where 



rfO 
tan a = a -77 , 

dt /da 

' dt 



t 


a 





s* 


Sa 


SO 


Sa 

8t 


S0 
St 


10-00 


100 


30 


















0-01 


3-3 


5 


330 


500 


10-01 


103-3 


35 


















0-01 


2-4 


7 


240 


700 


10-02 


105-7 


42 


















0-01 


1-5 


9 


150 


900 


10-03 


107-2 


51 



















0-01 


0-6 


11 


60 


1100 


10-04 


107-8 


62 
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It is evident that when t = 10-02 - = 195. 

at 



A, 
A1S 



the angle being expressed in radians, 



a r = 
at 



* 13-96 = 1476 



d!0 



~, 
Then 



= 1489 

1476 
tan a = = 7-568 

JL t/O 

a - 82 28' 

Thus when / = 10-02 the magnitude of the acceleration is 1489 
ft. per sec. per sec., and its direction makes an angle of 82 28' 
with the direction of the corresponding velocity. 

It also makes an angle of 124 28' with the fixed line. 

Example 2. The velocity of a body is continually changing in 
direction and magnitude. The values given in the table below 
give p, the magnitude, and 6, the direction measured from a fixed 
line, &t any time t seconds. Find the value of the acceleration 
when t ^ 5-3. 



t 


5-0 


5-1 


5-2 


5-3 


5-4 


5-5 


5-G 


5-7 


p 


10 


13-7 


18-7 


25-2 


33-4 


43-5 


55-7 


70-2 








4-2 


10-8 


20-6 


34-0 


53-0 


77-2 


107-8 


t p 8/> S 2 /> 8 3 p 8 4 /> 


5-0 10 



3-7 



5-1 


13-7 




1-3 


^^ 






5-0 


^0-2-~" 




5-2 


18-7 




.- 1 ' 5 ""'~ 









^.6-5 * 


0-2 




5-3 


25-2C^ 


^^^^ 


1-7 









'8-2 


0-2 




5-4 


33-4 




~"~M-9-^^ 









10-1 


^^"""0-2 




5-5 


43-5 




2-1 


*^a 






12-2 


0-2 




5-6 


55-7 




2-3 








14-5 






5-7 


70-2 
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When t = 5-3 0-1^=6-5+^ + ^ 

dt A o 

or ^ - 73-17 

dt 

^ dp _ 1-9 0-2 
also 0-1 ~- = 8-2 H 

dt *^ *j 

* = 73-17 
dt 



t 





80 


8 2 S 3 


S 4 I 


5-0 















4-2 






5-1 


4-2 




2-4 


^^* 






6-6 


0-8 "~~ 




5-2 


10-8 




3-2-*^^**^ 









__9-8*^ 


""""" 0-8 




5-3 


20-GCT' 




4-0 







>^ 


"13-8^, 


0-8 




5-4 


34-4 




^4-8 









18-6 


^""""***0-8 




5-5 


53-0 




5-6 ^^ 


"-o. 






24-2 


0-8 




5-6 


77-2 




6-4 








30-6 






5-7 


107-8 








When 


Z= 5-3 




8 ^ 3-2 0-8 

_ = 9-8 + + 





also 



116-7 



Expressing the angle in radians, 

dQ 116-77C 
dt ~ 180 



== 2-036 



and 



p = 25-2 x 2-036 

Cf 

= 51-33 
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Now velocity = p (cos + i sin 0) 

and acceleration = ^ f -J + (p -j- j {cos (6 + a) + i sin (0 +a) } 

i, . d 

where tan a = p -7- 

dt /dp 
I Ji 



dt 




aox'f) i -v'73.17+B1.88 

- 89-37 



51-33 



a - 35 3' 

Hence when t = 5-3 the magnitude of the acceleration = 89-37 
f.s.s., and the direction - 20 36' -i- 35 3' - 55 39'. 

214. The Multiplication of Vectors. If A is a vector of magni- 
tude p l and direction X 

then A = p l (cos X + i sin X ). 

Also if B is a vector of magnitude p z and direction 2 

then B = /o 2 (cos 2 + i sin 2 ). 

The product AB = p^p^ (cos X + i sin X ) (cos 2 + i sin 2 ) 
= Pi/ 2 ( cos (Oi + 6 2 ) + i sin (0! + 2 ) } 
- />i/> 2 ( c s (<* + 20i) + sin (a + 20 X ) } 

where a = 2 X , the angle between the vectors, and Q^ is the 
inclination of the line of action of vector A with the initial line. 

If 0! = 0, that is, the initial line is so chosen that it coincides 
with the line of action of vector A, 

then the product AB = p^ (cos a + i sin a). 

This is an expression in the form of a complex quantity, the 
real part being pp% cos a and the imaginary part p^ 2 sin a. 
Now the imaginary part represents a quantity which must be 
measured in a direction perpendicular to the direction in which 
the corresponding real part is measured. It has already been 
shown that the real part, the product p x p 2 cos a, is the scalar pro- 
duct of the two vectors taken in the direction of either of the vec- 
tors. Hence the product p^p 2 sin a must be taken in a direction 
which is perpendicular to the lines of action of the two vectors. 
That is, this product must be taken in a direction which is per- 
pendicular to the plane containing the lines of action of the two 
vectors. 
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Thus the effect of multiplying two vectors is to give rise to two 
distinct products : 

(1) The product p^ 2 cos a ; this is the " scalar product/ 1 and 
must be taken in a direction corresponding to either of the lines 
of action of the vectors. 

(2) The product /o^ sin a ; this is the " vector product/' and 
must be taken in a direction perpendicular to the plane containing 
the lines of action of the vectors. 



EXAMPLES XXIV 

(1) A and B are two vectors ; if A = 8 3 and B = 5 77 , find 
(1) A 4 B and (2) A - B. 

(2) A and B are two vectors ; if A = 13 67 and B = 22 231 , find 
(1) A + B and (2) A - B. 

(3) Find the components of a vector of magnitude 12 along direc- 
tions which make angles of 25 and 55 with the line of action of 
the vector. 

(4) A and B are two vectors ; if A = 12 3 ,;, find B so that 
A + B --, 17 60 *. 

(5) A and B are two vectors : if A - 14 40 , find B so that 
A-B~6 1B .. 

A, B, C, and D are four vectors whose magnitudes and directions 
are given in the table below : 





P 





A 


7 


38 


B 


3 


84 


C 


9 


128 


D 


5 


294 



(6) Find A+B+ C+D. 

(7) Find A - B + C - D. 

(8) Find A - B - C + D. 

(9) Working with the three vectors A, B, and C given in the 
example of paragraph 210. Find B + C A. 

A, B, and C are three vectors whose magnitudes and positions 
in space are given in the table below : 





P 


a 


P 


A 


8 


30 


75 


B 


13 


70 


45 


C 


10 


55 


55 
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(10) Find A + B + C. 

(11) FindB+C-A. 

(12) FindA+B-C. 

(13) Working with the values given in Example 1 of paragraph 
213, find the acceleration when t = 10-03. 

(14) Working with the values given in Example 2 of paragraph 
213, find the acceleration when t = 5'4. 

(15) A body is moving in such a way that the velocity at any 
instant is given by v = a -j- bt, and the direction is given by 
(radians) a -j- fit, where t is time in seconds and a, &, a and (3 
are constants. Find the magnitude and direction of the accelera- 
tion at any instant. 

(16) A vector a is changing in direction and magnitude ; what 

is -j- if t is time ? Illustrate this by one example, say, by centri- 

(jti> 

petal acceleration of a point moving with constant speed in a 
circular path. (B. of E., 1909.) 

(17) A body is moving in such a way that the velocity at any 
instant is given by v = a 4- bt, and the direction is given by 
(radians) (3/ 2 , where t is time in seconds and a, b, and (5 are con- 
stants. Find the magnitude and direction of the acceleration at 
any instant. 

(18) The scalar product of two vectors is 12-74 and the vector 
product is 15-76. Find the angle between the vectors. If the 
magnitude of one of the vectors is 5-6, what is the magnitude of 
the other ? 

(19) Fifty pounds of shot per second moving horizontally with 
a velocity of 2,500 feet per second due north strike an armour- 
plate and leave the plate horizontally with a velocity of 800 feet 
per second due east. What force is exerted on the plate ? Note 
that momentum and force are vectors. 

Force is rate of change of momentum per second. 

Momentum is mass multiplied by velocity. 

The mass of 50 Ib. of shot is 50-32-2. (B. of E., 1906.) 

(20) An aeroplane which is propelled at a speed of 50 miles per 
hour relatively to the air, is steered in a circular course during a 
steady wind of 15 miles per hour from the south. What are the 
actual speeds of the aeroplane when going north, south, east, and 
west ? 

(21) Rework Question 20. For a steady wind of 20 njiles per 
hour from the north-east. 



CHAPTER XXV 
215. The StraigJtt Line Law. 

Y 




FIG. 145- 

Let PQ (Fig. 145) be any straight line, Q being the point where 
this line cuts the axis of y ; let OQ -- c, when c is positive this 
point is above the origin and when c is negative the point Q is 
below the origin. 

Let 6 be the inclination of the line to the axis of as, the slope of 
the line is therefore tan 6 ; let this be denoted by m. 

If P is any point on the line, its co-ordinates being (x, y] ; then 
by drawing PR parallel to the axis of y> and QR parallel to the 
axis of x, the right-angled triangle PQR is produced. 



Then 



PR 
QR 



= tan0 



or 



Hence 



X 



m 



y = nix + c. 



This is the general equation of a straight line, and m and c are 
constants for any particular straight line. A straight line will be 
completely determined if the numerical values of m and c are 
found. 

In dealing with questions on the straight line law, it is well to 
give to the quantities x and y their most general meaning, x re- 
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presents the quantity plotted horizontally, and y the quantity 
plotted vertically. For greater generality the straight line law 
could be stated as 

V - mH + c 

where V is the quantity plotted vertically, and II the quantity 
plotted horizontally. It does not matter in what way the quantities 
V and H have been derived, or what form they take, but if the 
above relation connects them, and m and c are constants, then a 
straight line must be the result of plotting V vertically and H 
horizontally. Thus, for example, if a set of tabular values of 
x and y is given, the quantity V can be derived in some way from 
the values of both x and ?/, and this also can be the case for the 
quantity H ; there can be a straight line law connecting V and H, 
although there need not necessarily be a straight line law connect- 
ing y and x. 

210. The Determination of the Constants. If a straight line has 
been obtained by plotting some quantity V vertically and another 
quantity H horizontally, this line can be expressed in the form of 
an algebraic law connecting V and H if the numerical values of the 
constants m and c are found. The values of the constants can 
be found in two different ways. 

(a) It has already been shown that m represents the slope of 
the line and c is the distance, above or below the origin, of the 
point of intersection of the line and the axis of y. Thus the values 
of these constants can be found from these statements. If the 
origin is accessible the point of intersection of the line and the axis 
of y can be found and the value of c can be read off along the axis 
of y. The slope m can be measured in the usual way. Take two 
points A and B on the line, make AB the hypotenuse of a right 
angled triangle, the base of which is parallel to the axis of x. Let 
the perpendicular of this triangle be measured by means of the 
vertical scale and the base measured by means of the horizontal 
scale, 

,. perpendicular 

then m = - =- 

base 

Generally speaking, this is not the best way of determining the 
values of the constants, because in actual practice it need not 
be necessary, except in a very few cases, to work from the origin, 
and if the origin is inaccessible the value of the constant c cannot 
be found directly. Then the constants can be found by solving 
a pair of simultaneous equations, and this gives rise to the second 
way. 

(6) Take two points on the line as far removed as the range of 
values nermits : it is unwise to work outside this ran^e. If 
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V = mH + c is the equation of the line, and the co-ordinates of 
the two selected points are (H v V^ and (H 2 , V 2 ) respectively 

then for the first point V x = mSL l + c 
and for the second point V 2 = mII 2 + c. 

Solving these two equations for m and c, 



m ~ 



and 



217. In actual practice the work with the straight line law can 
be considered in the following way. A set of tabular values of 
two varying quantities, x and y, is given ; a probable law connect- 
ing x and y is known or assumed, and it is necessary to prove that 
the given tabular values do actually satisfy the law. This can only 
be done by obtaining a straight line, and, in order to do this, the 
probable law must be so changed or adapted that it reduces to a 
form which can be compared with the general straight line law 
V = mil + c. 

This adaptation is a very simple matter, for in the general 
straight line law the constant c stands alone. Hence, before the 
probable law can be compared with the straight line law, it must be 
so changed that it contains an isolated constant. This process of 
isolation oj constant is very easily done by division. 

Thus, for example, if a given set of tabular values of x and y are 
supposed to follow the law y = ax 2 + b log ]0 #, the constant a can 
be isolated by dividing throughout by x 2 , and the law becomes 

3gi 
x 2 

Comparing this with the straight line law V = mil + c, it follows 
that if V = -^~ be plotted vertically, and H = ^ be plotted 

horizontally, and the result is a straight line, then the given tabular 
values of x and y will follow the law. 

Again, the constant b can be isolated by dividing throughout 
by Iog 10 #, and the law becomes 

y 




Comparing this with the straight line law V = mH + c, it follows 

II X 2 

that if V =-= r-^ be plotted vertically, and II = , be plotted 

\r\cf /yi * * \c\Cf w " 

I0g lr # lo giof 

horizontally, and the result is a straight line, then the given tabular 
values of x and y will follow the law. The values of the constants 
a and b can be found from the straight line which proves fhe law. 
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218. Example. The following values of x and y are supposed 
to follow the law y = ax 2 + b Iog 10 #. Test if this is so, and if so, 
find the most probable values of the constants a and b. 



JC 

II 


2-86 
10-7 


3-88 
20-4 


4-60 
35-1 


5-69 
47-5 


G-65 
60-6 


7.77 
77-5 


8-67 
93-4 



(a) Dividing throughout by x z the law becomes 



77 IOC'' 'IP 

Hence, plotting -~ vertically and * horizontally will give a 

x x 

straight line if the values follow the law. 



y 

X* 

lglff* 

X* 


2-041 
0-0558 


1-754 
0-03912 


1-616 
0-03078 


1-468 
0-02332 


1-371 
0-01861 


1-283 
0-01475 


1-243 
0-01248 



Fig. 146 shows the resulting straight line. 




ooa 



O-O5 



cx 004 

FIG. 146. 

Let A and B be two points taken on this straight line. 



ooe 
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= 0-055, 



For the point A when -^ = 1-297, ^1 _ -015 

then a + 0-0156 = 1-297 

For the point B when -|- - 2-037, 

(,</ w 

then a + 0-0556 - 2-037 

Subtracting (1) from (2) 0-046 - 0-738 

6 = 18-45 
and a - 1-297 - 0-015 x 18-45 

= 1-020 
The law is y - 1-02# 2 + 18-45 Iog 10 0. 

(6) Dividing throughout by Iog 10 ;r, the law becomes 

u 7 x 2 

= b + a 



(1) 



(2) 



t2y 



ty 

Hence, plotting r^ vertically and , - horizontally will give 
Jl & log 10 ff y Iog 10 J & 

a straight line if the values follow the law 



y 



36-59 



17-93 



44-83 



25-57 



52-50 



32-48 



62-91 



42-87 



73-65 



53-74 



87-04 



67-79 



99-56 



80-13 



Fig. 147 shows the resulting straight line. 

Let A and B be two points taken on this straight line. 

77 'T' 

For the point A when J ; - 38-8, 



Iog 10 a? ' Iog 10 a? 

b + 20a = 38-8 . . 



= 20, 



then 
For the point B when r-^ = 100-0, 

then 6 + 80a - 100-0 

Subtracting (1) from (2) 60a = 61-2 



= 80, 



(1) 



(2) 



and 
The law is 



a - 1-02 

b = 38-8 - 20 x 1-02 

- 18-40 
y - 1-022? 8 + 18-40 Iog 10 a;. 
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219. As a further example, let us take a few laws and investi- 
gate, in each case, the treatment necessary to make them com- 
parable with the general straight line law. 



Then 



y = a {Iog 10 c + 
= a Iog 10 c f a Iog 10 o; 



Hence, to obtain a straight line y must be plotted vertically 
and Iog 10 a! horizontally. 



100 




30 



80 



(2) y=ax+b Iog 10 a? 

Dividing throughout by x the law becomes 



X 



X 



If 

Hence, to obtain a straight line - must be plotted vertically, and 

x 



Iog 10 o? 



X 



horizontally. 



Again dividing throughout by Iog 10 # the law becomes 



y i x 

= 6+ a - 
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ft 

Hence, to obtain a straight line J must be plotted vertically 

x 
and . - horizontally. 



Then by + xy a 

a I 






Hence, to obtain a straight line y must be plotted vertically and 
xy horizontally. 

(4) y - ad> x 

Taking common logarithms of both sides 



- Iog 10 a + 0- 

Hence, to obtain a straight line Iog 10 t/ must be plotted vertically 
and x horizontally. 

(5) y-aV 

Taking common logarithms of both sides 



Hence, to obtain a straight line Iog 10 y must be plotted vertically 
and x horizontally. 

(6) y =ax bx 

Taking common logarithms of both sides 



Hence, to obtain a straight line log w y must be plotted vertically 
and x Iog 10 # horizontally. 

220. General Determination of Laws. In actual practice a ques- 
tion often arises of finding a law connecting a set of tabular values, 
and nothing further is known of these values except that they give 
a regular curve when plotted on squared paper. 

It is highly probable that one of the three laws 

y = a + bx n ... (1) 
y=b(x+a} . . . (2) 
y-a+le ... (3) 

will suit the given values. 

It should be noticed that these three laws are chosen as typical 
laws on account of the general nature of them. By adjusting the 
constants many simpler algebraic laws can be derived from them. 
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For example, the first law becomes y = bx n if a = o ; or the second 

law becomes ^/ = - if n = 1. 

^ o?+ a 

The selection of the best of these three laws can easily be effected, 
because there is for each of them a simple relation connecting the 

fl-ii 

variables, x and y, and the slope ~. 

dx 

(1) Taking the law y - a + bx n 

then y a = 



' 
also -j^ (or s) = nbx n - 1 

CIX 

T3 ,. . . y- a a? 

By division - - == - 

J s n 

1 

or y == ~ xs+ a 

Hence, if the tabular values of x and y suit the law, then a straight 
line must be the result of plotting y vertically and xs horizontally. 

(2) Taking the law y - b (x + a) n 

-~- (or s) = rib (x + a) n ~ l 

(liC 

^ ,. . . y x+ a 

By division - = - 

J s n 

1 a 

- - r + - 
n n 

Hence, if the tabular values of x and y suit the law, then a straight 

ij 

line must be the result of plotting - vertically and x horizontally. 

s 

(3) Taking the law y - a + be 
then y a = be n 



nx 



(or s) = nbe nx 
dx ^ ' 



- i- 

By division 

or t/ = ns + a 

Hence, if the tabular values of x and y suit the law, then a straight 
line must be the result of plotting y vertically and s horizontally. 

Thus the discrimination can be carried out in the following 
way : 

Draw the curve connecting the tabular values of x and y on 
squared paper, and take a series of points on the curve. For each 
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point it will be necessary to find the values of x, y, and s ; the value 
of s can be found by drawing the tangent to the curve at the point 
and measuring its slope in the usual way. When a sufficient number 
of values has been obtained, plot the following three curves on the 
same sheet of squared paper, so adjusting the scales that the curves 
practically cover the same space. 

Curve I. y vertically, xs horizontally ; for the law y = a + bx n . 

?/ 

Curve II. - vertically, x horizontally ; for the law y = b (x + a) n . 
s 

Curve III. y vertically, ,9 horizontally ; for the law y = a + be nx . 

Then select the curve which most nearly approaches a straight 
line, and this will indicate the most suitable law. 

This method is open to the objection that there is no way of 
drawing the correct tangent to a curve, but, if reasonable care is 
taken in drawing the tangent, the errors should not be great enough 
to make the discrimination impossible. 

221. Example. The following values of x and y give a number 
of points on a curve obtained by bending a thin spline of wood. 
Find the law of the curve. 



X 

y 


4 
20-1 


5 

27-8 


6 
35-0 


7 
41-5 


8 
47-6 


9 
53-0 


10 
58-1 


11 
62-7 


12 

66-8 


13 
70-6 



The curve was drawn to a large scale on a sheet of drawing paper, 
tangents drawn to the curve at the above points, and the values of 
the slope determined. 

Tabulating the results 



X 


y 


s 


CCS 


y_ 

s 


4 


20-1 


7-98 


31-92 


2-56 


5 


27-8 


7-43 


37-15 


3-74 


6 


35-0 


6-75 


40-50 


5-19 


7 


41-5 


6-27 


43-89 


6-63 


8 


47-6 


5-74 


45-92 


8-31 


9 


53-0 


5-24 


47-16 


10-11 


10 


58-1 


4-83 


48-30 


12-02 


11 


62-7 


4-41 


48-51 


14-22 


12 


66-8 


3-87 


46-44 


17-24 


13 


70-6 


8-47 


43-81 


2036 
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Fig. 148 shows the three curves : 

(1) y vertically, xs horizontally ; for the law y = a + bx n . 

(2) ~ vertically, x horizontally ; for the law y = b (x + a} n . 

(3) y vertically, s horizontally ; for the law y a + be nx . 
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FIG. 148. 

Of the three curves the third most nearly approaches a straight 
line, and, therefore, y = a + be nx is the law which suits the tabular 
values of x and y the best. 

In order to find the constants of the law take three points on the 
original curve ; for simplicity of calculation let these points be so 
chosen that the values of x are equidistant. 



when x = 4, y =* 20-1 and a + be* n = 20-1 
when x = 8, y = 47-6 and a + & 8n == 47-6 
when x = 12, ?/ = 66-8 and a +6e 12n - GG-8 
subtracting (1) from (2) &e 4n (e* n - 1) - 27-5 
subtracting (2) from (3) be sn (e* n - 1) = 19-2 



(1) 
(2) 
(3) 
(4) 

(5) 



dividing (5) by (4) 



- 0-6982 



and 



= -0-0898. 
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27-5 



from (4) b - 



27-5 



0-6982 x 0-3018 
- - 130-5 

from (1) a - 20-1 f- 130-5 x 0-6982 

111-2 

The probable law is therefore 

y~ 111-2- 130-5 e-* 0898 * 

222. Another question arises out of the work of the previous 
paragraph ; that is : knowing that a certain curve follows one 
or other of the laws, to find the constants of the law. In general, 
if a law contains three constants, then three points must be taken 
on the curve, and, substituting the values of the co-ordinates of 
these points in the law will give three equations to be solved for 
the three constants. The solution of these equations depends 
upon the way the values of x are chosen when taking the points on 
the curve. 

Case I. For the law y = a + bx n , let the values of x be so chosen 
that they are in Geometrical Progression ; that is, they increase 
by a common ratio. 

Let the co-ordinates of the three points be (h, y^> (hr, y 2 ), and 

* 2/ 3 ). 

Then for the first point a + bh n = y l ... (1) 

for the second point a 4- bh n r n = ?/ 2 ... (2) 

for the third point a + bh n r~ n = y. 3 ... (3) 

subtracting (1) from (2) bh n (r n 1) - y 2 y . . . (4) 

subtracting (2) from (3) bh n r n (r n - 1) - */ 3 - */ 2 . . (5) 

dividing (5) by (4) r n ^ y *~~ y * 

2/2 - 2/1 

Thus giving a relation from which the value of n can be calcu- 
lated, and knowing n, a and b can be found. 

Example. The curve y=* a+ bx n passes through the three 
points (3, 21-47), (6, 37-09), and (12, 94-36). Find the values of 
the constants a, b, and n. 

a + b3 n - 21-47 

a + b G n - 37-09 

a + b 12 n - 94-36 

Then b 8 n (2 n - I) = 15-62 

and b 3 n 2 n (2 n - 1) - 57-27 
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57-27 



Hence 2 



also b =- 



15-62 
n = 1-875 

15-62 



8 tt (2 n - 1) 
- 0-747 

and fl = 21-47-&3 n 

= 15-65 

223. Co.90 //. For the law y =-- i (a? + a) w , the only way in which 
the value of a can be found is by the graphical solution of an equa- 
tion, but it will simplify the calculation if very simple values of x 
are chosen. 

Let the co-ordinates of the three points be (x v y^ 9 (# 2 , y%), and 

Then for the first point b (x l + a) n = y l (1) 

for the second point b (a? 2 + a) n =- 7/ 2 ( 2 ) 

for the third point b (x 3 + a) n - ?/ 3 (3) 

dividing (2) by (1) fetfY ^ to (4) 

\fl7j + a/ T/JL 

/,r + a\ 11 

and n log f ^ j =- log 

or n { log (x 2 + a) - log (x^ + a) } = log i/ 2 - log y l . . . (5) 

dividing (3) by (2) fa^\ n ^ V* 

Vtt'g -f- a/ 7/2 

or n{ log (^3 + a) - log (# -f a) } = log ?/ 3 - log t/ 2 . . . (6) 

.. ... , ., ,, loer (*,-l- a) log (,r., + a) logw, Ioe 2 

dividing (6) by (5 , h ; 3 . , , *~ T^^ r^ 

b v ' J ' log (x z + a) - log (x t -(- a) log y 2 - log y { 

thus giving an equation which must be solved graphically for a. 

Example. The curve y = b (x + a) n passes through the three 
points (2, 9-49), (6, 30-03), and (10, 59-70). Find the values of the 
constants a, b, and n. 

b(2 + d) n = 9-49 
1(6 + a) n = 30-03 
(10 + a) - 59-70 



Then (s- 1 -^) =3-163 

\2+ a/ 



and . 1-988 

+ a 
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n .{ Iog 10 (6 + a) - Iog 10 (2 + a) } = 0-5002 

n { Iog 10 (10 + a) - Iog 10 (6 + a) } = 0-2985 

Iog 10 (10+fl)-log 10 (0+q) 



Hence 
and 



Iog 10 (G + a) - Iog 10 (2 + a) 

Giving a the values 2, 2-1, 2-2, 2-3, 2-4, the values of the fraction 
are 0-5849, 0-5893, 0-5939, 0-5980, and 0-6023 respectively. 

Fig. 149 shows the curve obtained by plotting these values 
with their corresponding values of a, and the point P is the point 
on the curve for which the value of the fraction is 0-5967. This 
corresponds to a value for a of 2-26. 



O60 



0395 



O590 



0585 




2-1 



FIG. 149. 



Then n = 



0-5002 



log w 8-26 - lo glo 4-26 

- 1-74 

_ 9-49 x 1-74 
4-26 

- 0-762. 

224. Case III. For the curve y a + be nx let the values of x 
be so chosen that they are in Arithmetical Progression ; that is, 
they increase by the same amount. 

Let the co-ordinates of the three points be (h, yj, (h + d, y 2 ), 
and (h + 2d, 

a+be nh - y i ... (1) 

ai 7iz>w(7i4-rf) *. /o\ 

-t- oe = ?/ 2 ... (4) 

a + be n(h + - 7/3 ... (3) 

2/2~2/i 



Ther*> for the first point 

for the second point 

for the third point 
subtracting (1) from (2) 
subtracting (2) from (3) be n(h + d \e hd -1) - */ 3 ~ 7/ 2 

dividing (5) by (4) 



.(4) 
(5) 



"* 



2/2 
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Thus giving a relation from which the value of n can be calcu- 
lated, and knowing ?i, a and b can be found. 

A fully worked out example for this curve will be found in 
paragraph 221. 

EXAMPLES XXV 

(1) There are errors of observation in the following values of 

y and x : 



X 

y 


4 
6-29 


5 
5-72 


6 
5-22 


7 
4-78 


8 
4-39 


9 
4-06 


10 
3-75 


]1 
3-48 



It is found that the following two empirical formulae seem to be 
nearly equally good : 



y ^ 



a 



x 



y 



Find the best values of a and 6, a and p. (B. of E., 1006.) 
(2) The following numbers are authentic ; t seconds is the record 
time of a trotting (in harness) race of m miles : 



m 
t 


1 
119 


2 

257 


3 

41G 


4 
598 


5 
751 


10 
1575 


20 
3505 


30 
6479 


50 
14141 


100 
32153 



It is found that there is approximately a law t = a m b , where a 
and b are constants. Test if this is so, and find tlie most probable 

/\Y* 

values of a and b. The average speed in a race is s = ; express ,9 

if 

in terms of m. (B. of E., 1907.) 

(3) The following quantities measured in a laboratory are 
thought to follow the law y = ab- x . Try if this is so, and if so, 
find the most probable values of a and b. (B. of E., 1908.) 



X 

y 


0-1 
350 


0-2 
316 


0-4 
120 


0-6 
63 


1-0 
12-86 


1-5 
2-57 


2-0 
0-425 



(4) The equilibrium position for a certain governor is* that a 
ball should be at a certain position r from an axis about which it 

i u ^ * vr u 14. i 200 + 80 A\ , 
revolves, when the centrifugal force is equal to r( ? ) where 

h = A/2-25 r* 2 . Now a certain mathematical investigation be- 
comes too complex if this law is used, whereas it is known that, 
if the centrifugal force were equal to br a where a and b are mere 
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numbers, the investigation would be easy. Find if there is approxi- 
mately such a law within the limits r = 0-5 and r = 0*7, and what 
is the maximum error in making such an assumption. (B. of E., 
1908.) 

(5) When a shaft fails under the combined action of a bending 
moment M and a twisting moment T, according to what is called 
the internal friction hypothesis, M+ VM 2 + T 2 ought to be con- 
stant where a is a constant. Test if this is so, using the following 
numbers which have been published. Considerable errors in the 
observations must be expected. (B. of E., 1910.) 



M 











1,200 


1,160 


1,240 


2,800 


2,840 


T 


4,320 


4,360 


4,308 


4,338 


4,326 


4,368 


3,836 


3,846 


M 


2,760 


4,400 


4,320 


4,600 


5,020 


5,180 


5,360 




T 


3,804 


2,416 


2,438 


2,060 














(6) In the following table C denotes the radio-activity of a sub- 
stance, t hours after the observations were commenced. There is 

reason for believing that -j- =^ aC where a is a constant. Try if this 
is so, and if so, find the most probable value of a. (B. of E., 1911.) 



t 
C 



100 


7-9 
64 


11-8 

47*4 


23-4 
19-6 


29-2 
13-8 


32-6 
10-3 


49-2 
3-7 


62-1 
1-86 


71-4 
0-86 



(7) The following values of x and y were observed in a laboratory 
and theory suggested that there might be a law y = ax + b Iog 10 o?. 
There are errors of observation. Try if there is such a law, and 
if so, find the most probable values of a and b. (B. of E., 1912.) 



X 

y 


10-2 
3-75 


31-0 
6-26 


52-0 
7-99 


75-0 
9-54 


104 
11-39 


132 
12-94 


181 
15-67 



(8) It is thought that the following observed values of x and y 
follow the law y = AeP x . There are errors of observation. Test 
if such a law is probably true, and if so, find the values of A and b. 
(B. of E., 1913.) 



X 

y 


1-0 
13-28 


1-5 
15-04 


2-0 
17-53 


2-5 
19-80 


3-0 
23-11 


3-5 
26-00 


4-0 
30-50 


4-5 
34-40 
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(9) The following values of x and y were observed in a laboratory 
and theory suggested that there might be a law y = ax 2 + b x 10^. 
There are errors of observation. Try if there is such a law, and 
if so, find the probable values of a and b. (B. of E., 1913.) 



X 

y 


0-1 
1-61 


0-2 
2-26 


0-3 
3-20 


0-4 
4-47 


0-5 
0-21 


0-6 

8-07 



(10) The curve y = a+ bx n passes through the three points 
(2, 11-5), (4, 18-8), and (8, 39-7) ; find the values of the constants 
a, b, and n. 

land the value of y when x = 5. 

(11) The curve y = a + be nx passes through the three points 
(1, 6-8), (3, 13-1), and (5, 25-7) ; find the values of the constants 
a, 6, and n. Find the value of y when x = 4. 

(12) The curve y = a + bc x passes through the three points 
(2, 5-3), (4, 12-8), and (6, 30-2) ; find the values of the constants 
a, b, and c. Find the value of y when x - 3. 

(13) The curve y =- b (x + d) n passes through the three points 
(1, 29-30), (3, 40-47), and (5, 52-28) ; find the values of the constants 
a, b y and n. Find the value of y when x = 2. 

(14) The following values of x and y might follow the law 
y = ax + bx Iog 10 x. Try if this is so, and if so, find the most 
probable values of the constants a and b. (B. of E., 1914.) 



X 

y 


20 
40 


30 
66 


40 
96 


60 
154 


80 
221 


100 

284 


120 
356 


140 
420 



(15) The following values of x and y are thought to follow the 
law y = ad**. Try if this is so, and if so, find the most probable 
values of the constants a and b. 



X 

y 


1-34 
1-06 


2-52 
1-56 


3-41 
2-34 


4-13 
3-26 


4-86 
4-68 


5-25 

5-84 


5-71 
7-43 


6-00 
8-59 



(16) Find which of the three laws y = a + bx n t y = b (x + a) n t 
and y = a + be nJC suit the following values of x and y. 



X 

y 


2 

12'83 


3 

13-48 


4 

14 -28 


5 

15-28 



16-52 


7 
18-05 


8 
19-95 


9 

22-31 


10 
25-24 


11 

28-87 


12 
33-37 


13 

38-44 



Having decided upon the probable law, take three points on 
the curve and find the values of the constants a. b. and n. 
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(17) Find which of the three laws y = a+bir n , -y b(x + a) n , 
and y = a -\- be?* suit the following value of x and y. 



X 

iJ 


2 
9'49 


3 

13-70 


4 

18-54 


5 
23-98 


<> 
30-03 


7 
3(5-64 


8 
43-78 


9 
51-47 


10 
5070 


11 

08-42 


12 
77*66 


13 

87-36 



Having decided upon the probable law, take three points on 
the curve and find the values of the constants a, b, and n. 

(18) Find which of the three laws y = a+ bx n , y = b (x + a) n , 
and y = a + be nx suit the following values of x and y. 



X 

y 


2 
18-36 


3 
21-47 


4 

25-65 


5 

30-87 


6 

37-00 


7 
44-28 


8 
52-43 


9 
61 -52 


10 
71-56 


11 

82-50 


12 
94-36 


13 
107-1 



Having decided upon the probable law, take three points on 
the curve and find the values of the constants a, &, and n. 



ANSWERS 

I (pages 1C, 17, 18) 

(1) (a) (*- 1-112) (*+ 5-052) ; (6) (*- 4-707) (*- 1-013) ; 
(c) (*- 9-435) (*+ 0-515). 

/r*.\ . /-*\ '* i) 



\"t 
(4) 

(6) 
(7) 

(8) 

(9) 
(10) 

(12) 
(13) 

(19) 


/M Q v t_ A. \ ' *>f yi *>\ *>/ ji 1 >\ 

ct/ O LO ^^ JB ji 1 t/./ ^y I J3 1 t /j ' - -j \ 

19 22 /rt 3 5 


13(2* + 8) 
1 


13(3* - 2) v "' 4(3 - *) 4(5* - 3) 
11 1 


71 


Iffc/n I *>^ 11 W r *Vf 
Ac^lt/ '1* ^Sil JLv/lcO Ol 

7 5 


63(3* - 2) 

/y2 _. O xyt t 


1 9(3*+ 1) 7(2*+ 1) 
241 239 29 


1 


62 7 


19(3 - 2*) 
5 


1 551 (*+ 8) 29(5- 3*) 
32 36 


8 


1 20 600 993 


'Y* ^5 f W 
lAs *J \Ws 

7 


-5) 2 ' (*-5) 3 ' (js-5)' 
55 91 


9(3*- 2) 2 
1 f 5 


' 9(3*- 2) 3 ' 9(3*- 2) 4 
45 87 73 } 


64 1.4* + 3 
If 1 


(4*+3) 2 ' (4*+ 3) :1 (4*+3) 4 J 
2* +l"k 4fl 2 iP 


If 2 


* 1+ *i + - 1 L } 3U ~ 2 *" +!te+4 


If 2 + 


1_ 
M/ 1 
I " / 


If 21 


a? + 2 x 2 2t# + 4 J 
44 3 ^ 


14r, 


5 14 19 

1 . 


t 


9(#+ I) 2 27 (x- 2) 9 (a?- 2) 2 
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SB x . 0-7034 2-296 

( I o/2 T~i iT" *W2 i v, i i\ \ i 



*>l tS> v L 1\ *>lt& J_ r _1_ 1 \ V / v "I.TIO 11 J_ K.AKO 
Z^iZ- i(- -J- i) a\X^ + (K ~r 1) tC J. J.1* iH ~\- O UO* 

1 I 0-0409 0-266 0-040^ 

^ 2 ' x - 4-707 + x - 1-013 ^ 2 ' 3 ' x+ 3 + a? - 3-5a? + 4-94 

(24) (a) 1 -I- 14a; + 84^ + 2800? + 560a^ + . . . 

(b) l + 5ae-\ 



. . , 

(c) 1-,. *--+-_-.+ . . . 



, x 

(d) !-y + -5 8T+243"" 

(e) I - iu 2 + a; 4 - a; 6 + a; 8 - . . . 



_. r 

2 8 16 128 ' ' ' 

(25) (a) 11-75, 11-74740; (6) 25-04, 25-03997; (c) 9-02058, 
9-02053 ; (d) 7-9375, 7-93701 ; (e) 7-95313, 7-95272 ; 
(/) 5-01, 5-00997. 



(27) (a) 0-3429, 0-3429 ; (b) 0-3762, 0-3781, 0-503 per cent. 

(28) 16-41 sees, lost, 12-31 sees, gained. 

(29) 0-1823. (30) 1'6487, 1-3956, 0-60653. 

(31) 0-69315, 1-09861, 1-38629, 1-60944. 

(32) 0-4002, - 3-93, 5-787. (33) 1-176, 18-58, 0-1258. 

(34) 0-1681, 0-3119, 0-4376, 0-5495, 0-6498, 0-7413. 

(35) 0-01766, 0-01843, 0-01919, 0-01995. 

II (pages 36, 37) 

(1) (a) 29 11', 50 3', 100 46'. (6) 31, 50 13', 98 47'. 

(2) (a) 28-36, 43 12', 74 48'. (b) 4-343, 48 19', 76 41' 

(3) (a) 7-92, 68 51', 55 9' ; 2-146, 111 9', 12 51'. 

(b) 4-239, 61 10', 86 50' ; 2-069, 118 50', 29 10'. 

(4) (a) 30-44, 31 33', 110 27'. (b) 7-848, 28 26', 107 34'. 

(5) (a) 12-35, 8-618, 107. (b) 2-599, 1-662, 85. 

(6) 6-071, 29 31', 50 45', 99 44', 2-168, 2-759, 4-336. 

(7) 43 1', 61 48', 70 20'. 

(8) 5-762, 63, 106 17', 148 12', 42 31', 4-651. 

(9) - 0-5736, - 0-0523, - 0-8098, - 0-5592, 0-9272, 0-0699, 

0-2250, 0-6157, 0-1584, 0-7431, - 0-9613, 0-3443. 

(10) 0-9805, - 0-9481, - 6-535, 0-4441, - 0-9517, 2-2096, 0-6598, 

0-0642, -0-6954. 

(11) 0, 0-159, 0-3429, 0-575, 1-1, 1-575, 1-891, 2. 

(12) 7-389, 5-652, 2-718, 1, 0-3679, 0-1769, 0-1353, 8 = 20 16'. 

(13) A - 15-81, a = 55 18', - 124 42'. 
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(14) A = 26-40, a = 37 

= 142 42' 
(16) 201 29', 225 53' 
(18) 111 39', 140 51' 

(20) 22 38' 



18', max. when = 322 42', min. when 
(15) 13 12', 33 12' 
(17) 339 6', 317 42' 
(19) 161 4' 
(21) 126 2' 



(22) 0-2301, 0-9731, 0-2361, 0-8, 0-6, 1-3333, 0-9837, 0-1788, 

(23) 16 16', 53 8' (24) 204-1 cub. in. 
(25) 12-53, 61 21' (26) 13-93, 111 2' 
(27) 18-03, 236 19' (28) 13-90, 329 45' 



5-5 



(1) 115 + 133$ 
(4) 0-2511 -0-2738$ 
(7) 3-972 + 0-8802$ 
(10) 4 - $ 
(13) 4-336$ - 2-191 
(16) 0-7071(1 - $) 
(19) 18-61, 306 15' 
(22) 19-72, 120 28' 



III (pages 46, 47) 

(2) 295$ - 211 (3) 

(5) 0-4270$ - 0-4832 (6) 

(8) 3-522 -|- 1-845$ (9) 

(11) 1-905 + 3-410$ (12) 

(14) 4-868$- 1-644 (15) 

(17) 8-545, 20 33' (18) 

(20) 12-10, 318 22' (21) 

(23) 16-64, 214 44' (24) 



2-52 + 0-64$ 
-1-670 -0-87384 
4-152 - 2-289$ 
1-246 + 4-422$ 
0-7071(1-1$) 
21-10, 31 26' 
8-062, 144 28' 
20-81, 234 47' 



(25) 1. 45 



1, - 



(26) 0, -2$ 
(29) -0-46181-4-174$ 
(81) 0-2440+1-736$ 
(83) -(0-7796+0-5527$) 
(35) -1-096+0-6805$ 



(1 + i), (V3+ $), (1 + V3$) 

(27) 32 (28) 16\/3$ 

(30)2-523 + 1-019$ 
(32) 0-3485+2-404$ 
(34) -1-072 I 0-9071$ 
(86) -0-6457-1 1-805$ 



IV (page 60) 



(1) 5-385 sin (qt + 1-191) 
(3) 9-434 sin ($-1-012) 
(5) 0-1280 sin ($-0-876) 
(7) 0-1162 sin (qt + 0-620) 
(9) sin (qt + 0-7854) 
(11) 3-072 sin ($+ 0-2793) 
(13) 0-6203 sin ($-0-1242) 
(15) 0-9153, 1-3557, 0-6751 
(17) 1-451 
(19) 0-9895 + 0-2498$ 



(21) 
(21) 



(2) 12-09 sin ($ + 1-148) 

(4) 13 sin ($-0-3948) 

(6) 0-0767 sin ($-0-5665) 

(8) 0-0718 sin (qt -I 1-204) 

(10) sin ($-0-7854) 

(12) 3-728 sin ($-0-2644) 

(14) 1-092 sin ($ I 2-340) 

(16) 0-6108 

(18) 0-9731 

(20) 0-3210 + 0-3455$ 
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(22) C = 0-0002596 sin (5000$- 3-798) (23) i{3 sin 6 -sin 36} 

^c 

(24) -jUlO-15 COS 26+6 cos 46 -cos 66} 

oJ 

(25) i{cos 56+5 cos 36 + 10 cos 6} 

(26) ~{cos 66+6 cos 46 + 15 cos 26+10} 
o 

(27) ^{3 sin 26 -sin 66} (28) ~{cos 86-4 cos 46 + 3} 

OA LZo 

(29) -i-{6 sin 26+2 sin 46-2 sin 66 -sin 86} 



(30) ^r{cos 66-2 cos 46 -cos 26 + 2} 



V (pages 77, 78) 

(1) 9-110, 109 14', 56 42', 140 13' 

(2) 6-170, 70 6', 56 33', 40 23' 
(8) 7-174, 116 30', 44 42', 57 4' 

(4) 15-59, 86 19', 134 53', 45 7' 

(5) 3-952, 61 16', 127 24', 50 46' (6) 7-668 

(7) 4-123, 5-477, 5-916, 10-88, 74 33', 42 13', 63 14' 

(8) 59 33', 4-952 

(9) (1) 2, - 1, 2, 0-8166, 65 54', 144 45', 65 54', 0-333, - 0'667, 
0-333. (2) 5, 4, - 6, 2-771, 56 20', 46 9', 117 30', 1-535, 
1-919, - 1-279. (3) 2, 3, 4, 1-536, 39 49', 59 12', 67 25', 
1-1805, 0-787, 0-5902 

(10) 9 18' (11) | - |, 5 ; 5, 3, _ I ; Yes (12) 0-7588 

(13) 4-801, 62 41', 60 (14) 2-305, 4-335, 5-265 (15) 42 33' 



VI (pages 97, 98) 

/ 

(1) ^ x cosx (2) ^L. (3) cot a; (4) x cos as + sin x 



/c . cos x sin x , N , ^ x 

(5) --- (6) cosec x(l x cot x) 



(7) x*(3 sin x + x cos x} (8) #V (x + 3) 

(9) a*-i(l + n log e a?) (10) 0-/-i_ + n lo 

^ AO 8e ^ 

(11) ^(o? tan 2 x + 4 tan a? + x) (12) o* 1 - 1 ^ cot x + n log e sin x) 
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(13) nx n ~ l cosec nx(l - x cot nx) (14) -~(# cos nx - sin no;) 

(15) ^-^(cos nx sin nx) (16) ra cosec nr(l - cot nx) 
(17) ne^cos nx - sin n#) (18) nx* 1 - 1 e sin tw>(l + x + x cot n#) 
(19) rattan 2 nx + tan nx + I) (20) ra? sec nx(l + tan w#) 

(21) ne sec ra#(2 tan 2 nx + tan no? + 1) 

(a - o) {6^ 2 + 2(g + c)a? + 6} 



(22) 



{3 a: a? cot a;} 



(23) 



(24) (o?+ a) n - 1 (o;+ b) m ~ I {x(m+ n) + am+ bn} 

( 25 ) f~ 



x* 



j2_ 

Vl + aj 2 



(31) 



(32) <* + (33) 

v ' 



log e x\ x log, 
(35) cos x cos 2cC cos 3#(tan x + 2 tan 2o? + 3 tan 

sin " 



L- j (34) 2J 
x) v ; a; 



sin 



(cot x + 2 cot 2x 3 cot 
2 



(36) 



(38) 



() if5- 

4-O V| /TJ 

(43) /, ' ' + sin- 1 x (1 + tan 2 x) 

\/ \ ,-- fY ^ ' 

(44) sec x (tan x tan*" 1 x + ^) 

x \ 1 + o?v 

(45) Vi^^ {1 + A/rr ^ 2 sin " 1 ^> 

1 



(37) 



a; 2 



2v sin 
+ tan"" 1 x 



a? 



(46) 



(1 - a;) VI - * 2 



(47) - 
(49) - 
(51) 



(1 + x)Vl x* 



(48) - 



(1 + x 3 ) A/1 - 



a; 2 2a? 2 



(50) - 



a; 2 ) VI - x* 

x(x* + 3) 



(53) - 



2(1 + a?+a: 2 )Vl-a3 3 

1 + a; 



(1 + a; 2 ) Vl + a; 2 

ft 



(52) 



(54) - 



2(1 - a; 2 ) 
(a: 2 - x + I) 2 



2 - to - 2a; a 
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VII (pages 112, 113, 114) 

(10) <*(x + 1), e*(x + 2), f(x + 3), &(x + n) 

,, ,, . 

(11) sin wo; = ra 



x 1 



,- oX 

(13) - - 

(14) e(n tan 11 - 1 a? + tan w a? + n tan n+1 a?), ^ (1 + tan x + tan 2 x) 
e*(2 + 3 tan a? + 2 tan 2 ^.i 2;tan 3 x) 

e*(5 + 7 tan x + 11 tan 2 "# + 6 tan 3 x + 6 tan 4 x) 

e?(12 + 29 tan x+ 36 tan 2 a: + 52 tan 3 x+ 24 tan 4 #+ 24 tan 5 x) 

+ 101 tan x + 221 tan 2 x + 220 tan 3 x + 300 tan 4 a? 

f 120 tan 5 a? + 120 tan x) 



o A 

tan a^ - x + x* + - + a? 4 + -rr + . . . 

u 



(18) -- . - 1 - . (19) 4-4936 (20) 0-765 (21) 1-172 
v ' a( 2 v ' x v ' 

(22) 3-424 
(24) a? - x 

-^ 




VTIT (pages 127, 128, 129) 

(!) ?/max = 35 when x -= 1, ?/ mln -t JijLwhen * = 2 

(2) ?/ max -2^ 4 when A ' = - 5 ' 2/nun L -j{Z6 when x - 5 

( 3 ) Vnaa -* 80 when ** - 2, y^x --= 87 when x - - 1, 

when 07-2 

(4) ^/min = 7-213 when a? - 0-8236 

(5) as - 1-877, t =-- 0-4163 (6) a? = 3, t =- 

(7) x - 3-877, * - 0-20T9 (8) x = 1-840, t == 0-5 

(9) x^, 5,t = (10) j? == 6-065, t - 0-25 

(11) a? = 1, t - 0-3465 (12) x - 4, * = 

(13) x = 4-5, t = 0-1439 (14) y^ = 1-345 when a; = 3 

(15) rad. - 8-166", ht. = 11-54" (16) rad. = 7-07", ht. - 14-14' 

(17) rad. = 8-507", ht. = 10-51" 

(18) rad. = 9-588 yds., ht. = 13-56 yds. 
M ^max - 0-231 when x = 0-5777 ' 

(20) 17-01 knots, 2488, 2460, 2483 (21) 15-7 knots 
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(22) 10-6 knots (23) 1-81" (24) If" (25) h - 20-78", b - 12" 

(26) 2/max = 1-705 when t = 0-002331, ?/ min = - 0-265 when 

t = 0-008414 (27) rad. = !", ht. - If" 

(28) rad. = 1", ht. = 2J" (29) rad. = If", ht. = " 

(30) a = 900, b = 60,000, m = - 406, M = 733-6, V = 358-3 

(31) 6 = 79 16', x = 0-9103 ft. 



IX (pages 141, 142) 

(1) 3-75, 9, 4>y = 15a; - 7, y = = 9*; - 11, 8 36' 

(2) 8, y - Sx - 9, 8y + x = 58 

(3) (3, 8), ( - 2, 3), 35 32', 59 2' 

(4) ^ = 4ac - 64, x + 48t/ =-- 1588 

(5) y - 1-059# + 3-539, y + 0-9535a; = 7-564 

(6) (1-871, 1-225), 66 26' (7) (2-058, 0-4897), 90 

(8) (2-121, 1-885), (- 2-693, - 1-485), 103 21', 116 8' 

(9) a- 4-315, = 0-765, 2-805, (0-2782, 1-623), (8-507, 22-20) 

(10) (8, 8), 36 52' 

(11) a - 3-036, b = 0-1423, y = 0-88+ 1-744, y = 11-86- l-lS6x 

(12) 14-27, 73-16, 196-3 

(13) a - 1-32, b = 0-5, 11-68, (- 6-507, 10-75) 

(14) a - 21-49, b - 7-131, c - 1-993, R - 141-6 

(15) (34-27, 58-55), 22 56' (16) - 6-25, - 3-2 
(17) 2-828, (4, 4) (18) (2, 4) (19) (0-7071, 0-6065) 

X (pages 155, 156) 

(1) log e (3,r 2 + 4<r + 7) (2) v/3* 2 + 4c - 7 



- 1 



(3) log e (log e a;) (4) log, sin 

(5) log e tan- 1 x (6) log e (^" + 

(7) log e cosh x (8) ^(tan- 1 a;) 2 

J< 

(9) -(sin- 1 x) 2 (10) 2Vtan x 

(12) Va? - 7 
(14) (ar8 - Sx 




(15) lo&(- 5) - log,^- 8) (16) 



(17) - 2 log e (3 - *) - 3 lo ge (3 + x} (18) lo ge 
\ 



(19) lo&fa - 4) - log e (5^ + 2) 
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+ 2) 



7 12 

(20) - lo g< (3 - 4a>) - 



(21) log e (* + 2) + log>-3) - log.(a - 1) 

21 4 

(22) - log e (3 - 2,r) - log e (* - 2) - - 



(28) 5 



;r-l 2(a?-l) a 3(0: -I) 3 



(28) 2 



- 2) + log. ( + 2) - -- 



4 toe x - 1 2( 2 - 1) 



(38) tan-'ar + 



(85) 1 tan-' 21 




-'p+s '<>&('+ 



(34) 



(36) 1 log(^ + 6^ + 25) - 1 tan-' 



-' 



(S7) tan -' (38) 



X + 1 





(39) at - log e (o; 2 + 2# + 4) - V3 tan- 1 /= 



(44) tan-(o+8) (45) 



(46) ^ - 1 lo ge (^ + a, + i) _ 1 tan- 1 ~ 



log, 



(47) 



log e 
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V 10 - x - 2 

11 A/T7 

(48) - log e (12 - 1003 - **) - ^T~ log, V 



( 4t >) fi lo Se^f 



-- . . - 

- -- -= tan~ l - = 

x+l V3 V3 



/rn\ i 

(50) - log. - - - - 5 -- = 

v ; 6 &e 1 - 2j? + ! 2 V3 



fl _ JL tan- 1 2lV + l 
" an V3 



8 



(53) _, f 

v ' 



12 



# 
3 fee 4 - 



(5G) 

(58) 






(39 ) - 

V ; 



6^ + 14) 

log e (10 4,r - 3;3 

2,-r 2 +l 



(57) 



tan- 



lo ge 
&e 



e 
3 V34 &e V34 - 3x - 2 



(1) sin- 1 ! 

(3) -(sin- 1 - 4- 

\ / O I ^\ 

(4) -| 33 sin" 1 1 + (14 - 3a?) V9~^ 

(0) - 4 V&c - a + 11 sin- 1 ^-g 1 - 

/)r . 9 f . a; - 3 

(7) -jsm- 1 

(8) i{37 sin- 1 X - s 

,7* 4< 

(9) sin- 1 ^-^ 



XI (pages 171, 172) 
(2) - 3\/9 - a; 2 2 sin~ x 



(5) sin- 1 ^2 




(10) - 2\/9+ 8a?-07 2 4- 5 sin- 1 2--1 

5 
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H- 



25 f . * x 4 (# 4 

J sin"* 1 3 + 

5 



8#- 



(12) 



52 sin- 1 2-^ - (0 + 12) A/9 + 80? - 0* 
5 



sin -. 



Vis 



(14) 



- 

V3 



. 

2 I sm 

I 





vis 



- 1 



sn 







(18) 2Vc 2 +25-7 sinh- 1 \ 

o 



(16) 
(17) 
(19) 
(20) 

(22) OyV- - 12,c f 52 + 31 sinh- 1 

1 f f - G 1 

(23) -| 16 sinh- 1 + (a? - 6) Vo; 2 - 12* + 52 j 

(24) 
(25) 



. - 
3) VlO + 60; - 3* a 



5/25 sinh- 1 ~ + oV.e 2 I 25\ 

5/(ac 4- 8)\/ 1 r 2 + 25 - 71 sinh- 1 1 

a;- 6 



(21) sinh- 1 



x 6 



1 . , , 2x + 3 
-7=. smh- 1 =- 

V2 V5 



- 23 V2 sinh- 1 



(27) 
(28) 
(29) 
(31) 
(32) 



X ' 



,- 
/- - 



sinh- 1 



sinh- 1 /- :< [- 2(2a; - 



607+7} 
633+7} 



', 1 # 

cosh" 1 - 

4 



(30) 



- 16 - 12 cosh- 1 - t 
4 



1C - 16 



-/\/i 2 - 

1|50 cosh- 1 1 + (303 - 16) VTe (33) cosh" 1 
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-^ 



(34) QVx*+ IQx- 35 cosh" 1 

(35) i{ (# + 5)Va? + 10o! - 25 cosh- 1 ^ 

(36) i{(j + 9)V 2 -t- l(te - 59 cosh- 1 fJ?l (37) cosh- 1 ? 7 2 
(38) 3VV 2 - 4* - 21 - cosh" 1 



(40) J|(3.c + 4)V 2 - 4B- 21 + 97 cosh- 1 5} 

//m 1 . x V5(a? + 1) 

(41) 7= cosh" 1 - ^= i 

v v/5 Vai 




16 -h 221 \/5 cosh~ l 



XII (pages 181, 182) 



(1) tan x (2) - cot x (3) tan 3 x (4) 



3 3 tan 3 x 

(5) - log, sec (ax -f fc) (6) - log e sin (ax + b) 

Cl Cl 

(7) - tan 4 x - tan 2 a? f log g sec x 

(8) - tan 5 x - tan 3 a? 4- tan rr a? 

i) O 

(9) - - cot 2 a? - log e sin a? (10) - - cot 3 a? + cot x + x 

- 



(12) i log, {tan I (* - tan- 1 2)} (13) -^ lo ge tan (| -f- 1 

(14) -L log e tan f f - 2E) (] 5) -L= tan" 1 ^ tan g 

V ' A/2 be \2 8/ V ; 2\/3 A j ? 2 
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(16) -L 

4\/J 


Vs tan # - 2 


f!7\ Nor 1 + tan 


^ x 


5 e A/3 tan # + 2 


1") 2 log, l _ ^ 


a? 




A/7 + tan - 


3 tan 2 + 


4- V7 


fi$\ 


1 ^ 






(1U) V7 


V? - tan | 


^iyj = iogg 
V 7 3 tan | + 

A 


4+ V7 




a; 


X 




2 


4 tan - + 3 


2 tan - 




( 2 ) 77? 


tan- 1 2 ^ 


(21) -TZ tan-i 2 





V7 V/7 

(22) - cos 3 x - cos a? (23) ^r(sin 4a; - 8 sin 2a? + 12o?) 

o o 

2 I 

(24) sin ti? - sin 3 x + - sin 5 # 
3 o 

7- (sin 6\7? + 9 sin 4u? + 45 sin 



(26) - cos 5 tB - - cos 3 (27) - sin 5 x - sin 7 x 

j 3 J 7 

(28) - sin 6 t r - sin 8 a? I sin 10 x 

\) 'r 1. w 

(29) (sin 80? - 8 sin 4# + 24#) 

(30) _ .(sin 6x - 3 sin 4# - 3 sin 2x + 12a?) 

121 

(81) - sin 3 ^ - sin 5 x + -z sin 7 x 



XIII (pages 190, 191) 



/v,8 

(1) |L(8 log e - 1) (2 

(3) - ^- 4 (4 log e 0+1) (4) 2 

(5) {8(log e *) 2 -4log e *+l} 

) 3 - 18(log e a-) 2 + 24 log e x - 10} 



(7) -{4^ - 6# 2 + Gx - 3} (8) - r 

O T$ 

(9) - (1 - sin a;) 2 ^ x (10) . - 2(1 - sin x) 



ANSWERS 

/I !xfi\ 
(11) f - - J cos 2o? + - sin 2# 

(O 1 ^l** \ / /y2 O \ 

. . . ^ __ ^^ . I 01 n ^ / >' I I 1 /"/"\o ' 

1 J ^^^ I 31J.J. +J{JU ~y~ I " " ~~" "^ "* " I V->vJ5 1 

(I 3 ) ( - ^ I- -I- 7) cos 2 + (.^ - ^) sin 2a; 

\ -J ^J 4/ V * ' 
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X? 3 T fx* 1\ 

( 14 ) __ cos2l r--.-- smite 



8 



(3* 3\ 

VlT - Te) cos 



3 



T^ TT J COS 



tt? 



- ^7 ) sin 3# + - cos Qx 
^1J 54/ 18 

(18) C (2 sin 3x - 3 cos 8a?) (19) ^ (3 sin 3 + 2 cos 

Ao lo 



(20) 



(3 sin 2# -I- 2 cos 



(21) - ~ (3 cos 2x - 2 sin 2) 

lo 

(22) (2 cos 2x sin 2tr) 

O 

g* 



(23) % (2 + cos 2o? + sin 

O 



e 3 " f\ / 4\ 4 / \ 

(24) |- cos (^fl - tan- 1 -j - p= cos f2a? - tan- 1 J J + 1 V 

e 3 * f 1 / 4\ 4 / \ "\ 

(25) ] - cos 1 4a; - tan~' - ) + = cos ( 2 - tan- 1 ^ ) + 1 } 
8 15 \ .J/ yig \ 3/ J 

g-2* e _2a: 

(20) - (cos 2a; - sin 2x - 2) (27) - (sin 2x - cos 2 - 2) 

O O 

(28) x tan- 1 a? - i log e (l + x z ) 

a 
X 3 X z 1 

(29) tan- 1 x - + - log e (l + a; 2 ) (30) x sin" 1 x + Vl-a;'- 2 



XIV (pages 205, 206, 207) 
(1) -(6a+3bh+2ch z ) (2)(8a+ck 2 ) (3)6-389 (4)0-8647 









(11) 7t 2 - 4 (12) 2a 2 + 



ab + 4fc 2 (13) 2a + 



- 1) 
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(14) ^ (15) 4?r (16) 0-8812 (17) 10-328 (18) 1-3168 

& 

(19) 26-84 (20) 0-2028 (21) 0-1419 radians (22) 3-957 
(23) a = 1-32, b = 0-5, 7-909 (24) a = 3-106, b = 0-1509, 31-22 
(25) 4-264 (26) a - 10-19, b = 16-43, c = 1-553, 30-79 

**9 W 8 

(27) (3, 8), (- 2, 3), 20-83 (28) . ^ (29) - (30) 12-07 

(31) 0-7541 (32) 22-5, 4-5 (33) 17-07 (34) 5-94, 40-65 

(36) 12566-4 (36) 2964 (37) 3141-6 

(38) a - 2-451, n - 1-606 ; for area A, V ox = 453-1 and V oy - 220-1 ; 

for area B, V ox = 1457 and V OY - 176-8 

(39) a = 1-32, b = 0-5, 118 (40) a - 3-036, & = 0-1423,1617 



7t 2 



(41) (42) 14-14, 7-069 (43) 184-4 (44) 94-25, 157-1 

(45) 520-4, 98-97 



XV (pages 220, 221) 

O/7 

(1) x - 2-15", y - 2-28" (3) (6) 3-5355" (7) 8-660" 

oTC 

(8) x - 0-869", y = 2-618" (9) 1-074" (10) 1-009" 

(11) a - 4-174", y - 3-423" (12) 2-411" (13) 2-401" 

(14) x = 3-438", y - 3-438" (15) x = 2-25, y - 8-1 
(16) S = 0-9, y = 5-58 (17) x -- 4-5, y = 0-9 

(18) x = 3-6, y - 3-6 (19) x - 3-056, y = 4-351 

(20) x = 2-122, y = 1-697 

(21) a " 1-515, n = 1-826, = 3-871, ?/ = 9-264 

(22) 2-77 (23) "x = 2, y = 11-4 

XVI (pages 244, 245, 246) 

7j3 7,3 / Q/yTi v 

(1) 12-35 ft. (2) 7-3214 ft. (3) -(3a + b), |^ + b + -Zty 

(4) 7-639 ft., 12-953 ft. 

(5) I ox = 86-16, I oy = 11-594, IG X - 36-03, I GY = 6-077 

(6) 5-9,0, 5-245 (7) 111-71, 15-48, 0-269", 0-722" 
(8) 111-71, 10-83, 36-05 (9) 165-5, 13-11, 1-111", 3-948" 

(10) I ox = 110-55, I oy = 132-32, Io X - 34-40, I GY = 19-18 

(11) 77-58, 36-91 (12) 2-384", 5-899" 
(13) 753-2, 498-7, 0-2246", 0-2761" (14) 29-15 

(15) 79-79 ft.-lb. (16) 66-49 ft.-lb. (17) 0-7747 (18) 0-5478a 

(19) 941-9 inch-lb. units (20) 180-8, 63-36, 148-4 
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XVII (pages 265, 266, 267) 

(1) When x = 0-9, A - 1-80155 

(2) When x => 0-09, A = 0-16567 

(3) When x - 0-8, A = 6-7840 

(4) True area 78-54 sq. in., area by Simpson's Rule 78-177 sq. 

in., error 0-458 per cent. ; area by Trapezoidal Rule 77-614 
sq. in., error 1-171 per cent. 

(5) Area = 31 sq. in., as = 5-392", V OY = 1051 cub. in., I OY = 1099 

inch units 

(6) Area = 31-14 sq. in., y = 1-935", V ox - 378-7 cub. in., I ox 

= 171-1 inch units 

(7) 1st derived fig. 10-11 sq. in., 2nd derived fig. 4-81 sq. in., 

y - 1-947", lox - 173-2 inch units 

(8) 1st derived fig. 18-67 sq. in., 2nd derived fig. 13-59 sq. in., 

x = 5-419", J OY = 1101 inch units 

(9) Area -= 36-19 sq. in., x - 4-127", V OY ~ 938-5 cub. in., IO Y 

= 764-3 inch units 

(10) Area = 36-36 sq. in., y = 2-827", V ox = 645-9 cub. in., I ox 

- 369-5 inch units 

(11) 1st derived fig. 17-025 sq. in., 2nd derived fig. 10-25 sq. in., 

y = 2-809", I ox = 369 inch units 

(12) 1st derived fig. 18-73 sq. in., 2nd derived fig. 12-06 sq. in., 

x - 4-141", I OY - 771-8 inch units 

(13) 1st derived fig. 14-137 sq. in., 2nd derived fig. 8-836 sq. in.,, 

y = 3", I -= 318-09 inch units 

(14) Area - 21-19 sq. in., 1st derived fig. 9-74 sq. in., 2nd derived 

fig. 5-63 sq. in., y = 2-758", I - 202-7 inch units 
(16) 1268-3 cub. in. (17) h = 8", volume = 1338-9 cub. in. 

(18) k/i 



XVIII (pages 284, 285) 

(1) 0-5211 (2) 3-418 (3) 2-295 (4) 15-31 (5) 1-062 
*n 

(6) _ (7) 5-576 (8) 12 (9) 241-3, 3-2 (10) 1-479 

7T 

(11) 1-222 

(12) r = 2a sin tan 0, r 2 = 4a 2 cot 20 cosec 20, r 2 = ** S 



(13) 64 : 42 (14) r 2 = 9 cos 20, 4-5 (15) 2-546, 1-386, 1-215 
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XIX (pages 315, 316, 317, 318) 

(1) 84-67 ft. tons, 112-4 ft. tons, 60-17 ft. tons 

(2) 50 ft. tons, 50 ft. tons, 37-5 ft. tons 

(3) M = 12-3 x - 0-75 2 , M = 12-30 - 12(0 - 4) - 0-375(0 - 8) 2 , 

- 50-46 ft. tons when a = 8-4' 



/.NT- in -HIT 80# , _, ,, 800 (x 10) 3 ,, 

(4) For AC, M = ; for CB, M = - v 3Q ' ; M^ = 144-8 

ft. tons when x = 19-43' 

(5) For BC, M = 11-70 - j ; for CA, M = 11-70 - 13-5(0 - 12) 

7 & 
- (0 - 18) 2 ; M^x = 130-74 ft. tons when x = 16-76' 



W //a; 2 x 3 w l z x z la? 
y = n VT-- 
W ze>/ 4 
3EI + 8EI 

l\ -U W / \ W / 2 2\ 

(7) M - - (a -. x}+ -(a*-^, -_ -- 

^ xv * Wa 3 5? 

at the centre S = + 



/ Q \ T?- . Wrt -wa* ._ W/a \ zu/ 2 

(8) Fixing couple = -. + , M = (- - X ) -,- ^ (- 



W ax ,r 






6/EIl 2 2^4 20/' Jw& * ~ 30EI 

(10) M^= ?g (a -0)- JL (a - ) it,.. 

<2d? 2EI \ 2/ 6aI \ ~~ 

(11) Fixing couple ~^r~> M = (a a?) (a a?) 3 



240E 
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Wfe 2 



w w 

(13) AtB, 8 = -{2a*-3ab*+b*}; at E, S 



(15) AtB, 



(18) 569-2 Ib. per sq. in., 472-6 Ib. per sq. in., 29-53 lb. per sq. in. 

(19) Web vertical 234-8 lb. per sq. in., web horizontal 31-88 lb. 

per sq. in. 

(20) 163-5 lb. per sq. in. (21) 536 lb. per sq. in., 4-074 

(22) 76-45 lb. per sq. in. (23) 2-012", 3-867"' (24) 13-52" 

XX (pages 345, 346, 347, 348) 
(1) (a* - ? /) - 4(* - y) - 3 - (2) (y* + I) 3 = (* 3 -I- l) a 

o I p tan 1 x 

w-r w - ' 



(5) y = 2 tan~ 1 fe" silia! ) (6) y -- 

/ i/ \ / \ / c/ 

^ I 

(9) y - **v 5 s ) (10) ay - e^" 1 

(13) / -= -7= sin (2# - a) + l-te" 88 where tan a - 2 

V5 



(14) y = 1 + e-**" * (15) i/ - sin x (16) g/ - sin 3 , a; cos 

o 

/r 3 

(17) y(i + O-|- + ^(*-2+8)-a 

(20) ^ = 23-26 sees., 7 54' 

(21) 971 f.s., 559-3 f .s. downwards, 1120 f.s., 150 4' 

(22) k = 0-04682, 289-2 ft., 61 f.s. 
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(23) k - 0-0004728, h - 256-9 ft., 90-6 f.s. 

(25) /V - r 2 ) = r z (p r z -p r 2 ) + rr*(p - p ) 
v ' * v i o' ^11 ^o o' o 1^0 r v 

(26) p - Ar"- 1 + -, A = 197-4, r = 7-324" 

d 1 

(27) 36130 ft. lb., 33950 ft. Ib. (28) 36890 ft. Ib. 

(29) P - IV, c - 0-01273, P = 41-01 

(30) v = iyTKB, 1-48 x 10 8 



c 2 



(32) h = C - (33) C = 10-67(1 - e-'), 6-5 



(34) C = 0-707 sin(500* - 0-7854) + e~ 500 ', C = 0-707 sin(500* - 0-7854) 

XXI (pages 372, 373, 374, 375) 

(1) A sin 2 A/a?: + B cos ZvHx (2) At**'** |- 

(3) Ae~* x + Be- 5 * (4) e* x (A + B$) 

(5) e~ x (A sin 3x + B cos 3#) (6) A^ + R# x + 

(7) Ae* + B sin 2a? + C cos 2 

(8) A^- 2iC + 6^(B sin V&v + C cos 

(9) Ae~ x + e~ x (B sin V&u + C cos 

(10) (Ae^ + C^"^) sin V*3^ + (B^ + De~ x ) cos 

(11) 0-5 cos 2\/5t 9 0-8944 sin 2\/5f, 1-024 sin (2\/S^ i 0-5096) 

0-69720 2Vf* o-1972-2VSi 

(13) 0-559^-^ sin ( + 1-108), g- 2 * sin , 0-9434 sin (41 + 0-5585) 

(14) ^-^(0-5 |- /), 4fe~ 2 ', ^-^(0-5 + 5/) 

(15) 0-75^-^ 0-25tf- 3 ', 2(^-* ^- 8< ) 2-75^^ - 2-25tf~ 8 ' 



(16) x = cos 17-38^, T = 0-3616 sec., w = 166 

(17) x - 0-1927e- 4 - 025 * sin (10-22* + 1-196), T = 0-6148 sec. 

(18) 8-422 sin (nt + 1-125) (19) 0-8333e- 7 - 485 ' sin 12/ 

(20) 0-3574 sin (1-6* - 1-030), - 0-2496 sin (2-4* + 1-116) 

(21) 0-02625a sin (5t - 0-896) 

(22) l-0417a sin 4^, l-333a sin 107rf, - 0-8a sin 80irf 

(23) v = 809-le- 27640 ' - 309-le- 72360< 

(24) v = 500e- 40000< (1 + 40000*) 

(25) v = 354-6e- 6250 ' sin (7262* + 0-859) 

(26) 246-7 lb. (27) 4-666", 0-4666" (28) 16-44 tons 
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XXII (pages 400, 401, 402) 
(1) - ab cos c (2) (3) \ ah sin c, i a 2 

(4) 1 ab cos c, i 6 2 (5) - 1 a& sin c, 1 

_. 2m 



- sn 2x + - sn 4rc + - sin 



.Y] 



4 

- 



(9) (^-l)-(e"+ 

+ (' - 1)|- cos ac -I- cos 4* + -L cos 6 . . . j I 

(10) |[|(l-O + (l + o{5Cos!+~cos8A'+~cosate+ . . .j 

+ (I - e-')|- cos 2a; + cos 4a; -h cos Gx + . . \~\ 

(11) - I jcos* -cos2j; + -cos3d: --C()s4j7 + - cos5~ . . .} 
o V. '1 9 16 25 J 



O i 

--- sin #- sin 2*+ sin 3 t r- sin 4a? 



TT L2 \2 5 10 17 

/I 1 1 1 \n 

I - cos x - cos 2js + - cos Sx cos 4i? + . . . n 
\& o 10 17 yj 

(14) sin -i sin 20 +1 sin 30 -~ sin 40 + . . 1 where - 

TC L O 4 J C' 

<< 2 4c 2 r i i i n 

15) ^ 7. cos - - cos 20 -|- -- cos 30 - cos 40 + ... 

o K" L 4 9 16 J 

where = 
c 

[16) 11-798-1-292 sin + 9-960 cos + 1-050 cos 20 + 0-015 sin 30 
-I- 0-012 cos 30 
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(17) 11-226-4-790 sin 6 + 9-956 cos 6 + 0-013 sin 26 + 1-431 cos 26 

+ 0-175 sin 36 + 0-013 cos 36 

(18) 11-724-2-816 sin 6 + 9-949 cos 6-0-001 sin 26 + 1-122 cos 26 

+ 0-037 sin 36 + 0-015 cos 36 

(19) 10-810 + 0-664 sin 6 + 1 0-408 cos 6 + 0-794 sin 26 + 0-890 cos 26 

+ 0-022 sin 36 - 0-065 cos 36 

(20) 10-731 + 2-417 sin 6 + 10-236 cos 6 + 1-108 sin 26 + 0-528 cos 26 

- 0-032 sin 36 - 0-073 cos 36 

(21) 13-627 + 3-157 sin 6 + 11-055 cos 6 + 1-657 sin 26-0-065 cos 26 

- 0-188 sin 36 - 0-145 cos 36 

(22) 11-100 + 9-848 sin 6 + 1-736 cos 6 + 0-643 sin 26 + 0-766 cos 26 

(23) 10 + 3-265 sin 6 + 5-030 cos 6 + cos 26 + 0-2 sin 46 

XXIII (pages 423, 424, 425) 

(1) (n + 4)( + 5), 132 (2) ( - 2)( - 5), 28 

(3) n 3 - 10 + 18, 450 (4) i J2/i 3 + 9 a + 25 + 18 j, 154 

(5) n 4 - 10 8 + 36, 9036 (6) n 3 - 3rc 2 + 8n + 32, 122 
(7) 10-96, 10-96 (8) 31-68, 31-68 

(9) 257-259456 (10) 1-8527598, 1-8527597 

(11) 1-83409, 2-22510 (12) 0-5827 

(13) 0-8013 (14) 3-813 

(15) 5-456 (16) 3-340755 

(17) 15-75, 17-0 (18) 0-5252, 0-01560 
(19) 1-0402, 0-02678 

XXIV (pages 444, 445) 

(1) A + B - 12-07 49 . y , A - B = 6-694353, ar 

(2) A + B - 9-181 222 ay , A - B = 34-9653. 14 , 
(3)5-148,9-982 " (4) 6-233 79 o 56 - (5) 8-933 66 . 28 , 

(6) 10-09 76 . 4r (7) 13-21 100 . as . (8) 16-44 321 . 2 , 
(9) 5-416, 72 47', 35 32', 59 58' 

(10) 29-68, 54 48', 55 4', 54 20' 

(11) 16-90, 78 54', 40 21', 51 41' 

(12) 9-69, 54 23', 55 10', 54 32' 

(13) 1874 137M8 , (14) 180-780- w 

(15) Magnitude = Vb*+ a 2 p 2 + 2ab$ 2 i + 
direction = 6 + tan -1 (3 ( t + ~) 

\ Of 

.(16) See paragraph 212. 
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(17) Magnitude = V& a + 4a 2 p^ 2 + 8ab$*t 3 + 

direction = + tan- 1 2 fit it + jj 

(18) 51 3', 3-62 (19) 4076 Ib. 

(20) Going N., 35 m.p.h. due N. ; going E., 522 m.p.h. 16 42' S. 

of E. ; going S., 65 m.p.h. due S. ; going W., 52-2 m.p.h. 
16 42' S. of W. 

(21) Going N., 65-69 m.p.h. 12 26' E. of N. ; going E., 65-69 

m.p.h. 12 26' N. of E-. ; going S., 38-56 m.p.h. 21 31' E. 
of S. ; going W., 38-56 m.p.h. 21 31' N. of W. 

XXV (pages 459, 460, 461, 462) 
9' 8-718-0.08504* 



(2) t = 110-7W 1 ' 21 , sm- 21 = 0-009036 

(3) y = 552-7 x 30-52-" (4) F = 254-5r- 17 
(5) M - 6-08 v/M 2 + T 2 - 26190 (6) a = - 0-0646 
(7) y = 0-0443* + 3-275 Iog 10 x (8) y = 10-14e <271w 
(9) y = 9-08* 2 + 1-206 x 10 85 

(10) y = 7-591 + l-SODaf 1 - 618 , 23-34 

(11) y = 0-5 + 4-454e- 3465a; ( 18-31 

(12) y - 2-452 x 1-523" - 0-387, 8-275 

(13) y- 2-70(tf+ 5-72) 1 ' 24 , 34-79 

(14) y - 0-404# + l-225a; log jo x 

(15) y = O-gse.r ' 202 * (16) y = 10-12 + l-76e- 215a! 
(17) y = 0-762(a; + 2-26) 1 ' 74 (18) y = 15-62 + 0-746a; r875 
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